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Abstract 

This article presents a contribution to probabilistic modeling risks 

linked to truncated data. We first model that the sample density of the 

last random sample is given by the truncation of the distribution 

function. Then we show that our estimator is unbiased, and also the 

inverse of the variance measures whatever the sample size, the 

precision of the estimator and if the distribution function is log-

concave, then the precision is shown to be much lower than the value 

to be estimated. 
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1. Introduction 

Censored data is not the only type of incomplete data. The other classic 

case of incomplete data is that of so-called truncated data. 

Several authors have commented on censored or truncated data. 

Reference [5] examines the connections between climate change and 

global inequalities. It first analyzes differences in exposure and vulnerability 

to the impacts of climate change among countries and individuals. It           

then investigates inequalities in contributions to greenhouse gas emissions. 

Finally, it demonstrates that understanding these inequalities helps to ensure 

a more equitable allocation of the actions required to mitigate climate 

change. 

Reference [10] proposes a new method to estimate extreme precipitation 

at points where we do not have observations. Reference [1] approximates the            

extreme value index estimator of a heavy-tailed distribution under random 

censoring. Reference [7] gives a novel extension of the Lomax distribution, 

aiming to enhance its applicability in various contexts and emphasizes            

a pragmatic approach in deriving mathematical properties of the new 

distribution, prioritizing its practical implications. 

Thus, the phenomenon of truncation is very different from censorship. 

Truncation, for its part, eliminates from the study, part of .jX  During a 

practical study on lifespans, it is not uncommon for the variable of interest X 

to be unobservable when it is lower than a random threshold Y, which will 

have the consequence that the analysis can only relate to the conditional law 

of X knowing .YX   

The problem of significant, incomplete or erroneous data is very vast 

and has attracted a lot of interest from statisticians in recent years. Reference 

[6] gives a bias-reduced tail estimate for censored Pareto distributions, [2] 

proposes an adaptation of the method to an ungauged site while attempting 

to retain its strengths, namely, a spatial and probabilistic structuring of 

precipitation conditioned by weather types, and a cross-referencing of 

rainfall and basin saturation hazards using stochastic simulation. 
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Reference [3] analyzes the spatio-temporal variability of precipitation in 

the upper part of the Senegal River basin using data from ten reference 

stations. The stations were selected on the basis of data quality and their 

proximity to the catchment area. Homogeneity tests applied to the annual 

time series reveal breakpoints for all stations, eight of which occur between 

1960 and 1970, with rainfall deficits ranging from 12% to 24%. At the 

monthly scale, a significant decrease in precipitation is observed between  

the two study periods. At the daily scale, heavy rainfall events (> 40mm) 

become less frequent from the breakpoint years onward. Finally, the 

southern part of the basin is the most contrasted area, experiencing both         

the largest surpluses during wet periods and the largest deficits during dry 

periods. 

The attitude towards this type of data has long been either to eliminate 

them or to minimize the bad impact they could have on statistical procedures 

adapted to complete data. In the field of survival times, data are often 

incomplete due to two distinct phenomena: truncation and censoring, so our 

topic will focus on truncation. 

Data play an important role in the statistical analysis of astronomical 

observations as well as in survival analysis [8]. The motivating example for 

this paper concerns a set of quasar measurements in which there is a double 

truncation. That is, quasars are observed only if their luminosity occurs 

within a certain finite interval, bounded at both ends, with the interval 

varying for different observations. Nonparametric methods for testing and 

estimating doubly truncated data are developed. These methods extend some 

known techniques for data that are truncated only on one side, in particular 

the Lynden-Bell estimator and the truncated version of Kendall’s tau 

statistic. They derive asymptotic results and illustrate in the simulation study 

the performance and robustness of this estimator for both small and large 

sample sizes. 

Let nXX ...,,1  be n copies of independent and identically distributed 

random variable X, with a common cumulative distribution function F 

assumed to be heavy-tailed. In other words, the distribution tail FF  1  
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is regularly varying, with index  1  notation:  .1 RF  That is, 

 
 

,lim 1
  x

tF

txF
t  for any ,0x  

where 01   is called the shape parameter, tail index or extreme value 

index. It plays a very crucial role in the analysis of extremes as it governs the 

thickness of the distribution tails. Reference [9] shows that it would be 

important to control the number of observations in a given region, while the 

oscillation of the log-quantile function is small. More precisely, we have also 

shown that the extreme quantile is more stable, the further we are from the 

frontier. We now show that the random variable is observed if it belongs to 

the interval of the non-negative and absolutely continuous variable. Here   

is an integral functional of the bivariate survival function. We construct a 

natural estimator via the von Mises functional approach. This does not 

necessarily yield a consistent estimator since tail region information on the 

survival curve may not be identifiable due to right censoring. To assess the 

magnitude of the inconsistency, some estimable bounds on   are proposed.  

