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Abstract

In this paper, we study the singular factors of Thue-Morse word over
an alphabet of size . At first, we determine the ancestors of factors of
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word tg. Then, we describe explicitly the singular factors by using
ancestors. At last, we characterize the bispecial factors of tq by using

the singular factors.
1. Introduction

Among the factors of an infinite word, singular factors play a particular

role. A factor w of an infinite word U is singular if |W| =1 or there exist
a factor v of U and some letters X, X', ¥, y' such that w = xvy, X = X/,
y # Yy and X'vy, Xvy' are factors of u. In this paper, we present singular

factors of the generalized Thue-Morse word.

The Thue-Morse word t, is the infinite word generated by the
morphism p is defined by p(0) = 01 and u(l) = 10. It was discovered and
used in an article published in 1912 by Thue [13]. In 1921, Morse reuses this

word to give an example of a non periodic recurrent sequence solving a
problem of differential geometry [11]. The combinatorial properties of the
Thue-Morse word have been intensively studied by some authors [1, 6].

The Thue-Morse word can be generalized over an alphabet
Ag = {0,1,..,q-1}.

It is the infinite word t, 4 generated by the morphism p o is defined by

p,q(k) =k(k + 1) (k + p-1),

where p > 2 and the letters are expressed modulo . A study of the word

tq(p = q) has been made in [12].

The singular factors have been introduced in [14] to study the overlap
properties and the local isomorphism of Fibonacci word. They permit also to
determine recurrence functions of infinite words [2, 4, 5]. In [2, 8], the
authors are interested in the study of singular factors using the recurrence

functions of the binary and ternary Thue-Morse words.
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In this paper, we study the singular factors of the word ty. More

precisely, it is the generalization of results established in [8].

This paper is organized as follows. After a few definitions and notations

in Section 2, we introduce ancestors of factors of tg. In Section 3, we study
the singular factors of the word tg, then we use these factors to give the

nature of bispecial factors.
2. Definitions

An alphabet A is a finite set of symbols. The set of the finite words over

A is denoted by A" and the empty word &. For all u e A", |u| denotes

the length of u. An infinite word is an infinite sequence of letters on A. The
set of the infinite word over A is denoted by A®. A finite word W is a

factor of u if there exist some words u' e A*, u”" e A® such that

u=u'wu" If u' = ¢ (resp.u” = ¢), then w is a prefix (resp. a suffix) of u.

On Ag, we define the mapping Eq by

Eq(i)z{Hl ?f?e{o,l,...,q—z}
0 ifi=q-1.

A mapping @ defined on a monoid A” is a morphism if for all u,ve A"

one has ®(uv) = ®(u)d(v).
A morphism is non-erasing if ®(a) # ¢ for all a € A. It is prolongable
on X, Xg € A if there exists W € A" such that ®(xy) = XoW.

Definition 1. A substitution is a non-erasing endomorphism for the

. . *
concatenation of free monoid A .

The following definition is inspired by [10].
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Definition 2. Let w be a factor of a fixed point u of a substitution ¢.

Then the word VoV V, -+ Vv, € Fny1(U) is said to be an ancestor of w if

(i) w is a factor of @(VoVqVsy - Vy,),

(ii) w is neither a factor of @(VqVy -+-Vy,) nor @(VoVqVsy =+ Vn_1).

Definition 3. Let v be a bispecial factor of tq. Then v is said to generate
singular factors if there exist letters X, X', y, y' € Aq such that x = X/,
y # Yy and xvy, X'vy, xvy’, X'vy" are factors of t.

V is said to generate a unique singular factor if there exist letters
X, X, ¥, y € Ay such that X # X', y # y" and xvy, x'vy, xvy’ are factors
of tq.

Definition 4 [3]. Let u be an infinite word on A and v be a bispecial
factor of u. Then

(1) v is called strong bispecial if ava, avb, bva and bvb are factors of u.

(ii) v is called weak bispecial if uniquely ava and bvb or avb and bva are

factors of u.
(iii) v is called ordinary bispecial if v is neither strong nor weak.
We make the following remark.

Remark 1. Let u be a bispecial factor of ty. Then we have

* U is strong bispecial if and only if U generates singular factors.

* U is ordinary bispecial if and only if U generates a unique singular

factor.

