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Abstract 

Our aim in this article is to study the well-posedness for a class of 
higher-order (in space) anisotropic Cahn-Hilliard models with singular 
nonlinear terms. More precisely, we prove the existence and 
uniqueness of variational solutions, based on a variational inequality, 
as well as the existence of the global attractor. 
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1. Introduction 

The Cahn-Hilliard equation (after John W. Cahn and John E. Hilliard), 
see [8], 

( ) ,02 =Δ−Δ+
∂
∂ ufut
u  (1.1) 

is an equation of mathematical physics which describes the process of phase 
separation, spinodal decomposition: the material quickly becomes 
inhomogeneous, forming a fine-grained structure in which each of the two 
components appears more or less alternatively. In a second stage, which is 
called coarsening, occurs at a slower time scale and is less understood, these 
microstructures coarsen. Such phenomena play an essential role in the 
mechanical properties of the material, e.g., strength. We refer the reader to, 
e.g., [3, 4, 6, 7, 11, 12, 14-17, 21, 22, 24, 25, 27, 31, 36, 37, 38-40] for more 
details. 

Here, u is the order parameter (one usually considers a rescaled density 
of atoms or concentration of one of the material’s components which takes 
values between –1 and 1, –1 and 1 corresponding to the pure states; the 
density of the second component is ,1 u−  meaning that the total density is a 

conserved quantity). Furthermore, f is the derivative of a double-well 
potential F whose wells correspond to the phases of the material. A 
thermodynamically relevant the derivative f is the following logarithmic 
function which follows from a mean-field model (see, e.g., [18, 30]): 

( ) ( ).1,1,0,1
1ln2 1221 −∈λ<λ<
−
+

λ+λ−= ss
sssf  (1.2) 

These logarithmic nonlinear terms are still relevant for (1.1). 

The Cahn-Hilliard equation is based on the so-called Ginzburg-Landau 
free energy, 

( )∫Ω ⎟
⎠
⎞

⎜
⎝
⎛ +∇=Ψ ,2

1 2 dxuFuGL  (1.3) 
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where Ω  is the domain occupied by the system (we  assume here that it is a 

bounded and regular domain of ,3R  with boundary ).Γ  In (1.3), the term 
2u∇  models short-ranged interactions. It is however interesting to note that 

such a term is obtained by truncation of higher-order ones (see [8]); it can 
also be seen as a first-order approximation of a nonlocal term accounting for 
long-ranged interactions (see [35]). 

In [5] the authors proposed higher-order phase-field models in order to 
account for anisotropic interfaces (for other approaches which, however, do 
not provide an explicit way to compute the anisotropy). More precisely, these 
authors proposed the following modified (total) free energy, in which we 
omit the temperature: 

( )∫ ∑ ∑Ω
= =α

α
α ⎟⎟

⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+=Ψ ,2

1

1

2 dxuFua
k

i i
HOGL D  (1.4) 

where, for ( ) { }( ) ,0,, 3
321 ∪N∈=α kkk  

321 kkk ++=α  

and, for ( ),0,0,0≠α  

321
321
kkk xxx ∂∂∂

∂
=

α
αD  

(we  agree that ( ) ).0,0,0 vv =D  The corresponding higher-order equation 

then reads 

( ) ( )∑ ∑
= =α

α
α =Δ−−Δ−

∂
∂ k

i i

i ufuat
u

1

2 .01 D  (1.5) 

In [28] the authors studied the corresponding higher-order Allen-Cahn 
models, namely, 
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( ) ( )∑ ∑
= =α

α
α =+−+

∂
∂ k

i i

i ufuat
u

1

2 ,01 D  

endowed with the Dirichlet boundary conditions 

0=αuD  on .1, −≤αΓ k  (1.6) 

Our aim in this article is to study the model consisting of the higher-
order anisotropic equation 

( ) ( )∑ ∑
= =α

α
α ∈λ=Δλ+Δ−−Δ−

∂
∂ k

i i

i uufuat
u

1

2 .,01 RD  (1.7) 

As far as the mathematical analysis of the standard Cahn-Hilliard 
equation with such nonlinear terms is concerned, a complete picture (well-
posedness, regularity of solutions, and existence of finite-dimensional 
attractors) was given in [29] (see also [20, 23]). In particular, one has the 
existence and uniqueness of solution satisfying the separation property 

( ) 1, <xtu  a.e. ( )., xt  (1.8) 

Furthermore, in one and two space dimensions, one has the stronger 
(strict) separation property 

( ) ( ) ( ) [ ] ( ).1,0,0,,,, ∈δ<τ<τ∈τδ=δ≤Ω∞ TTtTtu L  (1.9) 

We can note that the proof of the above strict separation property uses in 
an essential way the comparison principle for second-order parabolic 
equations, so that the techniques used in [29] cannot be applied to (1.4). 
Thus, a priori, for this equation, we should only expect the weak separation 
(1.7). 

In this article, we are not able to prove the existence of a classical 
solution to (1.4) when f is singular. However, we are able to prove the 
existence of a (weaker) variational solution. This notion of a variational 
solution was introduced in [18] for the Cahn-Hilliard equation with singular 
nonlinear terms and dynamic boundary conditions and is based on a 
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variational inequality (see also [33] for a different, though related, approach 
based on duality techniques). It was also applied with success in other 
situations in [26, 38]. 

