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Abstract 

In this paper, we introduce a new class of mappings, called 

generalized FH - -contractive mappings, within the framework of 

complete fuzzy metric spaces. Our approach generalizes existing  

fixed point results and establishes conditions under which a unique 

fixed point exists. Some examples are provided to demonstrate the 

applicability of our theorem. This work contributes to the ongoing 

development of fixed point theory in fuzzy metric spaces, particularly 

in the context of non-classical contractions. 

1. Introduction 

Fixed point theory in fuzzy metric spaces has garnered significant 

attention because of its potential in modeling real-world problems involving 

uncertainty. Since the pioneering work of Kramosil and Michálek, numerous 

researchers have extended classical fixed point results to fuzzy settings. 

Several contractive conditions, including Banach, Kannan [29], Chatterjea 

[30], and Ciric types [31], have been adapted to fuzzy metric spaces. 

Recently, more generalized notions such as F-contraction,  -contraction, 

and simulation functions have been studied. 

2. Preliminaries 

We recall essential definitions related to fuzzy metric spaces and 

introduce the concepts required for our main result. 

In 1906, Maurice Fréchet, in his doctoral dissertation, introduced the 

notation of the distance function as: R XXd :  is a distance function 

between any two general objects x, y of a non-empty set X such that satisfy 

four postulates: 

  (i)   ,0, yxd  

 (ii)   0, yxd  if and only if ,yx   

(iii)    ,,, xydyxd   
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(iv)      ,,,, zydyxdzxd   

for all .,, Xzyx   

Later in the year 1914, Felix Hausdorff named it as Metric Space. After 

that many researchers generalized this concept and investigated the unique 

fixed point mappings in metric spaces. In this context, a very basic result is 

known as the Banach contraction principle, introduced by Banach [2] in 

1922. Later, many researchers generalized this principle to different spaces. 

In fact, classical theory is a pure concept oriented and it does not deal 

with the concepts where the uncertainty is involved. To overcome this, in 

1965, Zadeh [28] introduced the idea of a fuzzy set. In 1975, Kramosil and 

Michálek [13] expanded upon the idea of probabilistic metric spaces, 

introducing and developing the concept of fuzzy metric space, which is also 

known as KM-fuzzy metric space. 

In 1981, Heilpern [10] generalized the concept of contraction type 

mappings to the fuzzy sets defined on a complete metric linear space, called 

contraction fuzzy mapping and investigated the fixed point theorem for these 

mappings. This pioneering work has since inspired numerous researchers to 

explore various types of contraction and contractive type fuzzy mappings to 

establish a unique fixed point in various metric spaces [1, 3, 4, 14, 16]. 

On the other hand, Grabiec [8] initiated the study of fuzzy fixed point 

theorems in fuzzy metric spaces by formulating a fuzzy version of the 

Banach contraction principle. Subsequently, many researchers have extended 

this line of work by exploring contraction and contractive mappings in fuzzy 

metric spaces, thereby establishing conditions for the existence of unique 

fixed points [9, 11, 12, 15, 18, 20-27]. 

In the sequel, unless there is a special explanation, the set of natural 

numbers is denoted by ,N  non-negative integers by ,0N  real numbers by 

,R  and positive real numbers by  .,0 
R  Moreover,   1,0H  is a set 

of all strictly decreasing functions defined as    1,01,0:   satisfies the 

conditions: 
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  :1  for any  1,0, qp  with ,qp      qp   and   .pp   

  :1      1,0:  pp  is bounded. 

Further,   1,0F  is a set of all strictly increasing functions defined as 

    ,01,0:F  such that    qFpF   for all  1,0, qp  with .qp   

Similarly,   R  is a set of all right continuous functions defined as 

  RR:  such that   rr   for all .0r  

Definition 2.1 [19]. A binary operation      1,01,01,0:   is said 

to be continuous t-norm (triangular norm) if   ,1,0  is an abelian 

topological monoid. That is, for  ,1,0,,, dcba  the following conditions 

hold: 

  :1-t     cbacba   (i.e.,   is associative). 

  :2-t  abba   (i.e.,   is commutative). 

  :3-t  aa 1  for all  .1,0a  

  :4-t  ,dcba   whenever ca   and .db   

  :5-t    is continuous. 

For example,  ,,min baba    ,0,1max  baba  ,abba   

abba

ab
ba


  and  

,,max ba

ab
ba  for some  ,1,0  etc. are 

continuous t-norms. 

Definition 2.2 [13]. Let X be any nonempty arbitrary set,   be the 

continuous t-norm and M be a fuzzy set on  .,02 X  Then the 3-tuple 

 ,, MX  is said to be a fuzzy metric space, if for each Xzyx ,,  and 

,0, st  
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(KM-1):   .00,, yxM  

(KM-2):   1,, tyxM  for all ,0t  if and only if .yx   

(KM-3):    .,,,, txyMtyxM   

(KM-4):      .,,,,,, stzxMszyMtyxM   

(KM-5):      1,0,0:,, yxM  is left continuous. 