* U is weak bispecial if and only if U does not generate any singular

factor.
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3. Ancestor of Factors of Word t,
3.1. Ancestor of short bispecial g-prolongable factors of t

We denote by BSQ(t), the set of the factors of tq which are both right

g-prolongable and left g-prolongable.

Recall the following theorem on bispecial g-prolongable factors of tg.

Theorem 1 [9]. The set BSQ(ty) is given by

BSQ(tq) = | Jug(li+ 1D (i+k-2):ieAg, 2 <k <qtUfe}.

n=0
For n = 0, we obtain the set BSQj, (tq) of short bispecial g-prolongable

factors of tg. Itis given by

BSQu(tq) = fili + - (i+k—2):i e Ag, 2 <k < qjU s}

Hereinafter, we describe the ancestors of short bispecial (-prolongable

factors of ty. For j € Ag, consider
W = j(j+1)-(j+k=-2), 2<k<q.
Also, consider the following set
Ci ={i+L j+2, ., j+k=-2},
where 3 < k < ¢. Then we have the following result:

Proposition 1. Let i, j € Ay and k € [2, g]. Then

(.)_{i:ieA} if k=2
Anc(w,’ )—{{i:iEAZ\Cjk}U{ii:ieCjk} if k e[3, q].

Proof. We distinguish two cases.
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Case 1: k = 2. Then ng) = j. If the image of any letter by pg contains

all letters of the alphabet, then ng) appears in pg(i) for all ie Ajg.

Therefore,
AncwiD) = fi:i e Aqg).
Case 2: Kk € [3, q]. We distinguish two sub-cases.
« i = j. In this case, W|((j) is prefix of pg(j). Thus, W|((j) is factor of
g (J)-
*i=j+k—2. In this case, k €[3,q], 1+ ] because k-2 >1.
Therefore, W|((j) does not appear in pgq (i) forall ieC jk- Otherwise there

would be two occurrences of i in (i) because i is factor of W|((J) and

j # 1. That is absurd because each letter of Ag appears only one time in
. () . . . _
bg(i). Asaresult, w'/ appears in pg(i) forall i € Ag\Cjy.
Moreover, Wl((j) appears in pgq(ii) for all i € Cjy. Indeed, i = j+k -2
implies that j =i —k + 2. So,
g i) = g ()iq i)

=i(i + 1) (i —k+2)(i —k+3)- (i + q = 1)ii "ug (i)

=i+ 1)+ 1) (5 +k=3)(J +k = 2)i g Q).
W)
k

Then, Wl((j) is factor of uq(ii) for all i e Cjka 3 <k <£¢. Thus, it follows

from two sub-cases that

Anc(w) = {i 11 e AN\Cj} U fii i e Cyly VK e [3, q). O
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Corollary 1. Let j € Ay. Then

Anc(ug(J)) = {J} Ui -1 e Ag\{j}.

Proof. For k = q +1, W((qj+)1 = kg (J). Thus, one has

Anc(wil)) = {i :i € Ag\Cj(qin} Ui i € Cjqun}-
But
Ciqeny =U+Lj+2, ., j+q-1
= A\
Then
Anc(w) = i 11 € AQ(AMIDFU fii 11 e AQ\ ).

Moreover, Agq = (Ag\{j}) U {j}. Therefore Aq\(Ag\{j}) = {]}. Hence
Anc(wil)) = {j} U fii 11 e AQ\(j}} 0
3.2. Ancestor of short bispecial biprolongable factors of t

The set of the factors of tq which is both right biprolongable and left

biprolongable is denoted by BSB(tg ).

Theorem 2 [9]. The set BSB(t) is given by

BSB(tq) = | Jing(ug )il +1)-+(i+k-2)):i e Ag, 2 <k < g}
n>0

For n = 0, we obtain the set BSBy,(ty) of short bispecial biprolongable

factors of tg. Itis given by

BSByy(tq) = fuig ()i(i +1)--(i+ k—2):i e Ag, 2 <k < q}.
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Let j € Ag. Then we designate by
W = ng(D)i(i+D)-(j+k-2).25k<q
the short bispecial biprolongable factors of t.

Proposition 2. Let j e Ay and k €[2, g]. Then one has:
- iiieA if k=2
Anc(vl((J)): {.. - al .
liizie A\Cy} if ke[3,q].