This article is organized as follows. We introduce, in the next section, 
the mathematical setting and proper approximated problems. Then, in 
Section 3, we derive a priori estimates on the solutions to the approximated 
problems. Finally, in Section 4, we give the definition of a variational 
solution and prove the existence and uniqueness of such solutions. 

2. Setting of the Problem 

We consider, in a bounded and regular domain ,3R⊂Ω  with boundary 

,Γ  the following initial and boundary value problem, for ,N∈k  2≥k  (the 

case 1=k  can be treated as in [13]): 

( ) ( )∑ ∑
= =α

α
α ∈λ=Δλ+Δ−−Δ−

∂
∂ k

i i

i uufuat
u

1

2 ,,01 RD  (2.1) 

0=αuD  on ,, k≤αΓ  (2.2) 

.00 uu t ==  (2.3) 

We assume that 

,,0 ka =α>α  (2.4) 

and we define the elliptic operator kA  by 

( ) ( ) (( ))∑
=α

αα
αΩΩ =−

k
HHk wvawvA kk ,,,

0, DD  (2.5) 

where ( )Ω−kH  is the topological dual of ( )ΩkH0  and ( )( )⋅⋅,  denotes the 

usual 2L -scalar product, with associated norm .⋅  More generally, we 

denote by X⋅  the norm on the Banach space X; we also set =⋅ −1  
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( ) ,.2
1−Δ−  where ( ) 1−Δ−  denotes the inverse minus Laplace operator 

associated with Dirichlet boundary conditions. We can note that 

( ) ( ) (( ))∑
=α

αα
αΩ∈

k

k wvaHwv ,,, 2
0 DD6  

is bilinear, symmetric, continuous and coercive, so that 

( ) ( )Ω→Ω −kk
k HHA 0:  

is indeed well defined. It then follows from elliptic regularity results for 
linear elliptic operators of order 2k (see [1] and [2]) that kA  is a strictly 

positive, selfadjoint and unbounded linear operator with compact inverse, 
with domain 

( ) ( ) ( ),0
2 ΩΩ= kk

k HHAD ∩  

where, for ( ),kADv ∈  

( ) ∑
=α

α
α−=

k

k
k vavA .1 2D  

Furthermore, we note that ( ) ( )Ω= k
k HAD 0
2
1

 and, for ( ) ( ) ,, 22
1

kADwv ∈  

(( )) (( ))∑
=α

αα
α=

k
kk wvawAvA .,, 2
1

2
1

DD  

Finally, we note that (see, e.g., [36]) .kA  ( )..,resp 2
1

kA  is equivalent to 

the usual kH 2 -norm ( )norm-.,resp kH  on ( )kAD  ( ( ))..,resp 2
1

kAD  

Similarly, we can define the linear operator kk AA Δ−=  

( ) ( )Ω→Ω −−+ 11
0: kk

k HHA  
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which is a strictly positive, selfadjoint and unbounded linear operator with 
compact inverse, with domain 

( ) ( ) ( ),1
0

22 ΩΩ= ++ kk
k HHAD ∩  

where, for ( ),kADv ∈  

( ) ∑
=α

α
α

+ Δ−=
k

k
k vavA .1 21 D  

Furthermore, ( ) ( )Ω= +1
0

2
1

k
k HAD  and, for ( ) ( ) ,, 22

1

kADwv ∈  

(( )) (( ))∑
=α

αα
α ∇∇=

k
kk wvawAvA .,, 2
1

2
1

DD  

Besides, .kA  ( )..,resp 2
1

kA  is equivalent to the usual 22 +kH -norm 

( )norm-.,resp 1+kH  on ( )kAD  ( ( ))..,resp 2
1

kAD  

Finally, we consider the operator ( ) ,~ 1
kk AA −Δ−=  with 

( ) ( );:~ 11
0 Ω→Ω +−− kk

k HHA  

note that, as Δ−  and kA  commute, then the same holds for ( ) 1−Δ−  and ,kA  

so that ( ) .~ 1−Δ−= kk AA  

We have the 

Proposition 2.1. The operator kA~  is a strictly positive, selfadjoint and 

unbounded linear operator with compact inverse, with domain 

( ) ( ) ( ),~ 1
0

22 ΩΩ= −− kk
k HHAD ∩  



Armel Judice Ntsokongo, Christian Tathy and Daniel Moukoko 352 

where, for ( )kADv ~
∈  

( ) ( )∑
=α

−α
α Δ−−=

k

k
k vavA .1~ 12D  

Moreover, ( ) ( )Ω= −1
0

2
1

~ k
k HAD  and, for ( ) ( ) ,~, 22

1

kADwv ∈  

(( )) (( ( ) ( ) ))∑
=α

−α−α
α Δ−Δ−=

k
kk wvawAvA .,~,~

2
1

2
1

2
1

2
1

DD  

In addition, .~
kA  ( ).~., 2

1

kAresp  is equivalent to the usual 22 −kH -norm 

( )normHresp k -., 1−  on ( )kAD ~  ( ( )).~., 2
1

kADresp  

Proof. First of all, we note that kA~  clearly is linear and unbounded. 

Then, since ( ) 1−Δ−  and kA  commute, it easily follows that kA~  is 

selfadjoint. 