Definition 2.3 [8]. A sequence  nx  in X is said to converge to x in X, if 

  1,,lim 


txxM n
n

 for each ,0t  and  nx  is said to be Cauchy in X if 

  1,,lim 


txxM npn
n

 for each 0t  and .0p  

As the way of obtaining Hausdorff topology on these spaces, George and 

Veeramani [6] imposed some excessive conditions on the fuzzy metric and 

since then it was treated as a modified definition of fuzzy metric space (it is 

known as GV-Fuzzy Metric Space). In this paper, fuzzy metric space refers 

to the GV-Fuzzy Metric Space. 

Definition 2.4 [6]. The 3-tuple  ,, MX  is said to be a fuzzy metric 

space, if for each Xzyx ,,  and ,0, st  

(GV-1):   ,0,, tyxM  

(GV-2):   1,, tyxM  for all ,0t  if and only if ,yx   

(GV-3):    ,,,,, txyMtyxM   

(GV-4):      ,,,,,,, stzxMszyMtyxM   

(GV-5):      1,0,0:,, yxM  is continuous, 

where X is an arbitrary nonempty set, ”“  is a continuous t-norm and M is a 

fuzzy set on  .,02 X  
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Lemma 2.5 [8]. For all x, y in X,  ,, yxM  is non-decreasing. 

In addition, we recall some definitions and concepts for our use. 

Definition 2.6 [6]. Let  ,, MX  be a GV-fuzzy metric space. 

  (i) For every ,0t  an open ball  trxB ,,  centered at Xx   with 

radius  1,0r  is defined as     .1,,:,, rtyxMXytrxB   

 (ii) A subset A of X is said to be F-bounded if for every ,0t  there 

exists  1,0r  such that   rtyxM  1,,  for all ., Ayx   

(iii) A sequence  nx  converges to ,Xx   if for each  1,0  and 

,0t  there exists N0n  such that    1,, txxM n  for all .0nn   

Moreover,   .1,,lim 


txxM n
n

 

(iv) A sequence  nx  is said to be Cauchy in X if and only if for each 

0  and ,0t  there exists N0n  such that    1,, txxM mn  for 

all ., 0nnm   

 (v) A fuzzy metric space is complete iff every Cauchy sequence 

converges in it. 

(vi) [9] A sequence  nt  is said to be an s-increasing sequence if there 

exists N0n  such that 11  nn tt  for all .0nn   

Theorem 2.7 [9]. For every 0  and an s-increasing sequence  nt  in 

a complete fuzzy metric space  ,,, MX  there exists NN  such that 

 



Nn

ntyxM .1,,  

Moreover,  



N

n
n

N
tyxM

1

.1,,lim  
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Definition 2.8. Let  ,, MX  be a fuzzy metric space and XXT :  

be a function. Then 

  (i) T is said to be continuous, if for any sequence xxn   as n  

in X and given  ,1,0  there exists N0n  such that   tTxTxM n ,,  

1  for all 0nn   and 0t  [9]. 

 (ii) T is said to be t-uniformly continuous, if for every  ,1,0          

there exists  1,0r  such that    1,, tTyTxM  whenever  tyxM ,,  

,1 r  for all Xyx ,  and 0t  [9]. 

(iii) T is said to be  -admissible, if there exists a function :  

   ,02
RX  such that, for all Xyx ,  and ,0t  

(a)     ,1,,1,,  tTyTxtyx  

(b) for any   1,,,  tzxXz  and   1,,  tzy  [7]. 

(iv) [7] T is said to be  -admissible, if there exists a function :  

  RR
2X  such that, for all Xyx ,  and ,0t  

(a)     ,1,,1,,  tTyTxtyx  

(b) for any   1,,,  tzxXz  and   .1,,  tzy  

This work provided an important basis for the construction of fixed 

point theory in fuzzy metric spaces [8, 9, 21, 22, 25]. A number of fixed 

point theorems have been obtained by various authors in a fuzzy metric 

space by using the concept of contractive map, iteration contraction map,         

F-contraction map,  -contractive map,  -contractive map [5, 9, 17, 18, 20], 

etc. 
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However, the existence of a fixed point in any fuzzy metric space X 

depends on a contraction map, which is a self mapping defined on the fuzzy 

metric space X. Since the introduction of the fuzzy fixed point theory, many 

contraction type mappings were defined on complete fuzzy metric spaces to 

establish a unique fixed point. The aim of this paper is to list the contraction 

principles and compare the multitude of definitions. 

3. Definitions of Fuzzy Contraction and Contractive Mappings 

Let X be a fuzzy metric space under the fuzzy metric M, the continuous 

t-norm ”“  and T be a self mapping defined on X. 