Proof. We distinguish two cases:

Case 1: k =2. Since j appears in pg(i) =i(i +1)---(i+q-1), j=i+]
with i € [0, q —1],
g (i) =i@+ 1)@+ DA +1+1)- (i +q=Di(i +1)--( + (i +1+1)---(i+q-1)

=i+ j(+ D) (i+g=D(i+g=1)j+1+1)- (i +q-1).
NG
2

Thus, ng) is a factor of pg(ii) forall i € Ay. Therefore,
Anc(vgj)) ={ii ;i e Ag}.
Case 2: k € [3, q]. We distinguish two sub-cases.
*LetieCj.
Then there exists K € [3, q] such that i = j + k — 2. That implies that
i # ] because kK —2 >1 forall k € [3, q]. As a result, v|((j) is not factor of

tg(ii). Otherwise it would be an occurrence of i in Vl(<j) which is not a
prefix of pg(i). Therefore, pg(ii) would contain 3 occurrences of i. That is

absurd because there exist two occurrences of each letter in 14 (ii).
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* Let ie Ag\Cj ={j}U{j+k~-1 j+k, .., j+q—1}. Then one
has:

* 1= j. Then vl((j) is proper prefix of pg(ii). So Vl((j) is a factor of
mq(ii).
* ie[j+k—-1, j+q-—1]. Therefore, i = j+1—1 with k <1 <. By
proceeding similarly as in Case 1 one shows that VI((j) is factor of pgq (ii).
Hence
v e F(ug(ii)), Vie Aq\Cj.
So,
Anc(vil)) = fiii 1 e Ag\C ). O
3.3. Ancestor of non bispecial factors of t
Proposition 3. Let w be a factor of t; and v be an ancestor of w. Then,
g(v) = 8w, with [§; |, [8,]<q-1.

Proof. Suppose without loss of generality that | 8; | =8, | = g. Since
8, (resp. 8,) starts (resp. ends) with the image of a letter, there exist
a,b e Ay such that §; = pg(a) and 3, = pg(b). As a result, pg(v)=
tg(@)wpg(b). Thus, there exists v; € F(tg) of length inferior than v such

that w = pg (v;). That contradicts the minimality of V. O

Proposition 4. Any non bispecial factor of ty admits a unique ancestor.

Proof. Let w be a non bispecial factor of ty. Suppose that w admits
2 distinct ancestors v; and V,. Then one has pg(v)=3;ws, and

bg(Vy) = 83w8,. Necessarily, 8, 3;, 33, 84 are all of length inferior or

equal to q — 1 by Proposition 3. As a result,
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_s-1 -1 _ ¢-1 -1
W =381 Hq(Vv)d7 =83 pg(vs)d4
and
-1 -1
Hq(V1) = 8183 1q(v2)d5 85

We distinguish the following cases:

Case 1: w is not special. Then &; = 63 and 8, = 04. Consequently,

bg(Vi) = pg(vy) and v; = vy, since pq is injective.

Case 2: w is right special. Then §; = 83, since W is not left special. As a

result, pg(vy) = pg(va )82'8,. We have the following equalities:
| ug(v)| =] Hq(V2)52152 |
= nq(v2)| +]83'8; |.
Then
|nq(i)| =] nq(v2)| =858, |.

So, q( vy |—=|vy|) =| 878, |. Therefore, | 835, | = 0 because | 8518, | is
a multiple of q and —q+1<| 5115, |<q-1 (Proposition 3). Hence,
8y = 84. Consequently, pg(v;)=pg(vo) and by injectivity of pg,

Vi = Vs O
4. Singular Factors of tg

4.1. Study of singular factors of t

Let i, j, | and m be letters of A such that j = Egy(i), m= Eg_l(i)

and | = Eg_z(i).
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We define respectively the sequences (Mp )5, (In),5 by

m =m
{mn = Eg_l(mn—l)
and
=1
{In = Eg_l(ln—l)-
We have the following lemma.