Next, the domain of kA~  is defined by 

( ) { ( ) ( )}.~,~ 21
0 Ω∈Ω∈= − LvAHvAD k
k

k  

Noting that ,~ fvAk =  ( ),2 Ω∈ Lf  ( ),~
kADv ∈  is equivalent to ,fvAk Δ−=  

where ( ) ,2 ′Ω∈Δ− Hf  it follows from the elliptic regularity results of [1] 

and [2] that ( ),22 Ω∈ −kHv  so that ( ) ( ) ( ).~ 1
0

22 ΩΩ= −− kk
k HHAD ∩  

Noting then that 1~−
kA  maps ( )Ω2L  onto ( )Ω−22kH  and recalling that 

,2≥k  we deduce that kA~  has compact inverse. 

We now note that, considering the spectral properties of Δ−  and kA  

(see, e.g., [36]) and recalling that these two operators commute, Δ−  and kA  
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have a spectral basis formed of common eigenvectors. This yields that, 

( ) 1,, 21
sss Δ−∈∀ R  and 2s

kA  commute. 

In view of this, we see that ( ) ,~ 2
1

2
1

2
1

kk AA −Δ−=  so that ( ) =2
1

~
kAD  

( ),1
0 Ω−kH  and, for ( ) ( ) ,~, 22

1

kADwv ∈  

(( )) (( ( ) ( ) ))∑
=α

−α−α
α Δ−Δ−=

k
kk wvawAvA .,~,~

2
1

2
1

2
1

2
1

DD  

Finally, as far as the equivalences of norms are concerned, we can note 

that, for instance, the norm .~ 2
1

kA  is equivalent to the norm 

( ) ( )Ω
−Δ− kH.2

1
 and, thus, to the norm ( ) ..2

1−
Δ−

k
 
 

We actually rewrite (2.1) in the form 

( ) ,0=Δλ+Δ−Δ−Δ−
∂
∂ uufuBuAt
u

kk  (2.6) 

where 

( )∑ ∑
−

= =α

α
α−=

1

1

2 .1
k

i i

i
k vavB D  

As far as the nonlinear term f is concerned, we assume that 

( ) ( ) ,00,1,12 =−∈ fCf  (2.7) 

( ) ,lim
1

±∞=
±→

sf
s

 (2.8) 

( ) ,lim
1

+∞=′
±→

sf
s

 (2.9) 

,0≥′f  (2.10) 
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( ) ( ) ( ).1,1,0sgn −∈≥′′ sssf  (2.11) 

We then set, for ( ),1,1−∈s  

( ) ( ) .~ ssfsf λ−=  

It follows from the above that 

,~
λ−≥′f  (2.12) 

( ) ( ) ( ),1,1,0,,~~
2121 −∈≥+≤≤− scccssfsFc  (2.13) 

where ( ) ( )∫ ττ=
s

dfsF
0

.~~  

Remark 2.1. In particular, the thermodynamically relevant logarithmic 
function (1.2) satisfies the above assumptions. 

We next define, for ,N∈N  the approximated function Nf  by: 

( ) ( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−>⎟
⎠
⎞

⎜
⎝
⎛ +−⎟
⎠
⎞

⎜
⎝
⎛ −′+⎟

⎠
⎞

⎜
⎝
⎛ −

−≤

+−<⎟
⎠
⎞

⎜
⎝
⎛ −+⎟
⎠
⎞

⎜
⎝
⎛ +−′+⎟

⎠
⎞

⎜
⎝
⎛ +−

=

.11,111111

,11,

,11,111111

NsNsNfNf
Nssf

NsNsNfNf

sfN  

Setting ( ) ( )∫ ττ=
s

NN dfsF
0

,  ( ) ( ) ,~ ssfsf NN λ−=  ( ) ( )∫ ττ=
s

NN dfsF
0

,~~  

( ),1,1−∈s  it is easy to see that (see also [10] and [18]) 

( ) ( ) ,,0 R∈≥≥ ssFssf NN  (2.14) 

( ) ,,0,0, 434
4

3 R∈≥>−≥ scccscsFN  (2.15) 

and, for ( ),00 λ=≥ NNN  

( ) ( ) ( ) R∈≥>−≥−≥ sccccsfccssfcssf NNN ,0,,0,2
~

7657
5

65  

 (2.16) 
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( ) ( ) ( ) ,,0,2
1~2 888 R∈≥−≥≥+ sccsFsFcsF NNN  (2.17) 

where the constants ,8...,,5, =ici  only depend on .λ  Furthermore, it 

follows from (2.10), (2.12) and the explicit expression of Nf  that 

.~,0 λ−≥′≥′ NN ff  (2.18) 

We finally introduce the approximated problems 

( ) 0~
=Δ−Δ−Δ−

∂
∂

NNNkNk
N ufuBuAt

u  (2.19) 

0=α
NuD  on ,, k≤αΓ  (2.20) 

.00 uu tN ==  (2.21) 

Throughout the article, the same letters cc ′,  and c ′′  denote (generally 

positive) constants which may vary from line to line and are independent of 
N. Similarly, the same letter Q denotes (positive) monotone increasing and 
continuous functions which may vary from line to line and are independent 
of N. 