It is shown that estimates of the bounds shrink to provide consistency if the 

largest observations on both marginal conditions are uncensored and satisfy 

certain regularity conditions, 
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nji ijijba
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ˆ  

where ,1ijijba  if the  ji,  pair is concordant and is –1 if discordant. 

Thus, 
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The objective of this article is to show that when we study truncated 

observations whose smallest limit is the first sample, with a zero probability 

density, then the frequency of observations is not zero. 
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Also, we illustrate that when the estimator is unbiased, the inverse of the 

variance measures, whatever the size of the sample be, the precision of the 

estimator. Also, if the distribution function is log-concave, then the precision 

is shown to be much lower than the value to be estimated. 

The rest of the article is organized as follows: In Section 2, we recall the 

concepts essential to the study, in Section 3, we present the main results 

obtained and in Section 4, we give a conclusion and a discussion. 

2. Preliminary 

In this section, we bring together important definitions and theorems on 

modeling truncated data, the Fisher information that is necessary for our 

approach. We direct the reader to the references on detailed introductions        

[4, 7]. 

Another situation where incomplete data appears is truncated data. 

An observation is said to be truncated if it is conditional on another 

event. The lifetime variable Y is said to be truncated if Y is only observable 

under a certain condition dependent on the value of Y. 

There is another type of truncation: 

Left truncation. There is a left truncation, when the variable of interest 

X is only observable if it is greater than T. 

T is then the left truncation random variable, i.e., 

X is only observed if .TX   

Right truncation. There is a right truncation, when X is only observable 

if it is less than T. T is then the right truncation random variable: 

X is only observed if .TX   

Interval truncation. When a duration is truncated on the right and left, 

we say that it is interval truncated. 
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Remark 1. In general, truncation arises when observation of the variable 

of interest X is restricted to those realizations for which an event B occurs. 

One can also distinguish the case of double truncation. 

So,  F  designates the gradient of R:F  evaluated at .  

By convention, the gradient of a function is only calculated at   if the 

function is of class 1C  over a neighborhood of .  Furthermore, V  denotes 

the variance matrix. 

Definition 2.1. Suppose that   is open and    .;ln 2
 PxLn L  

For each :  

      ;ln xLI nn V  

    .;ln,;lncov

...,,1, dji
n

j
n

i
xLxL


 

























  

Fisher information is a function with value in the set of positive 

matrices. As a measure of Kullback-Leibler information curvature, it 

specifies the model’s power of discrimination between two values close to 

the model parameter. If ,1d  a large value for  nI  reflects a significant 

variation in the nature of the model’s probabilities in the vicinity of ,P  

hence makes it easy to determine the true value of the unknown parameter. 

Conversely, if  nI  is small, then the law is very steep and we are led 

to seek the maximum likelihood in a very vast region. 

In our example, the statistical model        1,0,1;0 
 nn

B  of the 

coin toss game, for which the likelihood nL  is, if  1,0  and 

    ,1,0...,,1
n

nxx   

     
,1;...,,

ˆ1ˆ
1

nn xnxn
nn xxL

  with .
1

ˆ
1 


n

i in x
n

x  
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According to the calculation made previously for the variance 

 ,;ln  xLn  the nI  information of the model is given by 

     .
1

;ln


 
n

xLI nn V  

The uncertainty is low for   close to 0 and 1, while it is even greater as 

  is close to ,21  which results in information  nI  maximum for   close 

to 0 and 1, and minimum for .21  

In an independent sampling situation, Fisher information is proportional 

to the sample size. 

We consider    Pn ,H  as a model dominated by a measure          

 -finite ,  with K
RH  and .d

R  

Likelihood and maximum likelihood 

When n
H  is discrete, the probability that the sample   PXX n ~...,,1  

is equal to   n
nxx H...,,1  represents the degree of likelihood of this 

observation for the law .P  So the definition is given below: 

Definition 2.2. The likelihood of the model    Pn ,H  is the map 

 R
n

nL H:  

such that, for each ,  

   R
n

n xL H:;  

is an element of the equivalence class of the density of P  with respect to .  

