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Abstract

In this paper, we introduce a new class of mappings, called
generalized # -F -contractive mappings, within the framework of

complete fuzzy metric spaces. Our approach generalizes existing
fixed point results and establishes conditions under which a unique
fixed point exists. Some examples are provided to demonstrate the
applicability of our theorem. This work contributes to the ongoing
development of fixed point theory in fuzzy metric spaces, particularly

in the context of non-classical contractions.
1. Introduction

Fixed point theory in fuzzy metric spaces has garnered significant
attention because of its potential in modeling real-world problems involving
uncertainty. Since the pioneering work of Kramosil and Michalek, numerous
researchers have extended classical fixed point results to fuzzy settings.
Several contractive conditions, including Banach, Kannan [29], Chatterjea
[30], and Ciric types [31], have been adapted to fuzzy metric spaces.
Recently, more generalized notions such as F-contraction, \ -contraction,

and simulation functions have been studied.
2. Preliminaries
We recall essential definitions related to fuzzy metric spaces and

introduce the concepts required for our main result.

In 1906, Maurice Fréchet, in his doctoral dissertation, introduced the
notation of the distance function as: d : X x X — R is a distance function
between any two general objects x, y of a non-empty set X such that satisfy

four postulates:
() d(x, y) =0,

(ii) d(x, y) = 0 ifand only if x = y,

(iii) d(x, y) = d(y, x),
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(iv) d(x, z) < d(x, y) +d(y, z),
forall x, y, z € X.

Later in the year 1914, Felix Hausdorff named it as Metric Space. After
that many researchers generalized this concept and investigated the unique
fixed point mappings in metric spaces. In this context, a very basic result is
known as the Banach contraction principle, introduced by Banach [2] in
1922. Later, many researchers generalized this principle to different spaces.

In fact, classical theory is a pure concept oriented and it does not deal
with the concepts where the uncertainty is involved. To overcome this, in
1965, Zadeh [28] introduced the idea of a fuzzy set. In 1975, Kramosil and
Michalek [13] expanded upon the idea of probabilistic metric spaces,
introducing and developing the concept of fuzzy metric space, which is also
known as KM-fuzzy metric space.

In 1981, Heilpern [10] generalized the concept of contraction type
mappings to the fuzzy sets defined on a complete metric linear space, called
contraction fuzzy mapping and investigated the fixed point theorem for these
mappings. This pioneering work has since inspired numerous researchers to
explore various types of contraction and contractive type fuzzy mappings to
establish a unique fixed point in various metric spaces [1, 3, 4, 14, 16].

On the other hand, Grabiec [8] initiated the study of fuzzy fixed point
theorems in fuzzy metric spaces by formulating a fuzzy version of the
Banach contraction principle. Subsequently, many researchers have extended
this line of work by exploring contraction and contractive mappings in fuzzy
metric spaces, thereby establishing conditions for the existence of unique
fixed points [9, 11, 12, 15, 18, 20-27].

In the sequel, unless there is a special explanation, the set of natural

numbers is denoted by N, non-negative integers by N, real numbers by

R, and positive real numbers by R = (0, ). Moreover, #((0, 1]) is a set
of all strictly decreasing functions defined as 1 : (0, 1] — [0, 1] satisfies the

conditions:
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(m—1): forany p, g € (0, 1] with p < g, n(p) > n(g) and n(p) < p.
Mm-1: {n(p) : ¥p € (0, 1]} is bounded.
Further, #([0, 1]) is a set of all strictly increasing functions defined as
F :[0,1] — [0, o) such that F(p) < F(q) forall p, g € [0, 1] with p < q.
Similarly, ®(R") is a set of all right continuous functions defined as
o : RY — R* such that ¢(r) < » forall > 0.
Definition 2.1 [19]. A binary operation * : [0, 1] x [0, 1] — [0, 1] is said

to be continuous t-norm (triangular norm) if ([0, 1], *) is an abelian

topological monoid. That is, for a, b, ¢, d € [0, 1], the following conditions

hold:
(t-1): (@axb)*c =ax(bx*c) (ie., * is associative).
(t-2): a*b =b*a (ie., * is commutative).
(t-3): a*1=a forall a € [0, 1].
(t-4): a*b < c*d, whenever a < c and b < d.
(z-5): * is continuous.
For example, a *b = min{a, b}, a*b=max{a+b—1,0}, a*b = ab,
ab ab

a*b=———and a*b =

4+ b—db maxia, b, 4} for some A € (0, 1), etc. are

continuous f-norms.

Definition 2.2 [13]. Let X be any nonempty arbitrary set, * be the
continuous 7-norm and M be a fuzzy set on X2 x [0, ). Then the 3-tuple

(X, M, =) is said to be a fuzzy metric space, if for each x, y, z € X and

t, s >0,
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(KM-1): M(x, y, 0) = 0.
(KM-2): M(x, y, t) =1 forall £ > 0, if and only if x = y.
(KM-3): M(x, y, t) = M(y, x, t).
(KM-4): M(x, y, t)* M(y, z, s) < M(x, z, t + s).
(KM-5): M(x, y, ®): [0, ) — [0, 1] is left continuous.

Definition 2.3 [8]. A sequence {x,} in X is said to converge to x in X, if

lim M(x,, x, t) =1 for each ¢ > 0, and {x,} is said to be Cauchy in X if
n—>0

lim M (x,

n—0

4 p» Xn> 1) =1 foreach ¢ > 0 and p > 0.

As the way of obtaining Hausdorff topology on these spaces, George and
Veeramani [6] imposed some excessive conditions on the fuzzy metric and
since then it was treated as a modified definition of fuzzy metric space (it is
known as GV-Fuzzy Metric Space). In this paper, fuzzy metric space refers

to the GV-Fuzzy Metric Space.