3. A Priori Estimates 

In this section, we derive uniform (with respect to N) a priori estimates 
on Nu  which will allow us and we assume from now on that ( ) 11 0 <<− xu  

a.e. .Ω∈x  

For a more general singular nonlinear terms f, we would need a stronger 
separation property from the singular value ,1±  namely ( ) .10 <Ω∞Lu  

We multiply (2.19) by ( ) t
uN
∂
∂

Δ− −1  and integrate over Ω  by parts. This 

gives 

[ ] ( ) ,02~2
2

1
2
1

22
1

=
∂
∂

+⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
++

−Ω∫ t
udxuFuBuAdt

d N
NNNkNk  (3.1) 
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where 

[ ] 02
1

1 =NuB  

and, for ,2≥k  

[ ] ∑ ∑
−

= =α

α
α=

1

1

22
1 k

i i
NNk uauB D  (3.2) 

(note that [ ]Nk uB 2
1

 is not necessarily nonnegative). We note that, owing to 

the interpolation inequality 

( ) ( )
( )

,1 m
i

m
i

HH vvicv mi −
ΩΩ ≤  (3.3) 

( ) { } ,2,,1...,,1, ≥∈−∈Ω∈ mmmiHv m N  

there holds 

[ ] .2
1 222

1
2
1

NNkNk ucuAuB +≤  (3.4) 

This yields, employing (2.15), 

[ ] ( )∫Ω++ dxuFuBuA NNNkNk 22
1

22
1

 

( )
( )∫Ω Ω

′′−′−++≥ ,2
1 2422

1

4 cucucdxuFuA NLNNNNk  

whence 

[ ] ( )∫Ω++ dxuFuBuA NNNkNk 22
1

22
1

 

( )
( ) ,0,2 >′−⎟

⎠
⎞

⎜
⎝
⎛ +≥ ∫ΩΩ

ccdxuFuc NNHN k  (3.5) 



Higher-order Cahn-Hilliard Models ... 357 

noting that, owing to Young’s inequality, 

( )
( ) .0,42

4 >ε∀ε+ε≤
Ω

cuu
LNN  (3.6) 

We then multiply (2.19) by ( ) ,1
Nu−Δ−  integrate over Ω  by part and 

have 

[ ] (( ( ) )) .0,~
2
1 2

1
22

1
2

1 =+++− NNNNkNkN uufuBuAudt
d  

Noting that it follows from (2.14) and (2.16) that 

(( ( ) )) ( )( )( ) ( )∫Ω ′−≥−≥ cdxuFccuufcuuf NNNNNNNN 55 ,,~  

and 

(( ( ) )) ( ) ( ) ,2,~
15 cufcuuf LNNNNN −≥ Ω  

this yields 

( )
( ) ( ) ( ) .0,122

1 >′≤⎟
⎠
⎞

⎜
⎝
⎛ +++ ∫Ω ΩΩ− ccufdxuFucudt

d
LNNNNHNN k  

 (3.7) 

Summing (3.1) and (3.7), we obtain a differential inequality of the form 

( ) ( ) ,0,
2

1
,1

,1
1 >′≤⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
∂
∂

+++
−

Ω cct
uufEcdt

dE N
LNNN

N  (3.8) 

where 

[ ] ( )∫Ω− +++= dxuFuBuAuE NNNkNkNN
~22

1
22

1
2

1,1  

satisfies, owing to (2.17) and (3.5), 

( )
( ) .0,2

,1 >′−⎟
⎠
⎞

⎜
⎝
⎛ +≥ ∫ΩΩ

ccdxuFucE NNHNN k  (3.9) 
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In particular, it follows from (3.8)-(3.9) and Gronwall’s lemma that 

( )
( ) ( )

( ) 0,0,0
2

0
2 ≥>′′′+⎟

⎠
⎞

⎜
⎝
⎛ +≤ ∫ΩΩ

′−
Ω

tccdxuFucetu kk H
tc

HN  

 (3.10) 

and 

∫
+

−∂
∂rt

t
N dst

u 2

1
 

( )
( ) ( ) 0,0,0,0

2
0 >≥>′′′+⎟

⎠
⎞

⎜
⎝
⎛ +≤ ∫ΩΩ

′− rtcrcdxuFuce kH
tc  given. 

 (3.11) 

Actually, noting that ( )0uFN  is bounded ( tlyindependen of N and ),0u  

there holds 

( )
( ) ( )

0,0,2
0

2 ≥>′′′+≤
Ω

′−
Ω

tccucetu kk H
tc

HN  (3.12) 

and 

( )
( )∫

+

Ω
′−

−
>≥>′′′+≤

∂
∂rt

t H
tcN rtcrcucedst

u
k 0,0,0,2

0
2

1
 given. 

 (3.13) 

Next, multiplying (2.19) by ,~
NkuA  we obtain 

( )
( ( ) ) .0,~~ 22222

1

2 >+′≤+
Ω

cufucucuAdt
d

NNNHNNk k  (3.14) 

It follows from the continuity of NN Ff ,  and ,~
Nf  the continuous 

embedding ( ) ( )Ω⊂Ω CH k  (recall  that )2≥k  and (3.12) that 

( ( ) )Ω≤+ kHNNN uQfu 22 ~  

( ( ) ) ,0,0,0 ≥>′+≤ Ω
− tccuQe kH

ct  (3.15) 
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so that 

( )
( ( ) ) .0,0,,~

0
222

1

2 ≥>′′′+≤+ Ω
′−

Ω
tcccuQeucuAdt

d
kk H

tc
HNNk  

 (3.16) 

Summing (3.8) and (3.16), we obtain a differential inequality of the form 

( )
( ) ( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
∂
∂

++++
−

ΩΩ

2

1

2
,2

,2
12 t

uufuEcdt
dE N

LNNHNN
N

k  

( ( ) ) ,0,,0 >′′′+≤ Ω
′− cccuQe kH
tc  (3.17) 

where 

22
1

,1,2
~

NkNN uAEE +=  

satisfies 

( )
( ) .0,2

,2 >′−⎟
⎠
⎞

⎜
⎝
⎛ +≥ ∫ΩΩ

ccdxuFucE NNHNN k  (3.18) 

It follows from (3.17)-(3.18) that 

( )
( ( ) )∫

+
Ω

−
Ω

>≥>′′+≤
rt

t H
ct

HN rtccuQedsu kk 0,0,0,0
2

2  given. 