Lemma 1. Forall n>1 andforall g > 3,
m, = Eéq‘l)(”‘l)(ml) and I, = Eéq‘l)(”‘l)(ll).
Proof. Let us proceed by induction. Then:

*For n =1 one has m; = Eg(ml) = Eéq_l)(l_l)(ml).

e Assume for n>2 that m, = Eéq_l)(n_l)(ml) and show that

Mo = ESTD"(m),
My = E§7 (M)
= E§ N EFV D (m)
_ E((]q—l)(n—l)+(q—1)(m1)
_ Eéq—l)(n—lﬂ)(ml)
= ESD"(my).
Thus, forall n > 1,
m, = E((]q_l)(”_l)(ml).

We proceed similarly to show that I, = Eéq_l)(n_l)(ll) forall n>1. O
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Remark 2. Forall i € Ag, n e N we have Eq(i) = (i + n)mod .
Proposition 5 [9]. For all n > 0, Eq(F(tg)) = Fy(tq).

The following proposition describes the singular factors generated by

short bispecial g-prolongable factors.

Proposition 6. For all k €[2, q], i€ Ay, W|(<i) generates a singular
factor given by mwi((i)jig), where jlg) = Eg_l(i).

Proof. Since Eq(Fy(tq)) = Fy(tg), it suffices to take i=0. The
other cases can be obtained by successive application of Eg. So,

W|((O) = 01---(k — 2). We distinguish two cases:
Case 1: k € [3, q].

By Proposition 1, the set of ancestors W|((O) is given by
Anc(w®) = {i :i € AGML, o (K =2 Ui i e {L, ooy (k = 2)}}, VK 23,

 For i =0, W&O) is prefix of pg(0). Since 0 is left prolongable by
q-1
ug((@—=10) = (q-1)01---(q = 2)01--- (k = 2)(k —1)---(q — 1).
%r_/

N

It follows that (q — 2)Wl((0)(k — 1) is a factor of tg.

Moreover, W|((O) is suffix of g (k —1). Since k —1 is right prolongable
by K, it follows that
pq((k -Dk)=(k =1Dk---(q=1)01---(k = 2)k(k +1)---(k = 1).
%/—/
o

So, (q - l)Wl((O)k is a factor of tg.
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* For ie Ag\0, 1, ..., k =2, k -1}, Wl((o) is a factor of pg(i) and is
neither suffix nor prefix of this factor. Consequently, (g — 1)W|((O)(k -1)isa

factor of ty because the letter which precedes 0 in the image of a letter is

g — 1 and the letter which follows k — 2 is k — 1. Therefore
(@- 2wk -1, (@-Dw k-1, (@-Dwk e Ftg).
Hence WI((O) generates a singular factor and is given by (g — 1)W|((0)(k -1)
= mwl((o)jlgo).
sForallie{0,1,.., k-2 k-1},

g i) = i(i + 1)+ (q = 1) 01+ (i = Dii-++(k = 2)(k = 1)+ (i + g - 1).
o0

Then (q — l)WI((O)(k — 1) is a factor of tg.

It follows that

@- 2w (k=1 @ -Dwd k- @-Dwk e Fleg). ()
Hence, W&O) generates a singular factor given by
(q- l)w|((0)(k -1)= mwl((o)jﬁo).
Case 2: In case k = 2, Wgo) =0.
Observe that the set of ancestors of 0 is given by
Anc(0) = {i :i e Aqg}.
By proceeding similarly as in Case 1, we verify that
(g -2)wi1, (g - DWOL, (g - w2 e F(ty).

Hence, Wgo) generates a singular factor given by (q— I)Wgo)l = mwgo)jgo). O
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In the following, we designate by Anc(w) the set of ancestors of W with
W e F(tq). Like short bispecial g-prolongable factors, the short bispecial

biprolongable factors generate singular factors. They are described in the

following proposition.

Proposition 7. Let i € Agy. Then

. . . . i

(i) For all k e[2,q—1], the bispecial biprolongable factor V|(<)
generates a singular factor given by mvl((i)jl((i) with jl((i) = Eé‘l(i).

(i) For k = q, véi) does not generate a singular factor.

Proof. Since Eq(Fp(tg)) = Fy(ty), it suffices to take the case i=0

because the others can be obtained by successive application of Eq. So,
0
U = 1g(0)01-(k - 2).

(i) Let us show that Vi((o) generates a singular factor for all k € [2, q —1].

