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Abstract 

In this paper, we study the singular factors of Thue-Morse word over 
an alphabet of size q. At first, we determine the ancestors of factors of 
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word .qt  Then, we describe explicitly the singular factors by using 

ancestors. At last, we characterize the bispecial factors of qt  by using 

the singular factors. 

1. Introduction 

Among the factors of an infinite word, singular factors play a particular 
role. A factor w of an infinite word u is singular if 1w  or there exist               

a factor v of u and some letters yyxx ,,,  such that ,xvyw  ,xx  

yy  and yxvvyx ,  are factors of u. In this paper, we present singular 

factors of the generalized Thue-Morse word. 

The Thue-Morse word 2t  is the infinite word generated by the 

morphism  is defined by 010  and .101  It was discovered and 

used in an article published in 1912 by Thue [13]. In 1921, Morse reuses this 
word to give an example of a non periodic recurrent sequence solving a 
problem of differential geometry [11]. The combinatorial properties of the 
Thue-Morse word have been intensively studied by some authors [1, 6]. 

The Thue-Morse word can be generalized over an alphabet 

.1...,,1,0 qqA  

It is the infinite word qp,t  generated by the morphism qp,  is defined by 

,11, pkkkkqp "  

where 2p  and the letters are expressed modulo q. A study of the word 

qpqt  has been made in [12]. 

The singular factors have been introduced in [14] to study the overlap 
properties and the local isomorphism of Fibonacci word. They permit also to 
determine recurrence functions of infinite words [2, 4, 5]. In [2, 8], the 
authors are interested in the study of singular factors using the recurrence 
functions of the binary and ternary Thue-Morse words. 
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In this paper, we study the singular factors of the word .qt  More 

precisely, it is the generalization of results established in [8]. 

This paper is organized as follows. After a few definitions and notations 
in Section 2, we introduce ancestors of factors of .qt  In Section 3, we study 

the singular factors of the word ,qt  then we use these factors to give the 

nature of bispecial factors. 

2. Definitions 

An alphabet A  is a finite set of symbols. The set of the finite words over 

A  is denoted by A  and the empty word .  For all uu ,A  denotes 

the length of u. An infinite word is an infinite sequence of letters on .A  The 

set of the infinite word over A  is denoted by .A  A finite word w is a 

factor of u if there exist some words ,Au  Au  such that 

.uwuu  If u  ,.resp u  then w is a prefix (resp. a suffix) of u. 

On ,qA  we define the mapping qE  by 

.1if0
2...,,1,0if1

qi
qii

iEq  

A mapping  defined on a monoid A  is a morphism if for all Avu,  

one has .vuuv  

A morphism is non-erasing if a  for all .Aa  It is prolongable 

on A00, xx  if there exists Aw  such that .00 wxx  

Definition 1. A substitution is a non-erasing endomorphism for the 

concatenation of free monoid .A  

The following definition is inspired by [10]. 
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Definition 2. Let w be a factor of a fixed point u of a substitution .  

Then the word uFvvvv nn 1210 "  is said to be an ancestor of w if  

(i) w is a factor of ,210 nvvvv "  

(ii) w is neither a factor of nvvv "21  nor .1210 nvvvv "  

Definition 3. Let v be a bispecial factor of .qt  Then v is said to generate 

singular factors if there exist letters qyyxx A,,,  such that ,xx  

yy  and yvxyxvvyxxvy ,,,  are factors of .qt  

v is said to generate a unique singular factor if there exist letters 

qyyxx A,,,  such that yyxx ,  and yxvvyxxvy ,,  are factors 

of .qt  

Definition 4 [3]. Let u be an infinite word on A  and v be a bispecial 

factor of u. Then 

(i) v is called strong bispecial if bvaavbava ,,  and bvb are factors of u. 

(ii) v is called weak bispecial if uniquely ava and bvb or avb and bva are 
factors of u. 