 (3.19) 

We now multiply (2.19) by Nu  and obtain, employing (2.18) and the 

interpolation inequality (3.3), 

( ) ( )
,0,222

11 >λ≤+
ΩΩ+ cuucudt

d
HNHNN k  

whence, proceeding as above, 

( )
( ( ) ) .0,,0

22
1 >′′′+≤+ Ω

′−
Ω+ cccuQeucudt

d
kk H

tc
HNN  (3.20) 
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We also multiply (2.19) by t
uN
∂
∂  and obtain, noting that the continuous 

embedding ( ) ( ),Ω⊂Ω CkH  so that 

( ) ( ( ) ),
~ 2

Ω≤Δ kHNNN uQuf  

and proceeding as above, 

( [ ]) ( ( ) ) ,0,,0
2
1

22
1

>′′′+≤
∂
∂

++ Ω
′− cccuQet

ucuBuAdt
d

kH
tcN

NkNk  

 (3.21) 

where 

[ ] ∑∑
−

= α

α
α ∇=

1

1

22
1

.
k

i
NNk uauB D  

Summing finally (3.17), (3.20) and (3.21), we find a differential 
inequality of the form 

( )
( ) ( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
∂
∂

++++ ΩΩ

2
2

,3
,3

12 t
uufuEcdt

dE N
LNNHNN

N
k  

( ( ) ) ,0,,0 >′′′+≤ Ω
′− cccuQe kH
tc  (3.22) 

where 

[ ]NkNkNNN uBuAuEE 2
1

22
1

2
,2,3 +++=  

satisfies, proceeding as above, 

( )
( ) .0,2

,3 1 >′−⎟
⎠
⎞

⎜
⎝
⎛ +≥ ∫ΩΩ+ ccdxuFucE NNHNN k  (3.23) 

In particular, it follows from (3.22)-(3.23) that 

( ) ( ) ( ( ) ) 0,0,11 0 ≥>′+≤ Ω
−

Ω ++ tccuQetu kk H
ct

HN  (3.24) 
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and 

( ( ) )∫
+

Ω
− >≥>′+≤

∂
∂

+
rt

t H
ctN rtccuQedst

u
k 0,0,0,10

2
 given. 

 (3.25) 

We then differentiate (2.19) with respect to time and find 

( ) ,0~
=⎟

⎠
⎞

⎜
⎝
⎛

∂
∂′Δ−

∂
∂

Δ−
∂
∂

Δ−
∂
∂

∂
∂

t
uuft

uBt
uAt

u
t

N
NN

N
k

N
k

N  (3.26) 

0=
∂
∂α

t
uND  on ., k≤αΓ  (3.27) 

Multiplying (3.26) by ( ) ,1
t

uN
∂
∂

Δ− −  we have, owing to (2.18) and the 

interpolation inequalities (3.3), 

( )
,

222

1 t
u

t
uct

u
dt
d N

H

NN
k ∂

∂
λ≤

∂
∂

+
∂
∂

Ω−
 

hence, employing the interpolation inequality 

( ),, 1
01

2 Ω∈∀∇≤ − Hvvvcv  (3.28) 

the differential inequality 

.
2

1

2

1 −− ∂
∂

≤
∂
∂

t
uct

u
dt
d NN  (3.29) 

It then follows from (3.13), say, for 1=r  and the uniform Gronwall’s 
lemma that 

( )
( )

.1,0,2
0

2

1
≥>′′+≤

∂
∂

Ω
′−

−
tccucett

u
kH

tcN  (3.30) 

Remark 3.1. Actually, it follows from the uniform Gronwall’s lemma 
that 
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( ) ( )
( )

( ) ,0,0,2
0

2

1
≥>′′+≤+

∂
∂

Ω
′−

−
tcrcuer

rcrtt
u

kH
tcN  (3.31) 

0>r  given. 

Remark 3.2. We assume that ( ) .10 <Ω∞Lu  We can note that, if 

( ),2
0 Ω∈ kHu  then ( ) ( )Ω∈

∂
∂

Δ− − 22
1

Lt
uN  and it follows from the 

continuity of f and the continuous embedding ( ) ( )Ω⊂Ω CkH 2  that, for N 

large enough ,11when~~withcoincides~thatnote ⎟
⎠
⎞⎜

⎝
⎛ −<′= NsFffN  

( ) ( ( ) ).0 20
1

Ω
−

≤
∂
∂

kH
N uQt

u  (3.32) 

It then follows from (3.29) and Gronwall’s lemma that 

( ) ( ( ) ) .0,0,20
2

1
≥>≤

∂
∂

Ω
−

tcuQett
u

kH
ctN  (3.33) 