Then we distinguish two cases:
. _ 0) _
Case 1: In case k = 2, v,/ = py(0)0.
According to Proposition 2, the set of ancestors of Vgo) is given by
Anc(vi®)) = fii i e Ag ).
* For i = 0, ug(0)0 is prefix of pg(00). Since 00 is left prolongable by
q - 15

hg((@=1)00) = (@~ 1)01---(q = 2)012-(q = 012 (q - ).
¥e

Thus, (q — 2)V§0)1 =(q- 2)V§0)j§0) is a factor of t.
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* For i =1, ug(0)0 is suffix of pg(11). As 11 is right prolongable by 2,

Hg(112) = 12+-(q = 1)012++-(q — 1)023---1.
%,—/
W)

Thus, (q —1)pq(0)02 = mvgo)z is a factor of tg.
* Forall i € Ag\{0, 1}, Vgo) is factor of pg(ii) and is neither prefix nor

suffix of this factor. As a result, Vgo) is left prolongable by (q — 1) and right

prolongable by 1. Thus, (q — 1)V§0)1 = mvgo)jgo) is a factor of tg.
It follows that (q — 2)v§0)1, (q- l)vgo)l and (q - 1)V§0)2 are factors of
ty. So, Vgo) generates a singular factor given by (q — l)vgo)l = mvgo)jgo).
Case2: k € [3, ¢~ 1]. Onehas v{*) = 1q(0)012---(k - 2).
By Proposition 2, the set of ancestors of Vl((o) is given by
Anc(vi?)) = fii ;i e A\, ..., k - 2}}.

« For i =0, v|(<0) is prefix of pngy(00). Since 00 is left prolongable by
q-1, (g-1)00 is a factor of ty. By applying g to this factor, we show
that (q — 2)V|((0)(k — 1) is a factor of t.

. 0) .

* For i = k — 1, one remarks that V|(( ) is a suffix of ng((k =1)(k = 1)).

Observe that (k —1)(k — 1) is right prolongable by k in tq, by applying pgq

to (k —1)(k — 1)k, we show that (q — )V e F(tq).

« For ie Aq\{O, L., k-2 k-1}, Vl((o) is neither prefix nor suffix

of pg(ii). Consequently, Vl((o) is left prolongable by (q—1) and right
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prolongable by k —1. Thus, (q- l)vﬁo)(k —1) e F(ty). It follows that
(g- 2)V|((O)(k -1), (q- 1)V|((O)k and (q — 1)V|((O)(k — 1) are factors of tq. As
a result, V|(<0) generates a singular factor which is (q-— l)vl((o)(k -1)

= mvl((o)jlgo).
(ii) For k = q, Véo) = pg(0)01---(q — 2). Then by Proposition 2,
Anc(vY)) = fii :i € AG\L, ..., 4 - 2}}

= {00, (g -D(a -1}
Observe that 00 (resp.(q—1)(q—1)) is uniquely left (resp. right)
prolongable by q-1 (resp. 0). By applying pg to (q-1)00 and
(g-1)(q —1)0, we show that (q — 2)V80)(q —1) and (q - l)VSO)O are the

0)

only extensions of Véo) in tq. Thus, V& does not generate any singular

factor. O
Proposition 8. Let k € [2, ] and n > 1. Then
) ug(wl((i)) generates a singular factor if and only if pg‘l(wki))
generates a singular factor.

(ii) pg(vl((i)) generates a singular factor if and only if pg‘l(vl((i))

generates a singular factor.

(iii) ug(i) generates singular factors if and only if ug_l(i) generates

singular factors forall n > 2 and i € Ag.

Proof. (i) = Suppose that pg (W|((i)) generates a singular factor. Then

there exist X, X', ¥, y' € Aq such that X # X', y # y" and

xud (W) y, xud(w)y, xul (W) e Ftq).
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Observe that X is the end of the image of X — q + 1. As a result,

(X = g+ D) (v) = g ((x — a + Duf " W) y) € Fitg).
Hence
(x—q+Duf " W)y e Ftg).
Similarly, we show that
(¢ = q+ Dug ' W)y, (x— g+ Dug )y’ € Fieg).

Moreover, X = +1# X' —q +1 because x # x'. Consequently, HS_I(WS))

generates singular factor.

