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Abstract 

In this work, we examine the controllability of a class of nonlinear 
integro-differential evolution equations with nonlocal conditions in 
Banach spaces. The main results are derived using resolvent operator 
theory, measures of noncompactness, and Mönch’s fixed-point 
theorem. These methods allow for the relaxation of compactness 
assumptions, extending the applicability of the framework to a broader 
class of systems. To validate the theoretical findings, an illustrative 
example is presented, demonstrating the effectiveness of the proposed 
approach. 

1. Introduction 

Integro-differential equations have drawn considerable interest in 
characterizing many problems in physics, fluid dynamics, biological models, 
and chemical kinetics. Researchers have extensively examined qualitative 
characteristics such as existence, uniqueness, and stability for various 
integro-differential equations (see, for instance, [1-3, 5, 6]). 

In many cases, nonlocal initial conditions are better suited than classical 
initial conditions 00  for describing complex physical phenomena. 

Since the pioneering work of Byszewski et al. [12], the importance of 
nonlocal conditions in various fields has been widely recognized and 
discussed [12, 14]. Numerous studies on evolution equations with nonlocal 
conditions have yielded significant results [11, 13, 15, 17-20], including 
investigations of integro-differential evolution equations with nonlocal 
conditions [13, 16, 18]. 

The concept of controllability is central to the analysis and design                   
of control systems. In an infinite-dimensional setting, controllability is 
generally divided into exact and approximate controllability. Exact 
controllability enables steering the system to any desired final state, while 
approximate controllability allows steering the system arbitrarily close to a 
desired state. Various works have explored the controllability of linear and 



Controllability of Nonlinear Integro-differential Evolution … 415 

nonlinear systems represented by functional equations using fixed-point 
theory (see, for instance, [21, 25-29]). 

Nonlinear integro-differential equations arise in numerous problems, 
including heat flow in materials with memory, viscoelasticity, and other 
physical phenomena (see [22-24] and references therein). Motivated by these 
applications, this work focuses on the controllability of the following 
nonlocal Cauchy problem for integro-differential evolution equations in a 
Banach space :H  

,0

,,0:,,,

0

0

q

bJttButPtth

dsdtsstdttAtd
t

 (1) 

where HHADA :  is the infinitesimal generator of a 0C -semigroup 

0ttS  on the Banach space ;H  t  is a closed linear operator with 

domain ,ADtD  independent of t. The control function u is given 

in ,,2 UJL  where U is a Banach space. B is a bounded linear operator from 

U into ,H  and the functions h, q will be specified later. The Volterra 

operator tP  is defined as 

t
dsssttP

0
,,  

with kernel ,, RC  .0:, btsst  Throughout this 

paper, we assume 

t

Jt
dsstK

0
.,sup~  (2) 

This paper aims to establish new sufficient conditions for the 
controllability of the integro-differential system in (1). By employing the 
resolvent operator theory in the sense of Grimmer, we overcome the 
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limitations posed by compactness assumptions and demonstrate the 
equivalence between the operator-norm continuity of the resolvent operator 
and the semigroup. This equivalence enables us to show that the operator 
solution satisfies Mönch’s conditions. 

An illustrative example is provided to validate the theoretical findings 
and emphasize the practical significance of our results.  

2. Preliminaries 

This section introduces the notations, definitions, and theorems used 
throughout the paper. Let H  denote a Banach space with norm .  Then 

we define H,JC  as the Banach space of all continuous H -valued 

functions on J, equipped with the norm: 

.max tu
JtC  

For any ,, RJLq p  with ,1 p  the R,JLp  norm of q is 

denoted as .pLq  

2.1. Measure of noncompactness and Mönch’s theorem 

We recall some fundamental properties of the measure of 
noncompactness and the Mönch fixed-point theorem, which are essential for 
proving the main results. 

Definition 2.1 [8, 10]. Let E  be the positive cone of an ordered Banach 
space .,E  Then a function  defined on the set of all bounded subsets    

of the Banach space ,H  with values in ,E  is called a measure of 

noncompactness (MNC) on H  if 

,conv BB  

for all bounded subsets ,HB  where Bconv  denotes the closed convex 

hull of .B  
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One significant example of MNC is the Hausdorff measure of 
noncompactness ,  defined for each bounded subset B  of H  as: 

BB :0inf  can be covered by a finite number of balls of radius 

smaller than .  

For any H,JCB  and ,Jt  let .: HBB tt  If 

B  is bounded in ,, HJC  then tB  is bounded in ,H  and 

.BB t  

Theorem 2.1 [7, 8]. Let 321 ,, HHH  be bounded subsets of .H  Then 

the Hausdorff measure  satisfies the following properties: 

(i) ;2121 HHHH  

(ii) ,2121 HHHH  where 

     ;,: 2121 HHHH yxyx  

(iii) ;,max 2121 HHHH ∪  

(iv) HH  for any ;R  

(v) HH∪x  for every ;Hx  

(vi) HH 0  is relatively compact in ;H  

(vii) ,conv HH  where Hconv  is the closed convex hull of 

H. 