(iii) v is called ordinary bispecial if v is neither strong nor weak. 

We make the following remark. 

Remark 1. Let u be a bispecial factor of .qt  Then we have  

• u is strong bispecial if and only if u generates singular factors.  

• u is ordinary bispecial if and only if u generates a unique singular 
factor.  

• u is weak bispecial if and only if u does not generate any singular 
factor. 
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3. Ancestor of Factors of Word qt  

3.1. Ancestor of short bispecial q-prolongable factors of qt  

We denote by ,qBSQ t  the set of the factors of qt  which are both right 

q-prolongable and left q-prolongable. 

Recall the following theorem on bispecial q-prolongable factors of .qt  

Theorem 1 [9]. The set qBSQ t  is given by 

∪ ∪"
0

.2,:21
n

q
n
qq qkikiiiBSQ At  

For ,0n  we obtain the set qmBSQ t  of short bispecial q-prolongable 

factors of .qt  It is given by 

.2,:21 ∪" qkikiiiBSQ qqm At  

Hereinafter, we describe the ancestors of short bispecial q-prolongable 
factors of .qt  For ,qj A  consider 

.2,21 qkkjjjw j
k "  

Also, consider the following set 

,2...,,2,1 kjjjC jk  

where .3 qk  Then we have the following result: 

Proposition 1. Let qji A,  and .,2 qk  Then  

.,3:\:
2:

qkifCiiiCii
kifii

wAnc
jkjkq

qj
k ∪A

A
 

Proof. We distinguish two cases. 
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Case 1: .2k  Then .2 jw j  If the image of any letter by q  contains 

all letters of the alphabet, then jw2  appears in iq  for all .qi A  

Therefore, 

.:2 q
j iiwAnc A  

Case 2: .,3 qk  We distinguish two sub-cases. 

• .ji  In this case, j
kw  is prefix of .jq  Thus, j

kw  is factor of 

.jq  

• .2kji  In this case, ,,3 qk   ji  because .12k  

Therefore, j
kw  does not appear in iq  for all .jkCi  Otherwise there 

would be two occurrences of i in iq  because i is factor of j
kw  and 

.ij  That is absurd because each letter of qA  appears only one time in 

.iq  As a result, j
kw  appears in iq  for all .\ jkq Ci A  

Moreover, j
kw  appears in iiq  for all .jkCi  Indeed, 2kji  

implies that .2kij  So,  

iiii qqq  

iiiqikikiii q
11321 ������ 
������ 	� ""  

.2311 1 iikjkjjjii q

w j
k

������ 
������ 	� ""  

Then, j
kw  is factor of iiq  for all .3, qkCi jk  Thus, it follows 

from two sub-cases that 

.,3,:\: qkCiiiCiiwAnc jkjkq
j

k ∪A   
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Corollary 1. Let .qj A  Then 

.\: jiiijjAnc qq A∪  

Proof. For .,1 1 jwqk q
j

q  Thus, one has 

.:\: 111 qjqjq
j

q CiiiCiiwAnc ∪A  

But 

1...,,2,11 qjjjC qj  

 .\ jqA  

Then 

.\:\\:1 jiiijiiwAnc qqq
j

q AAA ∪  

Moreover, .\ jjqq ∪AA  Therefore .\\ jjqq AA  Hence 

.\:1 jiiijwAnc q
j

q A∪   

3.2. Ancestor of short bispecial biprolongable factors of qt  

The set of the factors of qt  which is both right biprolongable and left 

biprolongable is denoted by .qBSB t  

Theorem 2 [9]. The set qBSB t  is given by 

∪ "
0

.2,:21
n

qq
n
qq qkikiiiiBSB At  

For ,0n  we obtain the set qmBSB t  of short bispecial biprolongable 

factors of .qt  It is given by 

.2,:21 qkikiiiiBSB qqqm A"t  
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Let .qj A  Then we designate by  

qkkjjjjv q
j

k 2,21 "  

the short bispecial biprolongable factors of .qt  

Proposition 2. Let qj A  and .,2 qk  Then one has: 