< Suppose that ug_l(wﬁi)) generates a singular factor. Then, there

exist letters X, X', y, y' € Ayg such that x # X',y # Yy and
xug )y g W)y, xug T )y e Feg).
By applying pq to each of these factors, we obtain
(x+a-Dug)y. (¢ + g - Drg))y. (x+ g - Drg(u))y’ e F(tg).
Hence, ug (Wl((i)) generates a singular factor.
(il)) = We proceed as in (i).

(i) = Suppose ug (i) generates singular factors. Then there exist

letters X, X', ¥, y" € Aq with X # X', y # y’ such that
nge: ro Ns nge: royr N '
Xug ()Y, Xuq()y, xpg()y', X'uq(i)y' e F(tg).
Since X is suffix of pg(x —q+1) andy is prefix of pg(y),

g (x =g+ Dugpg(y) = ng(x —a+1ug ' ()y) € F(tg).
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Asaresult, (x —q+ l)ug_l(i) y € F(ty). Similarly, we show that
’ n—1; N—=1/:\,, ' n—1/:\,,
(X' =d+Dpg ()y, x=a+Drg ()Y, (X' =g+ Dug ()Y € F(tg).
Thus, ug_l(i) generates singular factors.

< Suppose that pg_l(i) generates singular factors. Then, there exist

letters X, X', y, y' € Aq such that x # X, y # Y’ and

xug @)y, Xug @)y, xug~ ()Y, Xug~ ()Y e Fltg).
By applying Hq to each of these factors, it follows that
(x+a=Dug()y, (X' +a-1uq(i)y,

(x+9-Dug()y, (X +a-Dug(i)y e F(tg).
Therefore, ug(i) generates singular factors for all n > 1. O

Proposition 9. Let k € [2, g, i € Aq and n e N. Then

(1) pg(wki)) generates a singular factor for all k e [3, q].
(ii) ug(vl((i)) generates a singular factor for all k € [2, q —1].
(iii) ug(i) generates singular factors for all n > 1.

Proof. « By Proposition 8, to show that pg (W|(<i)) generates a singular
factor it suffices to show that WS) generates a singular factor. By Proposition

7, WI((i) generates a singular factor. So, ug (WI((i)) generates a singular factor.

* Similarly, we show that pg (Vl((i)) generates a singular factor.
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* By Proposition 8, to show that ua(i) generates singular factors it
suffices to show that uq(i) generates singular factors. Since the letter plays a
symmetrical role, without loss of generality we take i = 0. Observe that

Wé(l)l = Hq (0). Consider the relation (1) and take k = q + 1, it follows that

(A= 2)nq(0)0, (a - 1)iq(0)0, (a - 1ug(0)1 € F(tq). @
Moreover, by Corollary 1
Anc(uq(0)) = {0} U fiii : i e Ag\o}}.

* For all ieAg\0}, (q-1)puq(0)0 is a factor pg(ii). Thus,

(9 = 1)rg(0)0 is a singular factor since
(@ = Dprg(0)1, (q - 2)ug(0)0 € F(tg).

* To find the others singular factors it suffices to consider the bilateral
extensions of 0 to which we apply pg. The bilateral extensions of 0 in
tq are in the form i'0j with i’, j some letters of Ag such that
(i, ) e ta—1}x Aq or (", J) € Aq x {l}. The bilateral extensions of 0 for
(i", ))=(0,1) and (i', j)=(q—1,0) give us 001 and (q-1)00. By
applying pq to these factors we obtain (g — 1)pg(0)1, (4 — 2)pq(0)0.

For i"=q~-1,(q~1)0j is a factor of ty forall j e .Ag. In particular
for j =1, we observe that (q — 2)pq(0)1 appears in the image of (q —1)01
by ng. Furthermore, (q—2)uq(0)1 is a singular factor because
(- Dig(O)L (@~ Dg(0)0 & Fltg). Thus (a-2pug(0)] is not a
singular factor of ty for all j e .Aq\{0, 1}. Suppose that kuq(0)j is a
factor of tq with k #q—2. Since kug(0)j appears in pg((k +1)0j),
(k +1)0j € F(tq). That is impossible because k +1= q—1 and j#1 by
hypothesis.
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For all i’ e AG\{0, g —1},i'0 extends uniquely to the right by 1. By

applying pq to i'01, it follows that (i" + g — 1)pg(0)1 is a factor of t;.
Let us show that (i + q — 1)pg(0)1 is not a singular factor of tg.