Definition 2.4 [6]. The 3-tuple (X, M, *) is said to be a fuzzy metric

space, if foreach x, y, ze X and ¢, s > 0,
(GV-1): M(x, y, t) >0,
(GV-2): M(x, y, t)=1 forall £ > 0, ifand only if x = y,
(GV-3): M(x, y, t)=M(y, x, t),
(GV-4): M(x, y, t)* M(y, z, s) < M(x, z, t + 5),
(GV-5): M(x, y, ®): (0, 0) — [0, 1] is continuous,

where X is an arbitrary nonempty set, “*” is a continuous 7-norm and M is a

fuzzy set on X2 x (0, o0).
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Lemma 2.5 [8]. Forall x,y in X, M(x, y, ®) is non-decreasing.

In addition, we recall some definitions and concepts for our use.

Definition 2.6 [6]. Let (X, M, *) be a GV-fuzzy metric space.

(i) For every ¢t > 0, an open ball B(x, r, t) centered at x € X with
radius r € (0, 1) is defined as B(x, r, 1) ={y € X : M(x, y, t) > 1 —r}.

(i1) A subset 4 of X is said to be F-bounded if for every t > 0, there
exists 7 € (0, 1) such that M(x, y,t) >1—r forall x, y € 4

(iii) A sequence {x,} converges to x € X, if for each & € (0, 1) and
t > 0, there exists ny € N such that M(x,, x, t) >1—-38 for all n > n.

Moreover, lim M(x,, x, t) = 1.
n—»o0

(iv) A sequence {x,} is said to be Cauchy in X if and only if for each
€>0 and ¢ > 0, there exists ny € N such that M(x,, x,,, 1) > 1 —¢ for

all m, n 2 ny.

(v) A fuzzy metric space is complete iff every Cauchy sequence
converges in it.
(vi) [9] A sequence {t,} is said to be an s-increasing sequence if there

exists ng € N such that ¢, +1<¢,,; forall n > n,.

Theorem 2.7 [9]. For every € > 0 and an s-increasing sequence {t,} in

a complete fuzzy metric space (X, M, *), there exists N € N such that

H M(x, y, t,)>1-¢

n>N

N
Moreover, lim H M(x, y, t,)=1.

=0 p=1
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Definition 2.8. Let (X, M, *) be a fuzzy metric spaceand 7 : X — X

be a function. Then

(1) T is said to be continuous, if for any sequence x, — x as n — o
in X and given ¢ € (0, 1), there exists ny € N such that M(Tx,, Tx, t) >

1—-¢ forall n>ng and ¢ > 0 [9].

(ii) T is said to be t-uniformly continuous, if for every ¢ e (0,1),
there exists » € (0, 1) such that M(Tx, Ty, t) > 1 — ¢ whenever M(x, y, t)
>1—v, forall x, y e X and ¢ > 0 [9].

(ii1)) T is said to be o -admissible, if there exists a function o :
X2 xR" > [0, o) such that, forall x, y € X and ¢ > 0,

(@ olx, y, 1) > 1= oTx, Ty, t) > 1,

(b) forany z € X, alx, z, t) > 1 and oy, z, ) > 1 [7].

(iv) [7] T is said to be P-admissible, if there exists a function J:

X% xR" - R* such that, for all x, y € X and ¢ > 0,

@) B(x, y, 1) <1 = B(Tx, Ty, t) < 1,
(b) forany z € X, B(x, z, £) <1 and B(y, z, ) < 1.

This work provided an important basis for the construction of fixed
point theory in fuzzy metric spaces [8, 9, 21, 22, 25]. A number of fixed
point theorems have been obtained by various authors in a fuzzy metric
space by using the concept of contractive map, iteration contraction map,

F-contraction map,  -contractive map, € -contractive map [5, 9, 17, 18, 20],

etc.
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However, the existence of a fixed point in any fuzzy metric space X
depends on a contraction map, which is a self mapping defined on the fuzzy
metric space X. Since the introduction of the fuzzy fixed point theory, many
contraction type mappings were defined on complete fuzzy metric spaces to
establish a unique fixed point. The aim of this paper is to list the contraction

principles and compare the multitude of definitions.

3. Definitions of Fuzzy Contraction and Contractive Mappings

Let X be a fuzzy metric space under the fuzzy metric M, the continuous

€6y
*

t-norm and 7 be a self mapping defined on X.

(3.1) Fuzzy Banach contraction [8]. 7T is said to be fuzzy contraction, if
M(Tx, Ty, kt) > M(x, y, t), where 0 <k <1, forall x, ye X and ¢ > 0.

(3.2) Fuzzy contractive mapping [9]. T is said to be a fuzzy contractive
mapping, if there exists k € (0, 1) such that

1 1
- 1< - _
M(Tx, Ty, 1) "(M(x, ) l)
forall x, ye X and ¢ > 0.

(3.3) Fuzzy v -contractive mapping [15]. T is said to be a fuzzy
v -contractive mapping, if M(Tx, Ty, t) > y(M(x, y, t)) forall x, y e X
and 7> 0, where y is a non-decreasing continuous function defined as
v : [0, 1] = [0, 1] such that y(s) > s for every s € (0, 1).

(3.4) Fuzzy H -contractive mapping [26]. T is said to be a fuzzy
I -contractive, if there exists m e #((0,1]) and k € (0,1) such that
n(M (Tx, Ty, t)) < kn(M(x, y, t)) forall x, y € X and ¢ > 0.

(3.5) Fuzzy o-¢-contractive mapping [7]. T is said to be a fuzzy o-¢-

contractive mapping, if for given o : X ZxR* > [0, 0), T'is o -admissible

and there exists ¢ € @ such that
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1 1
- @ _ <t —— =
ot 3. 7757 ) = a5 )
forall x, ye X and ¢ > 0.