.,3\:
2:

qkifCiii
kifiii

vAnc
jkq

qj
k A

A
 

Proof. We distinguish two cases: 

Case 1: .2k  Since j appears in ,11 qiiiiq "  lij  

with ,1,0 qi  

111111 qililiiiqililiiiiiq "������� 
������� 	� """  

.11111

2

qilijqjlqjjjii
jv

"������ 
������ 	� """  

Thus, jv2  is a factor of iiq  for all .qi A  Therefore, 

.:2 q
j iiivAnc A  

Case 2: .,3 qk  We distinguish two sub-cases.  

• Let .jkCi  

Then there exists qk ,3  such that .2kji  That implies that 

ji  because 12k  for all .,3 qk  As a result, j
kv  is not factor of 

.iiq  Otherwise it would be an occurrence of i in j
kv  which is not a 

prefix of .iq  Therefore, iiq  would contain 3 occurrences of i. That is 

absurd because there exist two occurrences of each letter in .iiq  
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• Let .1...,,,1\ qjkjkjjCi jkq ∪A  Then one 
has: 

 .ji  Then j
kv  is proper prefix of .iiq  So j

kv  is a factor of 

.iiq  

 .1,1 qjkji  Therefore, 1lji  with .qlk  By 

proceeding similarly as in Case 1 one shows that j
kv  is factor of .iiq   

Hence  

.\, jkqq
j

k CiiiFv A  

So,  

.\: jkq
j

k CiiivAnc A   

3.3. Ancestor of non bispecial factors of qt  

Proposition 3. Let w be a factor of qt  and v be an ancestor of w. Then, 

21wvq  with .1, 21 q  

Proof. Suppose without loss of generality that .21 q  Since 

1 2.resp  starts (resp. ends) with the image of a letter, there exist 

qba A,  such that aq1  and .2 bq  As a result, vq   

.bwa qq  Thus, there exists qFv t1  of length inferior than v such 

that .1vw q  That contradicts the minimality of v.   

Proposition 4. Any non bispecial factor of qt  admits a unique ancestor. 

Proof. Let w be a non bispecial factor of .qt  Suppose that w admits                     

2 distinct ancestors 1v  and .2v  Then one has 211 wvq  and 

.432 wvq  Necessarily, 4321 ,,,  are all of length inferior or 

equal to 1q  by Proposition 3. As a result, 



Boucaré Kientéga, Mahamadi Nana and Moussa Barro 

 

384 

1
42

1
3

1
21

1
1 vvw qq   

and  

.2
1

42
1

311 vv qq  

We distinguish the following cases: 

Case 1: w is not special. Then 31  and .42  Consequently, 

21 vv qq  and ,21 vv  since q  is injective.  

Case 2: w is right special. Then ,31  since w is not left special. As a 

result, .2
1

421 vv qq  We have the following equalities: 

2
1

421 vv qq  

.2
1

42vq  

Then 

.2
1

421 vv qq  

So, .2
1

421 vvq  Therefore, 02
1

4  because 2
1

4  is     

a multiple of q and 11 2
1

4 qq  (Proposition 3). Hence, 

.42  Consequently, 21 vv qq  and by injectivity of ,q  

.21 vv   

4. Singular Factors of qt  

4.1. Study of singular factors of qt  

Let lji ,,  and m be letters of qA  such that ,iEj q  iEm q
q

1  

and .2 iEl q
q  
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We define respectively the sequences 11, nnnn lm  by 

1
1

1

n
q
qn mEm

mm
 

and  

.1
1

1

n
q
qn lEl

ll
 

We have the following lemma. 