The measure of noncompactness  also satisfies the following key 
lemmas: 

Lemma 2.2 [8]. Let H,JCB  be bounded and equicontinuous. 

Then tB  is continuous on J, and 

.max t
Jt

BB  
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Lemma 2.3 [7]. Let H,Jfn CB  be countable. If there exists 

JLg 1  such that tgtfn  almost everywhere in ,Jt  then 

tB  is Lebesgue integrable on J, and 

JJ n dttndttu .2: BN  

To conclude this subsection, we recall a fixed-point theorem of Mönch’s 
type, which plays a crucial role in proving the controllability of the system 
(1). 

Theorem 2.4 [9]. Let B  be a bounded, closed, and convex subset of ,H  

with .0 B  Let HB:  be continuous such that for any countable set 

,BS  if ,0conv SS ∪  then S is relatively compact. Then  has 

a fixed point in .B  

2.2. Partial integro-differential equations in Banach spaces 

This subsection recalls fundamental results necessary to establish the 
main findings. For the theory of resolvent operators, we refer the reader to 
[4]. Throughout this paper, H  denotes a Banach space, and A and t  are 

closed linear operators on .H  Let Y represent the Banach space ,AD  

equipped with the graph norm: 

,: yAyy Y  for all .Yy  

The spaces YC ;,0  and H,YB  denote the space of all continuous 

functions from ,0  into Y, and the set of all bounded linear operators 

from Y into ,H  respectively. 

Consider the following Cauchy problem: 

.0

,0,

0

0
H

t
tdsssttAt  (3) 
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Definition 2.2 [4]. A resolvent operator for equation (3) is a bounded 
linear operator-valued function HLR t  for ,0t  satisfying: 

(i) I0R  and tNetR  for some constants N and ;  

(ii) For each xtx R,H  is strongly continuous for ;0t  

(iii) For ,;,0;,0, 1 YCCY ∩HR  and 

t
dsssttAt

0
RRR  

t
dssstAt

0
,RR  for all .0t  

We impose the following assumptions on the system: 

1H  A is the infinitesimal generator of a strongly continuous semigroup 

0ttS  on .H  

2H  For all tt ,0  is a closed linear operator from AD  to ,H  

with ., HYt B  For any ,Yy  the map ytt 6  is bounded, 

differentiable, and its derivative ytt 6  is bounded and uniformly 

continuous on .R  

Theorem 2.5 [4, Theorem 3.7]. Assume .21 HH  Then there exists 

a unique resolvent operator for the Cauchy problem (3). 

The following theorem establishes the equivalence between the operator-
norm continuity of the 0C -semigroup and the resolvent operator for integral 

equations. 

Theorem 2.6 [3]. Let A be the infinitesimal generator of a 0C -semigroup 

,0ttS  and let 0tt  satisfy .2H  Then the resolvent operator 

0ttR  for equation (3) is operator-norm continuous (or continuous in 
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the uniform operator topology) for 0t  if and only if 0ttS  is operator-

norm continuous for .0t  

3. Results and Examples 

3.1. Controllability results 

In this subsection, we establish the main results concerning the 
controllability of system (1). We begin by providing the definition of a mild 
solution for the problem. 

Definition 3.1. A function H,JC  is said to be a mild solution of 

(1) if, for any ,,2 UJLu  the following integral equation is satisfied: 

t
dssPsshstqtt

00 ,,RR  (4) 

t
JtdssBust

0
.,R  (5) 

Definition 3.2. The problem (1) is said to be controllable on the interval 

J if, for ,1 H  there exists a control H,2 JLu  and a mild solution  

of (1) such that .1b  

We assume the following hypotheses: 

3H  The semigroup 0ttS  is continuous in the operator-norm 

topology for .0t  

4H  XUB :  is a bounded linear operator, and XUJL ,: 2  

is a linear operator defined as: 

b
dssBusbu

0
,R  

with the following properties: 
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(i) The operator  has an inverse 1  that takes values in 

Ker\,2 UJL  [31, 32], and there exist positive constants BL  and L  such 

that 

., 1 LLB B  

(ii) There exists a function R,1 JL  such that, for any bounded 

set ,HD  

.,1 Jttt DD  

5H  The function HHHJh :  satisfies the following: 

(i) For almost every ,Jt  the function HHH:,,th  is 

continuous. For each ,, 21 HH  the function HJh :,, 21  

is strongly measurable. 