(3.6) Fuzzy iterated contraction mapping [27]. T is said to be a fizzy
t

iterated contraction mapping, if M(Tx, T 2x, =M (x, Tx, kj for all

x,yeX, t>0and 0<k<1.

(3.7) Fuzzy ¥ -contractive mapping [11]. For any F € #([0, 1]), T is
said to be a fuzzy F -contractive mapping, if there exists k € (0, 1) such that
kF(M(Tx, Ty, t)) > F(M(x, y, t)) for all distinct x, y € X and ¢ > 0.

4. Comparison of Fuzzy Contraction and Contractive Mappings

In the above contraction mappings, the respective authors assumed
additional hypotheses on 7, such as continuity or f-uniform continuity,

o -admissibility, [3-admissibility, and the completeness of X, in order to

establish their fixed point results. At this point, we do not make any
restriction on the statements, but at the end of this section, we impose
additional restrictions as needed in order to establish the existence of a fixed
point. We first establish a theorem of partial ordering for the above

contraction principles. Note that a statement like (@) = (b) means that any
function that satisfies condition (@) also satisfies condition ().
Theorem 4.1. The following implications hold:
(i) 3.1) = (3.6)
(i) 3.1) = (3.2)
(iii) (3.1) = (3.3)

(iv) (3.3) & (3.2)



442 J. Ravinder et al.
) (3.5) = (32)
(vi) 3.7) = (3.3)
(vii) 3.4) = (3.1).

Proof. (i) The Picard iteration procedure, which underpins the proof of
the fuzzy Banach contraction principle, also yields the fuzzy iterated
contraction mapping by considering y =Tx and 7y =T 2x, Therefore, fuzzy

iterated contraction mapping is a direct consequence of the fuzzy Banach
contraction principle. That is, for any k € (0, 1), ¢ € RY, set k¢ = ¢;, and

we have

M(Tx’ Ty, kt) 2 M(x, Vs t) = M(Tx, sza tl) 2 M(x, Tx, %j

Hence (3.1) = (3.6).
(ii) Assume that, for any k € (0,1), M(Tx, Ty, kt) > M(x, y, t). Now
for any € R™ and Lemma 2.5, we have
M(Tx, Ty, t) > M(Tx, Ty, kt) > M(x, y, t).
There exists k; € (0, 1) such that kM (Tx, Ty, t) = M(x, y, t). This implies
that

1= M(Tx, Ty, t) _ k(1= M(x, y, 1))
M(Tx, Ty, t) —  M(x, y, 1)

1 1
——————— _— —
= M(Ix, Ty, 1) bs kl(M (x, y, 1) lj'

Hence (3.1) = (3.2). Now, for converse, assume that (3.2) holds, and from

Lemma 2.5, for any k e (0, 1), we have

1—M(Tx, Ty, t) < 1— M(Tx, Ty, kt) - 1-M(x, y, t)
M(Tx, Ty, t) — M(Tx, Ty, t) M(Tx, Ty, t)

= M(Tx, Ty, kt) > M(x, y, t).
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This concludes that (3.1) < (3.2).

(iii) Let w:[0,1] > [0,1] be a non-decreasing function such that
v(0) =0, y(1) =1 and y(r)>r for all » € (0,1). First to prove (3.1) =
(3.3), assume that (3.1) holds and from Lemma 2.5, for every ¢ > 0, there
exists k € (0, 1) such that M(Tx, Ty, t) > M(Tx, Ty, kt) > M(x, y, t). This
implies that w(M(Tx, Ty, t)) > w(M(Tx, Ty, kt)) > y(M(x, y, t)). Now,

there exist &y, k», k3 € (0, 1) such that
kyw(M(Tx, Ty, 1) = M(Ix, Ty, 1),
kyw(M(Tx, Ty, 1)) = w(M(Tx, Ty, kt))
and

k3W(M(Tx’ Ty, kt)) = \V(M(x’ Vs t))
gk .
Now, we get y(M(x, y, t)) = k—M(Tx, Ty, t). 1t is clear that kyk3 < k;
1
keyksy L
and o€ (0, 1). This implies that M(Tx, Ty, t) > y(M(x, y, t)) for all
1
x, ye X and t > 0. Hence (3.1) = (3.3). Now, to prove the converse
(3.3) = (3.1), let us assume that (3.3) holds. That is, M(Tx, Ty, t) >
v(M(x, y, t)). We know that y(M(x, y, t)) > M(x, y,t) and from
Lemma 2.5, for every ¢ > 0, there exists k € (0, 1) such that M(Tx, Ty, ?)
> M(Tx, Ty, kt) > M(x, y, t). Now, there exist ky, k5, kg € (0, 1) such
that kqM(Tx, Ty, t) = w(M(x, y, 1)), ksw(M(x, y, t)) = M(x, y, t), and
keM (Tx, Ty, t) = M(Tx, Ty, kt). Now, we get

ks

; M(Tx, Ty, kt) = M(x, y, t).
6
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. kaks S
It is clear that k4ks < kg and € (0,1). This implies that
6
M(Tx, Ty, kt) > M(x, y, t) for all x, ye X and ¢ > 0. Hence (3.3) =
(3.1), and hence (3.1) < (3.3).

(iv) Assume that (3.3) holds. That is, M(Tx, Ty, t) > y(M(x, y, t)).
Since y is non-decreasing and y(p) > p forall p € (0, 1),

M(Tx, Ty, t) 2 w(M(x, y, t)) > M(x, y, t)
= M(Tx, Ty, t) > M(x, y, t)
=>1-M(x, y,t)>1-M(Tx, Ty, t)

M(Tx, Ty, t)

M(x, y, 1)
M (Tx, Ty, t)

= [1= M,y DV

> [1 = M(Tx, Ty, t)]

= (35 A%(Ti %f)o e

M(x, y, 1)

By taklng k = m

€ (0, 1), we get
1 1
- - 1< S
M Ty, ) ' k(M(x, v, 1) lj'
Hence (3.3) = (3.2). Now, to prove the reverse implication (3.2) = (3.3),

we assume that (3.2) holds. This implies that

M(x, y, )

M(Tx. Ty, 1) 2 e — 3 ey~ Y M G 0 0).