Lemma 1. For all 1n  and for all ,3q  

1
11 mEm nq

qn  and .1
11 lEl nq

qn  

Proof. Let us proceed by induction. Then: 

• For 1n  one has .1
111

1
0

1 mEmEm q
qq  

• Assume for 2n  that 1
11 mEm nq

qn  and show that 

,1
1

1 mEm nq
qn   

n
q
qn mEm 1

1  

1
111 mEE nq

q
q
q  

1
111 mE qnq

q  

1
111 mE nq

q  

.1
1 mE nq

q  

Thus, for all ,1n   

.1
11 mEm nq

qn  

We proceed similarly to show that 1
11 lEl nq

qn  for all .1n   
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Remark 2. For all Nni q ,A  we have .mod qniiEn
q  

Proposition 5 [9]. For all ,0n  .qnqnq FFE tt  

The following proposition describes the singular factors generated by 
short bispecial q-prolongable factors. 

Proposition 6. For all i
kq wiqk ,,,2 A  generates a singular 

factor given by ,i
k

i
k jmw  where .1 iEj k

q
i

k  

Proof. Since ,qnqnq FFE tt  it suffices to take .0i  The                   

other cases can be obtained by successive application of .qE  So, 

.2010 kwk "  We distinguish two cases: 

Case 1: .,3 qk  

By Proposition 1, the set of ancestors 0
kw  is given by 

.3,2...,,1:2...,,1\:0 kkiiikiiwAnc qk ∪A  

• For 0,0 kwi  is prefix of .0q  Since 0 is left prolongable by 
,1q   

.11201201101
0

qkkqqq

kw

q "�
�	�""  

It follows that 12 0 kwq k  is a factor of .qt  

Moreover, 0
kw  is suffix of .1kq  Since 1k  is right prolongable 

by k, it follows that 

.11201111
0

kkkkqkkkk

kw

q "�
�	�""  

So, kwq k
01  is a factor of .qt  
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• For ,1,2...,,1,0\ kki qA  0
kw  is a factor of iq  and is 

neither suffix nor prefix of this factor. Consequently, 11 0 kwq k  is a 

factor of qt  because the letter which precedes 0 in the image of a letter is 

1q  and the letter which follows 2k  is .1k  Therefore 

,12 0 kwq k  ,11 0 kwq k  .1 0
qk Fkwq t  

Hence 0
kw  generates a singular factor and is given by 11 0 kwq k  

.00
kk jmw  

• For all ,1,2...,,1,0 kki   

.11210111
0

qikkiiqiiii

kw

q "���� 
���� 	� """  

Then 11 0 kwq k  is a factor of .qt  

It follows that 

.1,11,12 000
qkkk Fkwqkwqkwq t  (1) 

Hence, 0
kw  generates a singular factor given by  

.11 000
kkk jmwkwq  

Case 2: In case ,2k  .00
2w  

Observe that the set of ancestors of 0 is given by 

.:0 qiiAnc A  

By proceeding similarly as in Case 1, we verify that 

.21,11,12 0
2

0
2

0
2 qFwqwqwq t  

Hence, 0
2w  generates a singular factor given by .11 0

2
0

2
0

2 jmwwq   
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In the following, we designate by wAnc  the set of ancestors of w with 

.qFw t  Like short bispecial q-prolongable factors, the short bispecial 

biprolongable factors generate singular factors. They are described in the 
following proposition. 

Proposition 7. Let .qi A  Then 

(i) For all ,1,2 qk  the bispecial biprolongable factor i
kv  

generates a singular factor given by i
k

i
k jmv  with .1 iEj k

q
i

k  

(ii) For i
qvqk ,  does not generate a singular factor. 