If nL  is the likelihood of the model, then a value of the parameter which 

fits the observation is in the set of maxima of the function 

   ,;...,,,1;0 1  nn xxL֏R  



Mathieu Tiene et al. 24 

because  ;...,,1 nn xxL  represents the probability that a sample of the 

distribution   nB  is equal to  ....,,1 nxx  

This principle of constructing estimators is exported to the case of 

continuous models, for example      .1,,
R

R 
 nn

N  For the observation 

 nxx ...,,1  generated according to the law   ,1, nN  the curve of the 

function 

 
  ,

2

1
exp

2

1

1

2

2 




 


  

n

i in
x֏  

is then maximum at a point close to 0. This intuitive principle leads us to 

choose as the estimator of the model, a parameter which maximizes the 

likelihood. This is the concept of maximum likelihood estimator. 

3. Main Results 

In reliability analysis, failure data frequently contains individual failure 

times. 

Proposition 1. Let  nyyY ...,,ˆ
1  be a sample of a real random 

variable y with distribution function density F and  ⊻⊻⊻
nyyY ...,,ˆ

1  be the 

associated order statistic. Then the density of  ⊻⊻
11 ...,, nyy  is conditioned 

by ⊻
ny  of a real random variable x whose distribution function is given by 

the truncation of F into .ˆ ⊻
nY  

Proof. Let   ,...,,1
n

nyy R  .1 nyy ⋯  Then the density of 

 ⊻⊻
11 ...,, nyy  conditioned by ⊻ny  is given by 

 
 

 
,

,...,,
...,,

...,,
1111

1
11

nn
n

nnnn
n

n

ny

yyP
dy

d

yyyyyyP
yy

yyf
n












⊻

⊻⊻⊻
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     ,1
n

n
nnn

n
yFynfyyP

dy

d ⊻  

 nnnn yyyyyyP  
⊻⊻⊻ ,...,, 1111  

            

  


 





 




1

0 1 11 ,
!

!n

p

p

i ii
pn

pp yFyFyFyF
pn

n
 (1) 

with by convention   .0yF  

In the calculation of the derivative ,iemn  only the term corresponds to 

1 np  intervenes, which is the only one which contains  ....,,1 nyy  So 

 nn
n

n

yyyyP
yy




 ⊻⊻ ...,,
...,, 11

1
 

     .
...,,

!
1 1

1 



 




   
n

i ii
n

n

yFyF
yy

n  

Thus, 

   






n

i

inn
n

n

yfnyyyyP
yy

1

11
1

.!...,,
...,,

⊻⊻  (2) 

Consequently, according to equations (1) and (2), we have 

 
 

   n
n

n

n

i i

ny
yFyfn

yfn
yyf

n 1
1

11

!
...,,







  

   
 



 





1

1
.!1

n

i n

i

yF

yf
n  

Furthermore, let  11 ...,,ˆ
 nxxX  be an  1n  sample of a real 

random variable by distribution function 
nyF  F  is right truncated to .ny  

Then the density of X̂  is given by 
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   
 



 





1

111 ....,,
n

i n

i
n yF

yf
yyg  

With ,ˆ ⊻X  the associated order statistic is 

   ....,,
...,,

...,, 1111
11

1

11 




 



 nn

n

n

n yxyxP
yy

yyh ⊻⊻  

Thus 

     
 



 





1

111 .!1...,,
n

i n

i
n yF

yf
nyyh  

There exists ji   such that ,ji yy   and hence 

      .0...,,...,, 1111   nny yyhyyf
n

 □ 

The density of the sample, excluding the last random observation, is the 

distribution function given by the truncation of F at .ˆ ⊻
nY  

Thus, if we study observations for which the lower bound is ,1y  the 

frequency of observations less than or equal to 1y  is not zero, whereas the 

density of the probability law chosen a priori to perform a statistical 

adjustment on these data is zero. Moreover, between 1y  and hy  with 

1 nh   hy  being a threshold higher than the bound ,1y  the number of 

observations that should have been made is unknown, as are the individual 

values of these observations. The threshold hy  can be determined by the 

sensitivity of the measuring instrument, see [9]. 