Collecting (3.30) and (3.33) [ ]( ),1,0for ∈t  we finally deduce that 

( ) ( ( ) ) .0,0,20
2

1
≥>′+≤

∂
∂

Ω
−

−
tccuQett

u
kH

ctN  (3.34) 

We finally rewrite (2.19) as an elliptic equation, for 0>t  fixed, 

( ) ( ) 0,~1 =−−
∂
∂

Δ−−= β− uufuBt
uuA NNNk

N
Nk D  on .1, −≤βΓ k  

 (3.35) 

Multiplying (3.35) by ,NkuA  we have, owing to (2.18) and the interpolation 

inequality (3.3), 

( ) ,~ 2

1

222
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∂
∂

++≤
−t

uufucuA N
NNNNk  (3.36) 
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hence, proceeding as above (employing, in particular, (3.15)), 

( )
( )

( ( ) ) .0,
2

1
0

2
2 >′+

∂
∂

+≤
−

Ω
−

Ω
cct

uuQetu N
H

ct
HN kk  (3.37) 

Employing (3.34), 

( ) ( ) ( ( ) ) .0,0,22 0 ≥>′+≤ Ω
−

Ω tccuQetu kk H
ct

HN  (3.38) 

Remark 3.3. Let 1
Nu  and 2

Nu  be two solutions to (2.19)-(2.20) with 

initial conditions 1
0u  and ,2

0u  respectively. Then, we have, setting =Nu  

21
NN uu −  and ,2

0
1
00 uuu −=  

( ( ) ( )) ,0~~ 21 =−Δ−Δ−Δ−
∂
∂

NNNNNkNk
N ufufuBuAt

u  (3.39) 

0=α
NuD  on ,, k≤αΓ  (3.40) 

.00 uu tN ==  (3.41) 

Multiplying (3.39) by ( ) ,1
Nu−Δ−  we obtain, in view of (2.18), 

[ ] .2
1 22

1
22

1
2

1 NNkNkN uuBuAudt
d

λ≤++−  (3.42) 

Employing the interpolation inequalities (3.3) and (3.42), we deduce that 

( )
.0,2

1
22

1 >′≤+ −Ω− cucucudt
d

NHNN k  (3.43) 

It follows from (3.35) and Gronwall’s lemma that 

( ) ( ) ,0,1
2
0

1
01

21 ≥−≤− −− tuuetutu ct
NN  (3.44) 

hence the uniqueness of solutions to (2.19) and (2.21), as well as the 

continuous dependence with respect to the initial data in the 1−H -norm. 
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4. The Dissipative Semigroup 

In this section, to pass to the limit ∞→N  and prove the existence of a 
solution to the original singular problem, in a suitable setting (i.e., as 
mentioned in the introduction, based on a proper variational inequality), we 
proceed as follows. 

First of all, we derive a variational inequality from (2.1). To do so, we 

multiply this equation by ( ) ( ),1 vu −Δ− −  where ( )xvv =  is smooth and 

satisfies 0=v  on .Γ  We then have 

( ) (( ( ))) (( ( )))vuBuBvuAuAvut
u

kkkk −+−+⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

∂
∂

Δ− − 2
1

2
1

2
1

2
1

1 ,,,  

( )( )( ) ( )( ) .0,, =−λ−−+ vuuvuuf  

Noting that, owing to (2.10), f is monotone increasing, this yields the 
variational inequality 

( ) (( ( ))) (( ( )))vuBuBvuAuAvut
u

kkkk −+−+⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

∂
∂

Δ− − 2
1

2
1

2
1

2
1

1 ,,,  

( )( )( ) ( )( ) ,0,, ≤−λ−−+ vuuvuvf  (4.1) 

i.e., the nonlinear term now acts on the test functions and not on the solution. 

Based on this, we give the following definition (see also [32]): 

Definition 4.1. We assume that ( ),00 Ω∈ kHu  with ( ) .10 <Ω∞Lu  

Then, ( )xtuu ,=  is a variational solution to (2.1) and (2.3) if, for any given 

,0>T  

 (i) ( ) 1,1 <<− xtu  a.e. ( ),, xt  

(ii) ([ ] ( )) ( ( ))ΩΩ∈ ∞ kHTLLTCu 0
2 ;,0;,0 ∩  

                    ( ( ) ( )),;,0 0
22 ΩΩ kk HHTL ∩∩  
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(iii) (( ) ( )),,,0 12 Ω∈
∂
∂ −HTLt
u  

(iv) ( ) ( )( ),,01 Ω×∈ TLuf  

 (v) ( ) ,0 0uu =  

(vi) the variational inequality (4.1) is satisfied for every 0>t  and every 

test function ( )xvv =  such that ( ),0 Ω∈ kHv  with ( ) ( ).1 Ω∈ Lvf  

First of all, we prove the uniqueness of variational solutions. To do so, 
we need to define the admissible test functions to be the solutions 
themselves, i.e. we need to define admissible time-dependent test functions. 
More precisely, we call a function ( )xtvv ,=  admissible if 

([ ] ( ))Ω∈ 2;,0 LTCv ( ( )) ( ( ) ( ))ΩΩΩ∞ kkk HHTLHTL 0
22

0 ;,0;,0 ∩∩∩ and  

( ) ( )Ω∈ 1Lvf  and (( ) ( )) .0,,,0 12 >∀Ω∈
∂
∂ − THTLt
v  Then, we write (4.1) 

for ( ),, ⋅= tvv  for almost every .0>t  Noting that, owing to the regularity 

assumptions on u and v, all terms are 1L  with respect to time, we can 
integrate with respect to time to obtain 