(For an Example of v, we refer [15]). It is clear that M (Tx, Ty, t) >
w(M(x, y, t)). It concludes the implication (3.2) = (3.3). Hence (3.2) <
(3.3).

(v) For each ¢ > 0, there exists k € (0, 1) such that ¢(z) = kz, where ¢

is a right continuous function defined as ¢ : [0, ) — [0, ©©), with ¢(¢) < ¢
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for all 7> 0. For instance, ¢(¢) = % =kt with k = % € (0, 1). Now, by
assuming (3.5), from Definition 2.8(iii), we get

1 1 1
s =) s Y < e )

1
e 1)
Hence (3.5) = (3.2).

(vi) Let us assume that (3.7) holds, that is, for any k € (0, 1),
kF(M(Tx, Ty, t)) > F(M(x, y, t)) forall x, y € X and ¢ > 0, where F is

a strictly increasing function defined as F : [0, 1] —» R™ such that F(r) <
F(s) forall r, s € (0,1) with » < s. Now, let y : [0, 1] = [0, 1] be a non-
decreasing function defined as y(0) =0, w(l) =1 and wy(r) > r for all
r e (0,1). It is clear that F(r) > y(r) for all » € (0,1). Now, for every
r € (0, 1), there exists g € (0, 1) such that y(r) = gF(r). Now, we can
find ki, ky, k3, kg € (0, 1) such that kkyF(M(Tx, Ty, t)) = F(M(x, y, t)),
ko F(M(x, y, 1)) = y(M(x, 1)), kst (M(Tx, Ty, 1)) = w(M(Tx, Ty, 1)), and

kaw(M(Tx, Ty, t)) = M(Tx, Ty, t). Now, we get %M(Tx, Ty, t) =
3k

w(M(x, y, t)), where % € (0, 1) which implies that M (Tx, Ty, t) >
3ky

y(M(x, y, t)). Hence (3.7) = (3.3).

(vii) Let us start with (3.4), that is, for k € (0, 1), n(M(Tx, Ty, t)) <
n(M(x, y,t)) for all x,ye X and t>0, where m is a strictly
decreasing function defined as m: (0, 1] - [0, o), n(r) > n(s) for all
r,s €(0,1) with » <s and n(1)=0. For every x, ye X and ¢ >0,
there exists A € (0, 1) such that n(M(x, y, 1)) < An(M(x, y, At)). It is
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easy to verify by taking n(r) = ﬁ with the fuzzy metric space taken in the
proof of implication (iii). Now, by Lemma 2.5, we get
n(M(Tx, Ty, 1)) < n(M(Tx, Ty, kt)) < kn (M (x, y, k1))
<n(M(x, y, 1)) <n(M(x, y, k)
= n(M(Tx, Ty, kt)) < n(M(x, y, 1))
= M(Tx, Ty, kt) > M(x, y, t).
Hence (3.4) = (3.1). ([

In the above Theorem 4.1, established equivalences between contraction
and contractive mappings, expressed through “<”, remain valid in any
fuzzy metric space provided the corresponding necessary conditions and
functions are satisfied. Nevertheless, when considering only one-sided

(13

implications “=", the converses do not generally hold. To substantiate this,
it becomes essential to construct counterexamples that explicitly demonstrate
the failure of the reverse implication. In this context, we now present the

following examples:

Example 4.2. Let X = [_71, %} be a metric space under the metric

M(x, y, t) = for all x, ye X, ¢t>0 and the continuous ¢-

t+]x -yl
norm “*”, defined as a *b = ab for all a, b € [0, 1]. Define T : X - X

as Tx = x> for all x e X. T satisfies fuzzy iterated contraction (3.6) but
does not satisfy the fuzzy Banach contraction (3.1). Therefore, the
implication (3.1) = (3.6) holds but not (3.6) = (3.1).

Example 4.3. Let X =R be a metric space under the metric M (x, y, t)

—|x - .
= exp{w} for all x, y € X, ¢t > 0 and the continuous z-norm “*”
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defined as a *b = ab forall a, b € [0, 1]. Now, let T : X — X such that

szg forall x € X.

(i) Consider the functions o : X% x R — [0, «) as

{X/ y, if x>y,

alx, y, t) = ,

y/x, ify>x

and ¢ : [0, ©) — [0, ) as ¢(¢) = é T satisfies the fuzzy contractive (3.2)

but not satisfies the fuzzy a-¢ -contractive (3.5). Hence (3.2) =% (3.5).
(ii) Consider the functions F : [0, 1] > [0, ) as F(r) = % and
v :[0,1] > [0,1] as w(r) =vr for all re(0,1). T satisfies the fuzzy

y -contractive (3.3), but for 0 < £ < %, the fuzzy & -contractive (3.7) does

not satisfy. Hence (3.3) =% (3.7).
(iii) Consider the function m: (0, 1] — [0, 1] as n(r) = ln[%j for all

r € (0,1]. T satisfies the fuzzy Banach contraction (3.1), but it does not

satisfy the fuzzy # -contractive (3.4). Hence (3.1) = (3.4).

Remark 4.4. The implications of Theorem 4.1 are summarized in the

diagram below:
G4

U

B6)<= (3.1) < 32) = (3.5

0

(3.3

3.7
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Having derived certain implications, we now define a generalized
contractive principle of the above contractions. Further results will be
established in the complete fuzzy metric space. We begin with the following

lemma:
Lemma 4.5. Let (X, M, *) be a complete fuzzy metric space. For some

A>21 and 0<0 <1, the functions o, P : X? xR* - R* satisfy 1<
ox, y,t) <A and 0<PB(x, y,1)<0<1 for all x,y e X and t > 0.
Further, for any sequence x,, — x, o(x,, x,t) —> 1 and B(x,, x, t) > 1.
Then for every t > 0, there exist a, b, ¢ € [0, ©) with a+b+c <1 and
2b+c <1 such that aP(x, y, t)+ba(x, y, t)+c <1 for all x,yeX.