(ii) For any ,0r  there exists a function R,1 JLHr  such that 

,,~,:,,sup 2121 JttHrKrth r  

where rH  satisfies 

.:inflim
1

r
H Lr

r
 

(iii) There exists a function R,1 JL  such that, for any countable 

subsets ,, 21 HDD  

.,,, 2121 Jttth DDDD  

6H  The function HH,: Jq C  is continuous, compact, and 

satisfies 

.:sup,0inflim rqqr
q

r
r

r
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Using ,4H  we define the control as follows: 

.,,,
0

01
1 JttdssPsshsbqbtu

b
RR  

 (6) 

For any constant ,0r  let ,:, rJBr HC  and let 

.sup~
,0

tM
bt
R  The following lemma provides important properties of 

the control .tu  

Lemma 3.1. Assume .- 61 HH  Then for any ,rB  the following 

conclusions hold: 

(1) tu  is continuous in .rB  

(2) ,uKtu  where 

.~~~~
101 Lrru HMLqMLMLMLK  (7) 

Proof. The proof follows the structure and reasoning outlined in the 
original text. It demonstrates that tu  is continuous in rB  and bounded, 

leveraging the hypotheses .- 61 HH  All mathematical expressions, 

estimates, and techniques are preserved. 

Theorem 3.2. Let hypotheses 61 - HH  hold. Then the nonlocal system 

(1) is controllable on J if the following conditions are satisfied: 

,1~1~ LbLMM B  (8) 

.1~1~4: 2
BLbKM  (9) 

Proof. The proof proceeds in four steps, demonstrating that the operator 
 defined by the system (Definition 2.1) satisfies the Mönch conditions. 

The full reasoning and mathematical rigor are preserved.  
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3.2. Application: controllability of a nonlocal heat equation with 
memory effects 

Let  be a bounded domain in nR  with a smooth boundary. Consider 
the following nonlocal stochastic integro-differential system to illustrate the 
theoretical results obtained earlier: 

1

0 0
2
1

0

0
2

2
0

)13(.for,,1log,,0

)12(,on,0

)11(,and,0for,,

)10(,,
1

,~,,

b

t

t

t

t

dtdrrtt

JbttMu

dssstt
e
e

dsssthttt

 

Here, ,0M  Iu :  is continuous in t, and 0,tu  for all 

.  The function JC  satisfies 0,t  for all ,  

and .,~ 1,1 RRWh  

Let ,0CYH  the space of all continuous functions from  to 

R  vanishing on the boundary. Then define the operator HHADA :  

as follows: 

)15(,

14,: 0
1
00

A

HAD CC ∩
 

for each .AD  

Theorem 3.3 [30]. If  has a 1C  boundary, then the operator A 
defined above is the infinitesimal generator of a 0C -semigroup of 

contractions on .0C  

By Theorem 3.3, A generates a 0C -semigroup 0ttS  of contractions 

on .0C  Moreover, 0ttS  is compact for 0t  and operator-norm 
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continuous for .0t  Thus, by Theorem 2.6, the corresponding resolvent 
operator is operator-norm continuous. 

Define 

.,,, t
tttt  

Let 

,,,
1

,,
0

2
2 t

t

t
dssstt

e
etPtth  

for ,,Jt  

,~ txthxt  for ,,, ADxJt  

1

0 0
2
1

,1log,
b

dtdttq  

for ,, HJC  

,,tMutBu  for .,Jt  

The system (11) can then be rewritten in the following abstract form: 

)17(.0

16,,0for,,,

0

0

q

bttButPtth

dsdtsstdttAtd
t

 

For all Yy  and ,Rt  it follows: 

,~
Yythytt H  

.~
Yythyttdt

d
H
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Thus, assumptions 1H  and 2H  are satisfied. Consequently, by 

Theorems 2.5 and 2.6, the system (16) admits a resolvent operator 0ttR  

on ,H  which is norm-continuous for .0t  

For any 0r  and ,Ht  with ,rt  ,0t  we can verify 

that 

t

r
dssstttPtth

0
2 ,,,,sup  

.6
3

13
3 323 rb

e
reb

t

t
 

Thus, assumption 6H  holds with 6
3 3b  and .2

1:t  From 

the definition of the term q, we have 

,mes 21
0

Mbq C  

where .,max
,

tM
It

 It is clear that with 

,:sup 2 rqqr  

we have .0inflim r
qr

r
 

Lemma 3.4. The map 00,,0: CCC bq  defined by 

b
dtdttq

0
2
1

,1log,  

is compact. 

Proof. Let CC ,,0 bE  be bounded. As shown earlier, we 

have 

.mes 21
0

Mbq C  
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Thus, Eq  is bounded. Since  is uniformly continuous on ,J  it 

follows that Eq  is equicontinuous on .  By the Ascoli-Arzelà theorem, 

Eq  is relatively compact in .0C  Hence, q is compact.  