Consider the probability law of a random variable X varying from     

to .  Let  xf  denote a probability density function, and  xF  the 

distribution function. Then 

      


x
dxxfxxPrxF .  
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It is assumed that the n observed values of this variable belong only to a 

 ba;  part of its domain of variation. The probability of the variable taking a 

value outside the  ba;  domain is non-zero but unknown. The distribution of 

the random variable can be studied only on the  ba;  part. This defines the 

truncated probability distribution function  x  such that 

       
    ,

aFbF

aFxF
xXPrx bxa 


   

  0 a    and     1 b  

and probability density function: 

   

 





b

a
dxxf

xf

x

x
 

if an analytical expression is chosen as a function of the parameters k  for 

the distribution  ,xf  an estimate of the parameters k  from the only n 

observed values available, belonging to the interval  ba;  can be obtained 

using the maximum likelihood method. The maximum likelihood method 

consists in finding the parameters k  that maximize the probability of 

obtaining the sample of observed values with the envisaged law. The 

likelihood function to be maximized  ,xL  is therefore written as 

     



n

i x

x
xL

1
,  

 

 

.1
nb

a

n

i

dxxf

xf











   

Let us take observations whose lower bound is .0x  Then the frequency 

of observations less than or equal to 0x  is not zero, whereas the density of 

the a priori probability distribution chosen to perform a statistical adjustment 

on these data is zero or indefinite at this point  ..  
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What is more, between 0x  and hx   hx  threshold is greater than the       

0x  ,boundary  the number of observations that should have been made is 

unknown, as are the individual values of these observations. 

The number hx  can be determined by the sensitivity of the measuring 

device, so 

 
 

 

.,0 1 0

n

x

n

i
h

h

dxxg

xg
xL














  

If  xG  denotes the distribution function of the probability distribution 

of non-zero values, and  xF  the distribution function of the probability 

distribution of zero or non-zero rain data, then the relationship between these 

two functions is 

   
,

1 0

0

P

PxF
xG




  where 0P  is the probability of zero or non-zero rain data. 

It is important to establish uniform asymptotic developments, so let us 

consider y  and .yy   

Lemma 1. Suppose Cy  and  . RCyh  Let 

      .00min  j
yhjyi N  

If 

  ,sup
0


 w

wy C  

then 

        ,00ˆsuplim 1 


yi
yy

yi
yt hthtC  

with      



0

expˆ duuhtuth yy  the Laplace transform of .yh  
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Proof. Using Taylor expansion to order ,1i  we have 

      
  ,

!1
0

!
1

1

uh
i

u
h

i

u
uh i

y

i
i

y

i

y 


 


 

with  1;0  and consequently, 

          
   

  






0 0

1
1

,
!1

exp0
!

expˆ duuh
i

u
tuduh

i

u
tuth i

y

i
i

y

i

y  

so 

       .ˆ 21 tTtTth yyy   

It follows that 

  
  

 



0

1 ,exp
!

0
dutuu

i

h
tT i

i
y

y  

which also gives 

  
  

,
0

1
1




i

i
y

y
t

h
tT  

and the change of variable tuv   implies 

        
 

 









0
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2

2 .exp
1

!1

1
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t

v
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tT i

y
i

iy  

Therefore, uniformly for ,Cy  

          .exp
1

!1

1
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0

1
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 



 





dvvv
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i
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On the other hand, 
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0
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So 

 
  

.
10

ˆ
21 







 ii

i
y

y
t

O
t

h
th  

Hence 

     ,
1

0
1ˆ

1 




 







 t
Oh

t
th i

iy  

which concludes the proof. □ 

Proposition 2. Let F be a distribution function such that 

  
R

,
2

xdFx  a belonging to A and     .inf aFxFxa   Then an 

estimator ⊻
nX  of a  is asymptotically unbiased and convergent. 

The amount of Fisher information  aI
X̂

 contributed by the n-sample 

X̂  is proportional to .2n  For n fixed,  aI
X̂

 is a decreasing (respectively, 

increasing) function of a in the log-concavity (respectively, log-convexity) 

domain of F. 

Proof. Integration by parts shows that the expectation  aM  of a 

distribution function aF  is written as 

       


R

a

aa dxxFaxxdFaM  

 
  


a

dx
aF

xF
a .  

Putting ,⊻nX  we get 

   
  








a n

n dx
aF

xF
aXE ,⊻  
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and also 

   
 

 
  . 