Proof. Since ,qnqnq FFE tt  it suffices to take the case 0i  

because the others can be obtained by successive application of .qE  So,  

.20100 kv qk "  

(i) Let us show that 0
kv  generates a singular factor for all .1,2 qk  

Then we distinguish two cases: 

Case 1: In case ,2k  .000
2 qv   

According to Proposition 2, the set of ancestors of 0
2v  is given by 

.:0
2 qiiivAnc A  

• For 00,0 qi  is prefix of .00q  Since 00 is left prolongable by 

,1q   

.112010122011001
0

2

qqqqq

v

q "�� 
�� 	� ""  

Thus, 0
2

0
2

0
2 212 jvqvq  is a factor of .qt  
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• For 00,1 qi  is suffix of .11q  As 11 is right prolongable by 2,  

.12301012112112
0

2

"�� 
�� 	� ""

v

q qq  

Thus, 20201 0
2mvq q  is a factor of .qt  

• For all ,1,0\qi A  0
2v  is factor of iiq  and is neither prefix nor 

suffix of this factor. As a result, 0
2v  is left prolongable by 1q  and right 

prolongable by 1. Thus, 0
2

0
2

0
2 11 jmvvq  is a factor of .qt  

It follows that 11,12 0
2

0
2 vqvq  and 21 0

2vq  are factors of 

.qt  So, 0
2v  generates a singular factor given by .11 0

2
0

2
0

2 jmvvq   

Case 2: .1,3 qk  One has .201200 kv qk "  

By Proposition 2, the set of ancestors of 0
kv  is given by 

.2...,,1\:0 kiiivAnc qk A  

• For 0,0 kvi  is prefix of .00q  Since 00 is left prolongable by 

,1q  001q  is a factor of .qt  By applying q  to this factor, we show 

that 12 0 kvq k  is a factor of .qt  

• For ,1ki  one remarks that 0
kv  is a suffix of .11 kkq  

Observe that 11 kk  is right prolongable by k in ,qt  by applying q  

to ,11 kkk  we show that .1 0
qk Fkvq t  

• For ,1,2...,,1,0\ kki qA  0
kv  is neither prefix nor suffix                 

of .iiq  Consequently, 0
kv  is left prolongable by 1q  and right 
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prolongable by .1k  Thus, .11 0
qk Fkvq t  It follows that 

,12 0 kvq k  kvq k
01  and 11 0 kvq k  are factors of .qt  As 

a result, 0
kv  generates a singular factor which is 11 0 kvq k  

.00
kk jmv  

(ii) For .2010, 0 qvqk qq "  Then by Proposition 2, 

 2...,,1\:0 qiiivAnc qq A   

.11,00 qq  

Observe that 00 11.resp qq  is uniquely left (resp. right) 

prolongable by 1q  (resp. 0). By applying q  to 001q  and 

,011 qq  we show that 12 0 qvq q  and 01 0
qvq  are the 

only extensions of 0
qv  in .qt  Thus, 0

qv  does not generate any singular 

factor.  

Proposition 8. Let qk ,2  and .1n  Then 

(i) i
k

n
q w  generates a singular factor if and only if i

k
n
q w1  

generates a singular factor. 

(ii) i
k

n
q v  generates a singular factor if and only if i

k
n
q v1  

generates a singular factor. 

(iii) in
q  generates singular factors if and only if in

q
1  generates 

singular factors for all 2n  and .qi A  

Proof. (i)  Suppose that i
k

n
q w  generates a singular factor. Then 

there exist qyyxx A,,,  such that yyxx ,  and  

.,, q
i

k
n
q

i
k

n
q

i
k

n
q Fywxywxywx t  



Singular Factors of Generalized Thue-Morse Word 391 

Observe that x is the end of the image of .1qx  As a result, 

.11 1
q

i
k

n
qqq

i
k

n
qq Fywqxywqx t  

Hence  

.1 1
q

i
k

n
q Fywqx t  

Similarly, we show that  

.1,1 11
q

i
k

n
q

i
k

n
q Fywqxywqx t  

Moreover, 11 qxqx  because .xx  Consequently, i
k

n
q w1  

generates singular factor. 