By Lemma 3.4, q is compact, satisfying .6H  For ,  the operator 

 is given by 

b
dssBusbMu

0
.,R  

Assuming  satisfies ,4H  and the following inequalities hold: 

,1~1~ LbLMM B  (18) 

.1~1~4: 2
BLbKM  (19) 

Then all conditions of Theorem 3.2 are satisfied. Thus, the system (11) is 
controllable on J. 

3.3. Application to fractional integro-differential systems with delay 

To demonstrate the applicability of our main results, we consider a 
fractional integro-differential system governed by the Caputo derivative on a 

bounded spatial domain. Let nR  be a domain with smooth boundary, 

and take 2LH  as our Banach space. Then we examine the following 

controlled system with time delay: 

t st
t

C tudssettD
0

,,,,  

,,,1
,

t
t  (20) 

where ,10  0  represents the delay, and 0  is the control gain. 

The system satisfies Dirichlet boundary condition 0  and initial 

condition tt  for .0,t  
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The operator A  with domain 1
0

2 HHD ∩A  generates 

an analytic semigroup on ,2L  fulfilling hypothesis 1H  from Section 2. 

The kernel Astest  satisfies the regularity conditions of ,2H  

and the resolvent operator tR  associated with this system admits the 

decay estimate .1CttR  The nonlinear term ttf ,  

tt 1  is Lipschitz continuous with constant ,1fL  

complying with the growth restriction in .5H  

To verify controllability via Theorem 3.2, we first observe that the 
linearized system is controllable when  exceeds a threshold 0  

computable  from the eigenfunctions of .  The fractional resolvent’s 

subordination property ensures the norm continuity requirement 3H  to 

hold. For ,1b  condition (8) reduces to ,1~1~ LLMM B  where 

6
3 2

 derives from the nonlinearity’s bound. With 21t  in 5H  

(iii), inequality (9) becomes ,11~1~4 2
BLKM  achievable when 

the control gain  is sufficiently large. 

4. Discussion and Conclusion 

The results of this study establish new sufficient conditions for the 
controllability of nonlinear integro-differential systems with nonlocal 
conditions. Utilizing the resolvent operator theory and the measure of 
noncompactness, the study demonstrates a robust framework for addressing 
the challenges posed by noncompact semigroups. This approach highlights 
the theoretical and practical significance of ensuring controllability without 
relying on compactness assumptions. 

The derived conditions emphasize the roles of parameters such as the 
resolvent operator continuity and boundedness of functions like h and q. 
Notably, the findings align with the established literature, such as the works 
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of Grimmer [4], in their reliance on operator theory. However, the relaxation 
of compactness constraints presents a key divergence, expanding the 
applicability of the results to systems where traditional compactness 
assumptions fail. 

Despite the comprehensive nature of these results, some exceptions were 
observed. For instance, the controllability conditions outlined in Theorem 3.2 
are dependent on specific boundedness properties and growth rates of h and 
q. These constraints, while mathematically necessary, limit the application to 
systems with more complex nonlocal interactions. Future work could explore 
extensions to such systems, potentially utilizing fractional-order operators or 
more generalized measures of noncompactness. 

A comparison with prior studies, such as [3], reveals substantial 
agreement in the use of fixed-point theorems for addressing controllability. 
However, our framework introduces a novel focus on the operator-norm 
continuity of resolvent operators, as shown in Theorem 3.3. This innovation 
addresses gaps in earlier works, providing a more versatile tool for analyzing 
integro-differential systems in Banach spaces. 

The theoretical implications of these results are far-reaching. They not 
only refine the mathematical understanding of integro-differential equations 
but also lay the groundwork for practical applications. Systems governed             
by memory effects, such as those in viscoelastic materials or population 
dynamics, can now be analyzed with greater precision. The provided 
illustrative example confirms the practical viability of the theoretical 
conditions, showcasing how they translate into real-world scenarios. 

Our findings also underscore the importance of specific parameter 
thresholds, such as those in equations (8) and (9). These thresholds serve as 
critical indicators of system behavior, guiding both theoretical exploration 
and experimental design. The significance of these results lies in their ability 
to bridge the gap between abstract operator theory and practical system 
analysis. 
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In conclusion, this study makes a significant contribution to the field               
of integro-differential equations. By addressing the limitations of existing 
frameworks and introducing new methodologies, it provides a comprehensive 
approach to analyze and ensure controllability. The results not only advance 
the theoretical discourse but also open avenues for future research, 
particularly in extending these methods to broader classes of systems. These 
contributions reinforce the study’s relevance and potential impact across 
mathematics and applied sciences. 
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