( ) (( ( ))) (( ( )))∫ ⎢
⎢
⎣

⎡
−+−+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

∂
∂

Δ− −t

s kkkk vuBuBvuAuAvut
u 2

1
2
1

2
1

2
1

1 ,,,  

( )( )( ) ( )( ) tsdvuuvuvf <<≤ξ
⎥
⎥
⎦

⎤
−λ−−+ 0,0,,  (4.2) 

and for every admissible test function ( )., xtvv =  In particular, since 

( ) ( ) ,2, ≥Ω⊂Ω kH k C  it follows from the above regularity that 

( )( )( ) ( ) .0,,0, 1 >∀∈− TTLvuuf  

Remark 4.1. We can replace (4.1) by (4.2) in Definition 4.1 (vi). 

We will actually need a second variational inequality. To do so, let 
( )xtww ,=  be a test function satisfying the above assumptions and set 
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( ) ( ].1,0,1 ∈ηη+η−=η wuv  

Since, owing to (2.11), the function f  is convex, there holds 

( ) ( ) ( ) .wfufvf +≤η  (4.3) 

This yields that ( ) ( )( ),,01 Ω×∈η TLvf  hence ηv  is an admissible test 

function. Taking η= vv  in (4.2) and dividing by ,η  we find 

( ) (( ( ))) (( ( )))∫ ⎢
⎢
⎣

⎡
−+−+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

∂
∂

Δ− −t

s kkkk wuBuBwuAuAwut
u 2

1
2
1

2
1

2
1

1 ,,,  

(( ( ) )) ( )( ) .0,, ≤ξ
⎥
⎥
⎦

⎤
−λ−−+ η dwuuwuvf  (4.4) 

Finally, passing to the limit 0→η  and employing Lebesgue’s dominated 

convergence theorem (see (4.3)), we have 

( ) (( ( ))) (( ( )))∫ ⎢
⎢
⎣

⎡
−+−+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

∂
∂

Δ− −t

s kkkk wuBuBwuAuAwut
u 2

1
2
1

2
1

2
1

1 ,,,  

( )( )( ) ( )( ) ,0,0,, tsdwuuwuuf <<≤ξ
⎥
⎥
⎦

⎤
−λ−−+  (4.5) 

and for every admissible test function ( )., xtww =  

Now, let 1u  and 2u  be two variational solutions with initial data 0,1u  

and ,0,2u  respectively. Taking 1uu =  and 2uv =  in (4.2) and 2uu =  and 

1uw =  in (4.5) and summing the two resulting inequalities, we find, after 

simplifications and noting that all terms are absolutely continuous from 

[ ]T,0  onto ( ),1 Ω−H  
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( ) ( ) ( ) ( ) 2
121

2
121 2

1
2
1

−− −−− susututu  

( ( ) [ ] )∫ ≤ξ−λ−−+−+
t

s kk duuuuBvuA .02
2121

2
1

22
1

 (4.6) 

Proceeding exactly as in the previous section, i.e., employing once more the 
interpolation inequalities (3.3) and (3.28), we deduce that 

( ) ( ) ( ) ( ) ∫ ξ−≤−−− −−−
t

s
duususututu ,2

1
2
1 2

121
2

121
2

121  

which yields, employing Gronwall’s lemma, 

( ) ( ) ( ) ( ) ( ) ,121121 −
−

− −≤− susuetutu stc  

where the constant c is independent of 1,, ust  and .2u  Passing finally to the 

limit ,0→s  we find 

( ) ( ) ,0,10,20,1121 ≥−≤− −− tuuetutu ct  (4.7) 

hence the uniqueness, as well as the continuous dependence with respect to 

the initial data in the 1−H -norm. 

We have the 

Theorem 4.1. We assume that ( ),00 Ω∈ kHu  with ( ) .10 <Ω∞Lu  

Then, (2.1)-(2.3) possesses a unique variational solution u. 

Proof. We consider the solution Nu  to the approximated problem 

(2.19)-(2.21); the existence and uniqueness, as well as the regularity, of Nu  

can be obtained in a standard way (see also [34]). Furthermore, proceeding as 
above, it is easy to see that Nu  satisfies a variational inequality which is 

analogous to (4.2), namely, 
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( ) (( ( )))∫ ⎢
⎢
⎣

⎡
−+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

∂
∂

Δ− −t

s NkNkN
N vuAuAvut

u 2
1

2
1

1 ,,  

(( ( )))vuBuB Nkk −+ 2
1

2
1

,  

( )( )( ) ( )( ) ,0,0,, tsdvuuvuvf NNNN <<≤ξ
⎥
⎥
⎦

⎤
−λ−−+  (4.8) 

and for every admissible test function ( )., xtvv =  

Noting that the a priori estimates derived in the previous section are now 
fully justified, we deduce from (3.17), (3.22) and (3.37) that, up to a 
subsequence, Nu  converges to a limit function u in the following sense: 

uuN →  in ( ( ))Ω∞ kHTL ;,0  weak �−  and ( ( ))ΩkHTL 22 ;,0  weak; 