 













a a

a

nn

n dx
aF

xF
dx

aF

xF
aXE ⊻  

Then 

   
  .











a n

n dx
aF

xF
aXE ⊻  

⊻
nX  is therefore an unbiased estimator of a and .a  Then 

  .lim aXE n ⊻  

We next show that ⊻
nX  is convergent and for this,   .0⊻

nXV  

Using integration by parts, we have 

   
 

 
 

 
   




























a a na nn

n dx
aF

xF
xdx

aF

xF
dx

aF

xF
aXV .22

2
⊻  

Taking into account that  ,, aax      ,aFxF   we obtain 

   
 

 
 

2

2 
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







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
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










 
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


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xF
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aF
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  
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



 
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
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dx
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2
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so we have 
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 

 
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



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


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
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Applying Lebesgue’s theorem for each of the integrals, we find that 

  ,0lim 
⊻
nn XV  so for the last integral, we have 

 
 

 
  ,
aF

xF
x

aF

xF
x

n






  

since   
R

,
2

xdFx  by hypothesis,  

 
  .0, 





 n

n

aF

xF
xax  

As a reminder, 

    ,log
2

ˆˆ 

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



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EaI
XaX
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i iX
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a X





 if .max aX i   
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


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As a result, 
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Bearing in mind that ⊻X  is asymptotically unbiased, the inverse of the 

variance measures the precision of this estimator for large n. Thus, when F is 

log-concave, the greater the value to be estimated, the lower the precision. 

Corollary 1. When F is log-concave, the precision of ⊻X  is a 

decreasing function of a. 

Proof. For n fixed, either of the following holds: 

           ,
22

aXEXEXEaXExg nnnn  ⊻⊻⊻⊻  

         .
22

aXEXEXExg nnn  ⊻⊻⊻  

The distribution function of ⊻
nX  being  nF  is log-concave. According 

to the hypothesis on F, the first term is an increasing function of a. 

On the other hand,    ⊻nXEaah   is positive, and 

 
   

 
,

1

aF

aF
ah

n

n

  

where 

      


a
nn dxxFaF .1  

Now, if a function is log-concave, then its antiderivative that vanishes          

at   is itself log-concave, which implies that   1
nF  is therefore log-

concave. Consequently, h is increasing, as is .2h  The same holds for g, from 

which the corollary follows. □ 

Proposition 3. Let nI  be Fisher information of the model    ., Pn
H  

Assume that for each ,  there is a neighborhood v  of   such 

that    .;sup 1  LxLnv  Then 
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 (i)   ;0;ln  xLnE  

(ii) if furthermore, 

   ,;sup 12  LxLnv       .;ln2   xLI nn E  

Proof. Under the condition    ,;sup 1  LxLn  according to 

the derivation theorem for the integral, we have 

     
n n

dxLdxL nn
H H

.;;  

Thus, since    dxLdP n ;  and   ,1
nP H  

     n

n
n PdxL

H
H .0;  

Now, since 

   dxLdP n ;  

and 

     ,;;;ln  xLxLxL nnn  

      ,;;ln;ln   n
dxLxLxL nnn

H
E  

  ,;  n
dxLn

H
E  

(i) follows. 

We now show (ii). 

If R:F  is a class ,2C  for all dji ...,,1,   and ,  then 

   




i

i
F

F    and      .
2

2
, 





ji

ji
F

F  

The derivation theorem under the integral shows that 

     
n n

dxLdxL njinji
H H

,;; 2
,

2
,  
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under the assumption    ,;sup 12
,  LxLnji  and therefore 

     n

n
jinji PdxL

H
H .0; ,

2
,  

We also check that for any ,nx H  

 
 

 
   

 
.

;

;;

,

,
;ln

2

2
,2

,










xL

xLxL

xL

xL
xL

n

njni

n

nji
nji  

As a result, 

        n
dxLxLxL nnjinji

H
;;ln;ln 2

,
2
,E  

and likewise 

   
   

   



n n xL

xLxL
dxLxL

n

njni
nnji

H H
.

;

;;
;;ln2

,  

So we get 

      ,;ln;ln;ln2
,   xLxLxL njninji EE  

because      .;;;ln  xLxLxL nnn  □ 

Now, by Fisher’s definition of information: 

        ;ln,;lncov, xLxLI njnijin  

   .;ln,;ln   xLxL njniE  

Since   ,0;ln  xLniE  hence follows (ii). 

4. Conclusion and Discussion 

The spatial accuracy of data is a crying phenomenon in the scientific 

world. In the present work, we have made a contribution to this theme. In 

particular, the results allow us to model and describe that the sample density 



Mathieu Tiene et al. 36 

of the last random sample is given by the truncation of the distribution 

function. 

We also managed to show that when the estimator is unbiased, the 

inverse of the variance measures the precision of the estimator, whatever          

the sample size, and if the distribution function is log-concave, then the 

precision is very low compared to the value to be estimated. 

In the future, it would be interesting to build coherent estimators                

for predictive measures in the context of extreme values for possible 

applications to real data. 
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