Moreover, lim (aB(x,, x, )+ ba(x,, x, t)+c) =1.
n—>o0

Proof. Let (X, M, *) be a complete fuzzy metric space and {x,} be
any sequence in X that converges to x € X. Thatis, x, > x as n — oo.

This implies that lim o(x,, x,#)=1 and lim B(x,, x, ) =1. Now,
n—»oo n—»oo

for € €(0,1) choose b, ¢ >0 with 2b+c<1 and a+b+c <1, set

bL+c < ,a:min{l—b— 1(1—£j}>0.Thenforallx,yeX,

“ol" 72

=1.

aP(x, y, t) + ba(x, y, t)+c£a9+bk+c£(1—§j+%

Since x, —> x as n —> o, af(x,, x,t)+bo(x,,x,t)+c—>(a+b+c)<l.
Hence lim (aP(x,, x, t) + ba(x,, x, 1)+ ¢) = 1. O
n—»oo
Example 4.6. Let (X, M, *) be a complete fuzzy metric space. Define
1
B(x, y, 1) = M(x, y, t) and a(x, y, t) = M. .0 for all x, y € X and

¢t > 0. Then aB(x,, x, t) + ba(x,, x,t)+¢c > (a+b+c)<1asn—> o
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Definition 4.7. Let (X, M, *) be a complete fuzzy metric space. An

o and B admissible mapping 7 : X — X is said to be generalized

H -F - contractive, if for every n € #((0,1]) and F e ([0, 1]), there exist

a, b, c € [0, ©) with 2b+ ¢ <1 and a + b + ¢ <1 such that

M(Tx, Ty, t) > aPB(x, y, t) F(min{M (x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ba(x, y, t)n(max{M(x, y, t), M(x, Ty, t), M(p, Ty, t)})
+cmin{M (x, y, t), M(x, Tx, t), M(y, Ty, t)} (4.1)

forall x, y € X and ¢ > 0.

To substantiate this definition, we present the following proposition,
which encapsulates a fundamental implication and provides a rigorous

justification.
Proposition 4.8. (2.1) = (4.1).

Proof. Let (X, M,*) be a complete fuzzy metric space and
T:X — X be the Banach contraction mapping. That is, for k € (0, 1),
M(Tx, Ty, kt) > M(x, y, t) forall x, y € X and ¢ > 0. From Lemma 2.5,
for any k € (0,1), we have M(Tx, Ty, t) > M(Tx, Ty, kt) > M(x, y, t).
From Definition 2.4 (GV-4), for any £, s; > 0, we get

M(Tx, Ty, t;) * M(y, Ty, s1) = M(x, y, t;) * M(y, Ty, 1)
= M(y, Tx, t) > M(x, Ty, t)

and

= M(y, Ty, t) > M(x, Tx, t).
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From equation (4.1), we have

RHS = af(x, y, t)F(min{M (x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ ba(x, y, t)n(max{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})
+cemin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}
RHS < aP(x, y, t)F(min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)})
+ ba(x, y, t)n(max{M(Tx, Ty, t), M(y, Tx, t), M(y, Ty, 1)})
+ cmin{M (Tx, Ty, t), M(y, Ty, t), M(y, Ty, t)}
RHS < aB(x, y, t)F(min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)})
+ ba(x, y, t)n(max{M(Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)})
+ cmin{M (Tx, Ty, t), M(y, Ty, t)}. (4.2)

Case (i). If min{M(Tx, Ty, t), M(y, Ty, t)} = M(Tx, Ty, t), that is,
M(Tx, Ty, t) < M(y, Ty, t), and

max{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(y, Ty, t),

then min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M (Tx, Ty, t), and from
equation (4.2), we get
RHS < aB(x, y, t)F(M(Tx, Ty, t)) + ba(x, y, )n(M(y, Ty, t))

+cM(Tx, Ty, t).

Since F e #([0, 1]) is a strictly increasing function defined as F(q) > ¢
and m e #((0,1]) is a strictly decreasing function defined as n(q) < ¢
for all ¢q €(0,1), there exist p;, py, p3 € (0, 1) such that p;F(q) = g,
n(q) = pag and M(Tx, Ty, t) = psM(y, Ty, t). Thus
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RHS < iIB(x, y, )M (Tx, Ty, 1)+ bpha(x, y, ()M (y, Ty, 1)
P
+ cM(Tx, Ty, t)
a bp1
< 5 Blx, v OM(Tx, Ty, 1) + =Folx, y, )M(Tx, Ty, 1)
P P3
+cM(Tx, Ty, t)
a bp1
<|7B(x, y, 1)+ R alx, y, 1) + ¢ | M(Tx, Ty, 1),
P P3

1 M(Tx, Ty, 1) 1My, Ty, 1))
whete 0 < 2= F a1y, 1) 2T M. Ty, 1)

M(Tx, Ty, t)
M(y, Ty, t)

and p% =

Thus RHS < (a'B(x, y, t) + b'alx, y, t) + )M (Tx, Ty, t),

1

where a' = il’ b = bp;lz and ¢’ = c.
D1 P3

The procedure in Case (i) is adopted in following cases:
Case (ii). If min{M(Tx, Ty, t), M(y, Ty, t)} = M(Tx, Ty, t), that is,
M(Tx, Ty, t) < M(y, Ty, t), and

maX{M(Tx’ Ty’ t)’ M(y’ Tx’ t)’ M(y’ Ty’ t)} = M(y’ Tx’ t)’
then min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(Tx, Ty, t).