t
u

t
uN

∂
∂

→
∂
∂  in ( ( ))Ω−12 ;,0 HTL  weak 

uuN →  in ([ ] ( )),;,0 1 Ωε−+kHTC  

( ( ))Ωε−kHTL 22 ;,0  and a.e. in ( ) .0,,0 >εΩ×T  

We now pass to the limit in (4.8) as .+∞→N  We note that the above 
convergences allow us to pass to the limit in all terms in (4.8), except in the 

nonlinear term ( )( )( )∫ ξ−
t
s NN dvuvf .,  To pass to the limit in the nonlinear 

term, we note that, by construction, 

( ) ( )vfvfN ≤  

and we use Lebesgue’s dominated convergence theorem (recall that, since v 

is an admissible test function, ( ) ( )( );,01 Ω×∈ TLvf  also note that u and v 

belong to ( )( ).,0 Ω×∞ TL  



Higher-order Cahn-Hilliard Models ... 369 

Noting that ( )NN uf  is bounded, uniformly with respect to N, in 

( )( ),,01 Ω×TL  it follows from the explicit expression of Nf  that 

( ) ,,1meas , NMNE MN ≥⎟
⎠
⎞

⎜
⎝
⎛π≤  (4.9) 

where 

( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −>Ω×∈= NxtuTxtE M

MN
11,,,0,,  

and 

( ) ( ) ( )( ) ,1,1max −−
=π sfsf

cs  

for some positive constant c which is independent of N and M. Note indeed 
that there holds 

( ) ( ) ( )∫ ∫ ∫Ω
⎟
⎠
⎞

⎜
⎝
⎛π

′≥≥
T

E MNMMMM
MN

N

Ecdxdtufdxdtuf
0 ,

,
,1

1meas  

 (4.10) 

where the constant c′  is independent of N and M. We can pass to the limit 
+∞→M  (employing Fatou’s lemma, see (4.10)) and then +∞→N  

(noting  that ( ) 0→π s  as )0→s  to find 

( ) ( ) ( ){ } ,01,,,0,meas =≥Ω×∈ xtuTxt  

so that 

( ) 1,1 <<− xtu  a.e. ( )., xt  (4.11) 

Next, it follows from the above almost everywhere convergence of Nu  

to u, (4.11), and again the explicit expression of Nf  that 

( ) ( )ufuf NN →  a.e. in ( ) .,0 Ω×T  (4.12) 
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Then, we deduce from Fatou’s lemma that 

( ) ( )( ) ( ) ( )( ) ,inflim ,0,0 11 ∞+<≤ Ω×Ω× TLNTL ufuf  

hence the proof of the existence. 
 

It follows from Theorem 4.1 that we can define the family of operators 

( ) ( ) ,0,,: 0 ≥Φ→Φ ttuutS 6  

where 

{ ( ) ( ) }..a.e11,0 Ω∈<<−Ω∈=Φ xxvHv k  

This family of operators forms a semigroup ( .,i.e  ( ) IS =0  (identity 

operator) and ( ) ( ) ( ) ),0,, ≥ττ=τ+ tStStS D  which is, owing to (4.7), 

continuous in the 1−H -topology. Furthermore, it follows from (3.12) 
(which  also holds in the limit )+∞→N  that this semigroup is dissipative, 

in the sense that it possesses a bounded absorbing set Φ⊂0B  

( Φ⊂∀B.,i.e  bounded, ( ) 000 ≥=∃ Btt  such that ( ) ).00 BB ⊂⇒≥ tStt  

It then follows from (4.7) that we can actually extend (in a unique way 

and by continuity) ( )tS  to the closure of Φ  in the 1−H -topology, namely, 

( ) ,0,: 11 ≥Φ→Φ ttS  

where 

{ ( ) ( )}.,1 Ω
∞

∞Ω∈=Φ LvLv  

It also follows from the a priori estimates derived in the previous section that 
( )tS  instantaneously regularizes, i.e., 

( ) ,0,: 1 >Φ→Φ ttS  

and that it possesses a bounded absorbing set 1B  which is compact in 

( )Ω−1H  and bounded in ( ).2 ΩkH  We thus deduce from standard results 

(see, e.g., [19] and [36]) that we have the 



Higher-order Cahn-Hilliard Models ... 371 

Theorem 4.2. The semigroup ( )tS  possesses the global attractor A  

which is compact in ( )Ω−1H  and bounded in ( ).2 ΩkH  

Remark 4.2. One recalls that the global attractor A  is the smallest (for 
the inclusion) compact set of the phase space which is invariant by the flow 
( ( ) ,.,i.e AA =tS  for )0≥t  and attracts all bounded sets of initial data as 

time goes to infinity; it thus appears as a suitable object in view of the study 
of the asymptotic behavior of the system. An important question is whether 
the global attractor A  has finite dimension, in the sense of covering 
dimensions such as the Hausdorff and the fractal dimensions. The finite-
dimensionality means, very roughly speaking, that, even though the initial 
phase space has infinite dimension, the reduced dynamics can be described 
by a finite number of parameters (we refer the interested reader to, e.g., [19] 
and [36] for discussions on this subject). When ,1=k  i.e., for the classical 
Cahn-Hilliard equation, this can easily be established, owing again to the 
strict separation from the singular values 1±  (see, e.g., [9]). However, when 

,2≥k  the situation is much more involved and one idea could be to proceed 
as in [18]. This will be addressed elsewhere. 
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