Suppose that (i' +q —1)pq(0)k € F(ty) with k # 1. We observe that
(i"+9—1)ug(0)k appears in y(i'0k), then i'0k is in ty. That is absurd
since i’ # q — 1 and k # 1. Therefore, j14(0) generates singular factors given
by

(@ = 2)uq(0)0, (4 = 2)ug(0)1, (4 =g (0)0, (a —1ug(0)1. O

Let i, j € Ay such that j = E4(i). Then we have the following result:

Theorem 3. The set of singular factors of t; generated by p.g(i), n>1

is given by
Sp = (M) (0)i, Mo (i) J, T ()i Tl () J = Eq(i)}, Wn > 1.
Proof. We proceed by induction on n.

Since Ey(Fy(tq)) = Fa(ty), take i=0. We know that the set of

singular factors generated by ng(0) is given by
(@ =1Dug(0)0, (A -1)urg(0)1, (q —2)1g(0)0 and (g —2)uq(0)1.
But g —1=EJ7'(0)=m; and q -2 = EJ*(0) = ;. Then,
(9 = Dpg(0)0 = mipg(0)0, (g — Dpg(0)1 = mipg(0)1,

(@~ 2)1g(0)0 = g (0)0, (@~ 2ng(0)1 = hug(O)1.

Assume that

Sp = {mnug(i)i, mnug(i)L |nH3(i)ia |nM3(i)J}
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and show that
Sni1 = {Mnsang " @1 Mg @ . Inang ™ O g ()2 J = Eq)}
By applying Hq to elements of S,; we show that

(My + 0 = Dug " DL (My +a - Dug™ ()],

(In +a=Dug" ()i, (n + g - Dug™' ()],

are factors of tg. But, my+q-1= Eg‘l(mn) =my; and I, +q-1

= Eg_l(ln) = l41. Then,

(M +a=D)ug " (@)i = my g™ (01, (my +a-Dug™ () j = myug () J,

(n +a=Dpg™ i = lyng O Oy + g =Dug™ ) = lhang™ ()]

As aresult,

St = {Mnpang ™ ()i, Mg ™ () J. aaanG 01 nang ™' () 1 § = Eq()}-
]

Theorem 4. Let k € [2, q], i € Ay and n e N. Then
(i) The unique singular factor sy, generated by ug(wl((i)) is given by
Sy = mnHug(wﬁi))jlg), vn >0,k e[3,q].

(i) For all k = g. The unique singular factor s, generated by HG(VI(J))

is given by
sh = Mg )i vn 2 0.k e f2, 11

Proof. « Let us proceed by induction on n. Then:
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For n =0, by Proposition 6, WI((i) generates a singular factor and is
given by m1W|((i)j|£i).

Assuming that the singular factor generated by ug(wl((i)) is
M4 11 (Wl((i)) jlg), we show that the singular factor generated by ugﬂ(wﬁi))
is mn+2ua+l(W|(<i))j|£i)-

By applying pq to mn+1“3 (W|((i)) j&i), we show that

(M1 + = DG () i
is a factor of tq. But mp, +q-1= Eg_l(mnﬂ) = M,,5. Then, the
singular factor generated by HHH(WS)) is my, +2|,l8+l(Wl((i)) jlg)' Thus for all
n > 0, the singular factor generated by pg (Wl((i)) is my, +1“8 (W|((i)) jS).
* We proceed similarly to show that the singular factor generated by
nGi) s my g o)) i 0

The singular factors can be used to give the set of differents forms of

bispecial factors of tg. So, we have the following result:

Proposition 10. Let n € N* and k € [2, g]. Then

(i) The set SB(t) of strong bispecial factors of tq is given by

SB(tq) = | J{u§(i):ie AqU el
n>1
(ii) The set OB(tq) of ordinary bispecial factors of tq is given by

OB(tg) = | J(fnG(w)) i e Aq and k < [3, q}

n=0

Ufud)) i e Aq and k € [2, g - 1])).
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(iii) The set WB(t) of weak bispecial factor of t, is given by

WB(tg) = [ J i) i e Aq).

n=0

Proof. The proof follows from Proposition 7, Proposition 9 and
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