Case (iii). If min{M(Tx, Ty, t), M(y, Ty, t)} = M(Tx, Ty, t), that is,
M(Tx, Ty, t) < M(y, Ty, t), and

max{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(y, Ty, t),

then min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(y, Tx, t).
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Case (iv). If min{M(Tx, Ty, t), M(y, Ty, t)} = M(y, Ty, t), that is,
M(Tx, Ty, t) > M(y, Ty, t), and

maX{M(Tx’ Ty’ t)’ M(y’ Tx’ t)’ M(y’ Ty’ t)} = M(y’ Tx’ t)’
then min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(y, Ty, t).

Case (v). If min{M(Tx, Ty, t), M(y, Ty, t)} = M(y, Ty, t), that is,
M(Tx, Ty, t) > M(y, Ty, t), and

max{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(Tx, Ty, t),
then min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(y, Ty, t).

Case (vi). If min{M(Tx, Ty, t), M(y, Ty, t)} = M(y, Ty, t), that is,
M(Tx, Ty, t) > M(y, Ty, t), and

max{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(Tx, Ty, t),
then min{M (Tx, Ty, t), M(y, Tx, t), M(y, Ty, t)} = M(y, Tx, t).
Equation (4.2) can be expressed as
RHS < (aB(x, y, )+ balx, y, 1)+ &)M(Tx, Ty, 1).

By Lemma 4.5, corresponding to each case, there exist some
a,b,Ce [0, ) with 2b +¢ <1 and @ +b +¢ <1 such that ap(x, y, t)

+bo(x, y, 1)+ ¢ < 1. This implies that RHS < M(Tx, Ty, t). Hence
M(Tx, Ty, t) > aP(x, y, t)F(min{M (x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ ba(x, y, )n(max{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ cmin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}.

This concludes the proof. ([
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Lemma 4.9. Let (X, M, *) be a complete fuzzy metric space. For
every ay, by, ¢ in [0, 0) with 2b, + ¢, <1 and ap + by + ¢, <1, if
{arBxn, s Yny» ) + by, s Yy > 1) + Ck\reo IS an s-increasing sequence,
then for every € > 0 and t > 0, there exists N € N such that
m
H(akB(xnk, Vg 1)+ bpalxy, s vy t) +cp) > 1€ forall m> N.

k=0

Moreover,

m
lim H(akB(xnk s Vs )+ Doy, 5 vy, s )+ ) =1 forall myn>N.

m,n—>0 =0

Proof. For every x, y € X and ¢ > 0, there exist a, by, ¢, € [0, »)

with a5 + by, + ¢ <1 and 25, + ¢; <1 such that
akB(xnkv Yy » t) + bka(xnkv Yy t) tCr =4k € (07 1)-

1 . . .
Now, for m e N, let s, = — be an s-increasing sequence. That is,
a

there exists N € N such that s, +1 < s, ; for all m > N. This implies

that —— +1< n}+1 =g +qI" <1= lim ¢/" =1. Hence for every

ar q M=
€ >0 and ¢ > 0, there exists N € N such that

m

H(akB(xnka Vg 1)+ bpalxy, s vy s )+ ) >1-¢
k=0

for all m > N. Further,

m

m, n—»> =0

for all m, n > N. g
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Theorem 4.10. Let (X, M, *) be a complete fuzzy metric space. If an
o and B admissible self-mapping T : X — X is generalized H-T -
contractive, then T has a unique fixed point.

Proof. Let xy € X be such that a(xg, Txg, #) > 1 and B(xg, Txp, 1) <1,
and {x,} be a sequence defined by x,,; = Tx, for all n e Nj. If there
exists n € Ny such that x, = x,,.; = Tx,,, then x, is a fixed point of 7,
and the proof is completed. Now assume that x, # x,,; = Tx,, for all
n e Ny. Since axq, Txg, 1) = oxq, X1, 1) > 1 and B(xq, Txq, t) = B(xg, X1, t)

<1 for all £ > 0, by continuing this process, we get
alx,, Tx,, t) = o(x,, x,.1, t) > 1 and
B(x,, Tx,, t) = B(x,, X,41, 1) <1, Vi>0,VneN,.

This implies that 7 is o and B admissible. Since (X, M, *) is a complete
fuzzy metric space, x,, - x as n — o for some x € X. That is, for every
8€(0,1) and ¢ > 0, there exists N € Ny such that M(x,, x, t) >1-38.
This implies that

lim M(x,,x,t)=1, lim a(x,,x,)=1 and lim B(x,,x, ¢)=1.
n—>owo n—w n—o

Since 7 is a generalized # -F -contractive mapping, there exist
a, b, cel0,©) with 2b+c <1 and a+b+c <1, satisfying equation

(4.1). Now, by taking x = x,, and y = x,,,;, we get
M (Txy, Ty, 1)
2 aP(x,, X1, ) F(min{M (x,,, x,41, 1),
M(xy, Txyips 1), M(xpiys T4, 1)})

+ ba(xn’ Xn+1> t)n(maX{M(xn’ Xn+1> t)’
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M(xys Txpyrs 1), M(xeyrs Ty, 1))
+ emin{M (x,, X415 1), M (5, Ty, £, M (X405 T 0
By the procedure of Proposition 4.8, we get
M(Tx,, Txyiq, 1) 2 aB(xy, x40, 1) F(M (x,, Ty, 1))
+ba(x,, X, 41, MM (xy1q, Ty, 1))
+ M5y e, 1),

where F € F([0, 1]) is a strictly increasing function defined as F(q) > ¢
and n € #((0, 1]) is a strictly decreasing function defined as n(q) < ¢ for
all ¢ € (0, 1). This implies that