 Suppose that i
k

n
q w1  generates a singular factor. Then, there 

exist letters qyyxx A,,,  such that yyxx ,  and  

.,, 111
q

i
k

n
q

i
k

n
q

i
k

n
q Fywxywxywx t  

By applying q  to each of these factors, we obtain 

.1,1,1 q
i

k
n
q

i
k

n
q

i
k

n
q Fywqxywqxywqx t  

Hence, i
k

n
q w  generates a singular factor. 

(ii)  We proceed as in (i).  

(iii)  Suppose in
q  generates singular factors. Then there exist 

letters qyyxx A,,,  with yyxx ,  such that  

.,,, q
n
q

n
q

n
q

n
q Fyixyixyixyix t  

Since x is suffix of 1qxq  and y is prefix of ,yq   

.11 1
q

n
qqq

n
qq Fyiqxyiqx t  
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As a result, .1 1
q

n
q Fyiqx t  Similarly, we show that 

.1,1,1 111
q

n
q

n
q

n
q Fyiqxyiqxyiqx t  

Thus, in
q

1  generates singular factors. 

 Suppose that in
q

1  generates singular factors. Then, there exist 

letters qyyxx A,,,  such that yyxx ,  and 

.,,, 1111
q

n
q

n
q

n
q

n
q Fyixyixyixyix t  

By applying q  to each of these factors, it follows that 

,1,1 yiqxyiqx n
q

n
q  

.1,1 q
n
q

n
q Fyiqxyiqx t  

Therefore, in
q  generates singular factors for all .1n   

Proposition 9. Let qiqk A,,2  and .Nn  Then 

(i) i
k

n
q w  generates a singular factor for all .,3 qk  

(ii) i
k

n
q v  generates a singular factor for all .1,2 qk  

(iii) in
q  generates singular factors for all .1n  

Proof. • By Proposition 8, to show that i
k

n
q w  generates a singular 

factor it suffices to show that i
kw  generates a singular factor. By Proposition 

7, i
kw  generates a singular factor. So, i

k
n
q w  generates a singular factor. 

• Similarly, we show that i
k

n
q v  generates a singular factor. 
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• By Proposition 8, to show that in
q  generates singular factors it 

suffices to show that iq  generates singular factors. Since the letter plays a 

symmetrical role, without loss of generality we take .0i  Observe that 

.00
1 qqw  Consider the relation (1) and take ,1qk  it follows that 

,001,002 qq qq .101 qq Fq t  (2) 

Moreover, by Corollary 1 

.0\:00 qq iiiAnc A∪  

 For all 001,0\ qq qi A  is a factor .iiq  Thus, 

001 qq  is a singular factor since 

.002,101 qqq Fqq t  

 To find the others singular factors it suffices to consider the bilateral 
extensions of 0 to which we apply .q  The bilateral extensions of 0 in              

qt  are in the form ji 0  with ji ,  some letters of qA  such that 

qqji A1,  or .1, qji A  The bilateral extensions of 0 for 

1,0, ji  and 0,1, qji  give us 001 and .001q  By 

applying q  to these factors we obtain .002,101 qq qq  

For jqqi 01,1  is a factor of qt  for all .qj A  In particular 

for ,1j  we observe that 102 qq  appears in the image of 011q  

by .q  Furthermore, 102 qq  is a singular factor because 

.002,101 qqq Fqq t  Thus jq q 02  is not a 

singular factor of qt  for all .1,0\qj A  Suppose that jk q 0  is a     

factor of qt  with .2qk  Since jk q 0  appears in ,01 jkq  

.01 qFjk t  That is impossible because 11 qk  and 1j  by 

hypothesis. 
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For all 0,1,0\ iqi qA  extends uniquely to the right by 1. By 

applying q  to ,01i  it follows that 101 qqi  is a factor of .qt  

Let us show that 101 qqi  is not a singular factor of .qt  

Suppose that qq Fkqi t01  with .1k  We observe that 

kqi q 01  appears in ,0kiq  then ki 0  is in .qt  That is absurd 

since 1qi  and .1k  Therefore, 0q  generates singular factors given 

by 

.101,001,102,002 qqqq qqqq   

Let qji A,  such that .iEj q  Then we have the following result: 

Theorem 3. The set of singular factors of qt  generated by 1, nin
q  

is given by 

.1,:,,, niEjjiliiljimiimS q
n
qn

n
qn

n
qn

n
qnn  

Proof. We proceed by induction on n. 