ﬂ(M(Xna Xn+1> t)) < M(xn’ Xn+1> t) < F(M(xns Xn+1> t))

for all n € Ny. There exist 7, s; € (0, 1) such that n(M(x,, x,.1, t)) =
MM (x,, x,41, 1) and M(x,, x,1q, t) = s;F(M(x,, x,41, t)). Thus

a
M(Txn’ Txp41 t) 2 S_IB(xn’ Xn+1s Z‘)Z‘/I(xn’ Txp1 t)

+ brla(xns Xn+1> t)M(xst Txp 41, t)
+ cM(x,,, X415 1)
Similarly, we can find some 75, 55 € (0, 1) such that M(x,,, Tx, .1, t) =

nM(x,, x,.1, t) and M(x,, x,,1, t) = soM(x,41, T%x,41, t). Thus

ar
M(Txn’ Txp41 t) 2 S_IZB(xn’ Xn+1s t)M(xn’ Xn+1s t)

bn
+S_21a(xn’ Xn+1» t)M(xn, Xn+1> t)

+ cM(x,,, X415 1)
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We chose positive real numbers a, b, ¢ such that a' = %, b = l;—gl,
¢ =csatisfy a’+b' + ¢ <1 and 20" + ¢' < 1. Thus
M(Tx,y, Txyiq, 8) 2 (@'B(xy, Xuq1, £) + D0y, X4, 1) + € YM (X, X000, 8).
(4.3)

Now, from equations (4.1) and (4.3), for k € N;, we can find
ay, by, ¢ € [0, o) with ay, by, ¢, <1 and 2b;, + ¢, < 1, such that

M (T T ns ) 2> (@BXakes Xniierts 2)

+ by ks Xpigets 1)+ )M (Xpi s Xpyisrs 1)
= M(Xpihi1> Xnak+20 1) = (@B&Xpike> Xpiherts 1)

+ bp (X ks Xppkats 0+ )M (Xips Xpggens 1.

Similarly, for (k—1)e N, we can find a;_q, by_y, ¢j_1 € [0, ) with

ay_1 +by_1 +cr_y <land 2b;_ + ¢;_1 <1, such that
M(Xpiks Xpaksts ) 2 (@ _iBpgp—1s Xpiks 1)
+ b 10X 15 Xy 1)+ Cp1) My k1s Xpigs 8)
= M (X fi1> Xnakr2s 1) = (@B(Xpik> Xpihrts 1)
+ oy s Xpika1s 1)+ Cp)
@B k—1s Xk 1)+ b 10Uy k15 Xy 1)+ Ci1)
M (X 4515 Xpis 0)-
By continuing this procedure, we get
M(Xyki1s Xnike2s 1) 2 (@Biks Xpake1s 2)
+ by ks Xpigts 1)+ )

(g 1Bprk—15 Xk 1)+ 10Xy k15 Xpifs 1) + Cp_1)
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(g oB(Xpsk—2> Xpak—1> 1) + bg_20U(Xp1k—2> Xpsg—1> 1) + Ct_2)

(GQB(Xn, Xn+1> t) + boa(xn’ Xn+1> t) + CO)M(xn’ Xn+1> t)

k

= M(Xpip41> Xnrk+2, 1) 2 H(aiﬁ('xn+i’ Xpti+ls 1)
i=0

+ bia(xnﬂ" Xn+i+lo t) + Ci)M(xns Xn+ls t)'
Hence by Lemma 4.9, for every € > 0 and ¢ > 0, there exists ny € N such
that

k

H (aiB(xn+i’ Xptivls 1)+ bia(xn+i’ Xn+i+ls t) + Ci)M(xnv Xn+1> t) >1-¢
i=0

for all k& > ny.

Moreover,

k
tim T T (@B Ssiins 0+ 500515 X150+ €)M (5 i1, 1) = 1
n

’ i=0

= lim MO g XYage2s 1) = 1
k,n—x©

This implies that {x,} is a Cauchy sequence in X, and {x,} converges to

some x € X.

Now, we see that x € X is a fixed point of 7. From equation (4.3), for
every ¢ > 0, there exist a, b, ¢ € [0, ©) with 2b+c <1l and a+b+c <1

such that
M(Tx, Tx,, t) > (aB(x, x,, t) + ba(x, x,,, t) + c)M(x, x,,, 1)

= lim M(Tx, Tx,, t) > lim (aB(x, x,, t) + bo(x, x,, t) + c)M(x, x,,, t)
n—>o

n—0
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= lim M(Tx, Tx, .1, t) = (aB(x, x, t) + bo(x, x, ) + c)M(x, x, ?)

n—o
= M(Tx, x,t) 2 (a+ b +c)
= M(Tx, x, t) = 1.

Hence 7x = x.

Finally, to prove uniqueness, we assume that there is another fixed point
yin X. Thatis Ty = y. Now, from equation (4.3), for ¢ > 0, we get

M(x, y,t) = M(Tx, Ty, t) > (aB(x, y, t) + bo(x, y, t) + c)M(x, y, t).
Since aP(x, y, t) + balx, y,t)+c <1, for all x,ye X and ¢>0,
M(x, y,t) = M(x, y, t) < x = y. This concludes the proof. O

Now, we strengthen the above Theorem 4.10 with the following

examples.

Example 4.11. Let X =[0,1] be a complete fuzzy metric space
equipped with the fuzzy metric M(x, y, t) = exp{@} for all

x,ye X, t>0 and “#” be the continuous z-norm defined for any

a,be|0,1] as a *b = ab. Now, forevery ¢ > 0, o(x, y, t)=1+@

and B(x, y, t) =1 —M for all x, y € X. Now, let n e #((0, 1])

and F e #([0,1]) with n(g)=1-+/g and F(q)=+lq, respectively.
Now, consider the continuous self-mapping 7 : X — X defined as

Tx = 1—exp{—x} for all x € X. From the graph in Figure 1(a), it is clear
that a(x, y, 1) > 1 and B(x, y, ¢) < 1, thatis, o(x, y, t) is bounded below
by 1 and B(x, y, ¢) is bounded above by 1. Also, it is noticed that as the

number of iterations increases, a(x, y, ¢) and B(x, y, t) converge to 1.
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Figure 1(a). o and B functions.