Since ,qnqnq FFE tt  take .0i  We know that the set of 

singular factors generated by 0q  is given by 

002,101,001 qqq qqq  and .102 qq  

But 1
1 01 mEq q

q  and .02 1
2 lEq q

q  Then,  

,10101,00001 11 qqqq mqmq  

.10102,00002 11 qqqq lqlq  

Assume that 

jiliiljimiimS n
qn

n
qn

n
qn

n
qnn ,,,  
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and show that  

.:,,, 1
1

1
1

1
1

1
11 iEjjiliiljimiimS q

n
qn

n
qn

n
qn

n
qnn  

By applying q  to elements of nS  we show that 

,1,1 11 jiqmiiqm n
qn

n
qn  

,1,1 11 jiqliiql n
qn

n
qn  

are factors of .qt  But, 1
11 nn

q
qn mmEqm  and 1qln  

.1
1

nn
q
q llE  Then,  

,1,1 1
1

11
1

1 jimjiqmiimiiqm n
qn

n
qn

n
qn

n
qn  

.1,1 1
1

11
1

1 jiljiqliiliiql n
qn

n
qn

n
qn

n
qn  

As a result,  

.:,,, 1
1

1
1

1
1

1
11 iEjjiliiljimiimS q

n
qn

n
qn

n
qn

n
qnn  

 

Theorem 4. Let qiqk A,,2  and .Nn  Then 

(i) The unique singular factor ns  generated by i
k

n
q w  is given by 

.,3,0,1 qknjwms i
k

i
k

n
qnn  

(ii) For all .qk  The unique singular factor ns  generated by i
k

n
q v  

is given by 

.1,2,0,1 qknjvms i
k

i
k

n
qnn  

Proof. • Let us proceed by induction on n. Then: 
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For ,0n  by Proposition 6, i
kw  generates a singular factor and is 

given by .1
i

k
i

k jwm  

Assuming that the singular factor generated by i
k

n
q w  is 

,1
i

k
i

k
n
qn jwm  we show that the singular factor generated by i

k
n
q w1  

is .1
2

i
k

i
k

n
qn jwm  

By applying q  to ,1
i

k
i

k
n
qn jwm  we show that  

i
k

i
k

n
qn jwqm 1

1 1  

is a factor of .qt  But .1 21
1

1 nn
q
qn mmEqm  Then, the 

singular factor generated by i
k

n
q w1  is .1

2
i

k
i

k
n
qn jwm  Thus for all 

,0n  the singular factor generated by i
k

n
q w  is .1

i
k

i
k

n
qn jwm  

• We proceed similarly to show that the singular factor generated by 
i

k
n
q v  is .1

i
k

i
k

n
qn jvm   

The singular factors can be used to give the set of differents forms of 
bispecial factors of .qt  So, we have the following result: 

Proposition 10. Let Nn  and .,2 qk  Then 

(i) The set qSB t  of strong bispecial factors of qt  is given by 

∪ ∪
1

.:
n

q
n
qq iiSB At  

(ii) The set qOB t  of ordinary bispecial factors of qt  is given by 

∪
0

,3:
n

q
i

k
n
qq qkandiwOB At  

.1,2: qkandiv q
i

k
n
q A∪  
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(iii) The set qWB t  of weak bispecial factor of qt  is given by 

∪
0

.:
n

q
i

q
n
qq ivWB At  

Proof. The proof follows from Proposition 7, Proposition 9 and           

Remark 1.   
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