10.599995

10.99985

0.99975

10.599965

10.99955

10.599945

0.99935

1095925

e LHS = M(T,y, Txpy1 1)

- RHS

1 101 201 301 401 501 601 701
Iteration n — co

Figure 1(b). Existence of # -F -contractive condition, where
RHS = aB(x, y, t)F(min{M (x, y, t), M(x, Ty, t), M(y, Ty, t)})

+ ba(x, y, t)n(max{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})

+ cmin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}.

459

Also, it is clear that 7T is a o and B admissible, and for every ¢ > 0,

x, y € X with x # y, we have
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M(Tx, Ty, t) > M(Tx, Ty, kt) > M(x, y, t).
From the graph given in Figure 1(b), it is clear that for every ¢ > 0 and for
all x, y € X, Tis generalized #-F -contractive. Hence from Theorem 4.10,
T has a unique fixed point x (= 0) in X. To verify the above calculations, the
reader is referred to the computational data for ¢ = 2, a = 0.35, b = 0.25,

and ¢ = 0.4 as presented in Table 1.

Table 1. Computation of fixed point for t =2, a = 0.35, b = 0.25, and
¢ = 0.4, where
RHS = aB(x, y, t)F(min{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ ba(x, y, )n(max{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ cmin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}

n Xy Txy = Xp+1 oy, Xp1.1) B, Xp1,0) M(xy.xpe1.0) | LHS = M(Tx, . Tx,,.1) RHS

1 0.5 0.39346934 1.05326533 0.94673467 0.948128412 0.966483868 0.700897286
2 0.39346934 0.325287996 1.034090672 0.965909328 0.966483868 0.976477425 0.718074632

3 0.325287996 0.277680702 1.023803647 0.976196353 0.976477425 0.982544462 0.727501333
99 0.1019399224 0.01921227 1.000093477 0.999906523 0.999906527 0.999908315 0.749908956
100 0.01921227 0.01902889 1.00009169 0.99990831 0.999908315 0.999910051 0.749910696
101 0.01902889 0.018848984 1.000089953 0.999910047 0.999910051 0.994722224 0.749912387
3362 0.00059395539 | 0.00059377903 1.00000008818 0.99999991182 0.99999991182 0.99999991187 0.74999991403
3363 0.00059377903 | 0.00059360278 1.00000008813 0.99999991187 0.99999991187 0.99999991193 0.74999991408
3364 | 0.00059360278 | 0.00059342663 1.00000008807 0.99999991193 0.99999991193 0.99999991198 0.74999991413

n—® x, >0 Tx, =0 a(x,, x,.0) > 1 | Blx,,x,..0) > 1 | M(x,,x,,,0) > 1 | M(Ix,,Tx,,,1) > 1 RHS — 1

Example 4.12. Let X = [0, ©) be a complete fuzzy metric space under
the fuzzy metric M(x, y, t) = exp{@} forall x, ye X and ¢t >0

with continuous z-norm r * s = min{r, s} for all r, s € [0, 1]. Now, define a

x .
self-mapping 7 : X — X as Tx =4 4 ° if x &[0, 1],
4x, if x € (0, ).
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Now, let F be a strictly increasing function on [0, 1] defined as F(p) =

% for 0 < p <1, and let n be a strictly decreasing function on [0, 1]

defined as n(p) = exp{%} for0< p <1.

Also, let B : X? xR — R be defined as

|
B(x, y, 1) = {E’ for x. y & [0, 1],

1, for x, y e (1, )

and let o : X2 xR — R be defined as

1, forx, yel0,1],

oc(x, Y, t) :{

2, forx, y e(l, o).
Case (i). For x, y € [0, 1], we have
ap(x, y, ) F(min{M (x, y, 1), M(x, Ty, 1), M(y, Ty, 1)})
+bax, y, )n(max{M(x, y, 1), M(x, Ty, 1), M(y, Ty, 1)})
+ cmin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}
< aP(x, y, )F(M(x, Ty, 1)) + balx, y, )n(M(y, Ty, 1))

+cM(x, Ty, t)
< %F(M(x, Ty, 1)) + bn(M (Tx, Ty, 1)) + cM(x, Ty, 1).

ForOSaS%,OSbS%andOSc<1,weget

aB(x, y, t) F(min{M (x, y, 1), M(x, Ty, t), M(p, Ty, t)})

+ ba(x, y, t)n(max{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})
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+ cmin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}

< M(Tx, Ty, t).

Hence T is generalized # -F -contractive, and hence there exists a unique

fixed point x(= 0) € X.
Case (ii). For x, y € (I, ), we have
a(x, y, ) F(min{M (x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ ba(x, y, t)n(max{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})
+ cmin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}

<aB(x, y, ) F(M(x, Ty, t)) + ba(x, y, )n(M(x, y, 1))+ cM(x, Ty, t)
< %F(M(x, Ty, t)) + bn(M(x, v, t)) + cM(x, Ty, t).

For any positive real numbers a, b, c with a + b+ ¢ <1 and 2b+c <1,

we get
ap(x, y, ) F(min{M (x, y, 1), M(x, Ty, t), M(y, Ty, 1)})
+ ba(x, y, t)n(max{M(x, y, t), M(x, Ty, t), M(y, Ty, t)})
+cmin{M(x, y, t), M(x, Tx, t), M(y, Ty, t)}
> M(Tx, Ty, t).
Hence T is not generalized #/-F -contractive in (1, «), and there is no fixed

point in the interval (1, «).
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