(3.1) Fuzzy Banach contraction [8]. T is said to be fuzzy contraction, if 

   ,,,,, tyxMktTyTxM   where ,10  k  for all Xyx ,  and .0t  

(3.2) Fuzzy contractive mapping [9]. T is said to be a fuzzy contractive 

mapping, if there exists  1,0k  such that 

    




  1

,,

1
1

,,

1

tyxM
k

tTyTxM
 

for all Xyx ,  and .0t  

(3.3) Fuzzy  -contractive mapping [15]. T is said to be a fuzzy            

 -contractive mapping, if   tTyTxM ,,    tyxM ,,  for all Xyx ,  

and ,0t  where   is a non-decreasing continuous function defined as 

   1,01,0:   such that   ss   for every  .1,0s  

(3.4) Fuzzy H -contractive mapping [26]. T is said to be a fuzzy       

H -contractive, if there exists   1,0H  and  1,0k  such that 

     tyxMktTyTxM ,,,,   for all Xyx ,  and .0t  

(3.5) Fuzzy - -contractive mapping [7]. T is said to be a fuzzy - -

contractive mapping, if for given  ,,0: 2  
RX  T is  -admissible 

and there exists   such that 
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      




 





  1

,,

1
1

,,

1
,,

tyxMtTyTxM
tyx  

for all Xyx ,  and .0t  

(3.6) Fuzzy iterated contraction mapping [27]. T is said to be a fuzzy 

iterated contraction mapping, if   






k

t
TxxMtxTTxM ,,,, 2  for all 

,, Xyx   0t  and .10  k  

(3.7) Fuzzy F -contractive mapping [11]. For any   ,1,0FF  T is 

said to be a fuzzy F -contractive mapping, if there exists  1,0k  such that 

     tyxMFtTyTxMkF ,,,,   for all distinct Xyx ,  and .0t  

4. Comparison of Fuzzy Contraction and Contractive Mappings 

In the above contraction mappings, the respective authors assumed 

additional hypotheses on T, such as continuity or t-uniform continuity,       

 -admissibility,  -admissibility, and the completeness of X, in order to 

establish their fixed point results. At this point, we do not make any 

restriction on the statements, but at the end of this section, we impose 

additional restrictions as needed in order to establish the existence of a fixed 

point. We first establish a theorem of partial ordering for the above 

contraction principles. Note that a statement like    ba   means that any 

function that satisfies condition  a  also satisfies condition  .b  

Theorem 4.1. The following implications hold: 

  (i) (3.1)   (3.6)  

 (ii) (3.1)   (3.2) 

(iii) (3.1)   (3.3) 

(iv) (3.3)   (3.2) 
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(v) (3.5)   (3.2) 

(vi) (3.7)   (3.3) 

(vii) (3.4)   (3.1). 

Proof. (i) The Picard iteration procedure, which underpins the proof of 

the fuzzy Banach contraction principle, also yields the fuzzy iterated 

contraction mapping by considering Txy   and .2xTTy   Therefore, fuzzy 

iterated contraction mapping is a direct consequence of the fuzzy Banach 

contraction principle. That is, for any  ,1,0k  , Rt  set ,1tkt   and 

we have 

      .,,,,,,,, 1
1

2








k

t
TxxMtxTTxMtyxMktTyTxM  

Hence (3.1)   (3.6). 

(ii) Assume that, for any  ,1,0k     .,,,, tyxMktTyTxM   Now 

for any  Rt  and Lemma 2.5, we have 

     .,,,,,, tyxMktTyTxMtTyTxM   

There exists  1,01 k  such that    .,,,,1 tyxMtTyTxMk   This implies 

that 

 
 

  
 tyxM

tyxMk

tTyTxM

tTyTxM

,,

,,1

,,

,,1 1 



 

    .1
,,

1
1

,,

1
1 






 

tyxM
k

tTyTxM
 

Hence (3.1)   (3.2). Now, for converse, assume that (3.2) holds, and from 

Lemma 2.5, for any  ,1,0k  we have 

 
 

 
 

 
 tTyTxM

tyxM

tTyTxM

ktTyTxM

tTyTxM

tTyTxM

,,

,,1

,,

,,1

,,

,,1 






 

   .,,,, tyxMktTyTxM   
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This concludes that (3.1)   (3.2). 

(iii) Let    1,01,0:   be a non-decreasing function such that 

  ,00     11   and   rr   for all  .1,0r  First to prove (3.1)   

(3.3), assume that (3.1) holds and from Lemma 2.5, for every ,0t  there 

exists  1,0k  such that      .,,,,,, tyxMktTyTxMtTyTxM   This 

implies that         .,,,,,, tyxMktTyTxMtTyTxM   Now, 

there exist  1,0,, 321 kkk  such that 

    ,,,,,1 tTyTxMtTyTxMk   

     ktTyTxMtTyTxMk ,,,,2   

and 

     .,,,,3 tyxMktTyTxMk   

Now, we get     .,,,,
1

32 tTyTxM
k

kk
tyxM   It is clear that 132 kkk   

and  .1,0
1

32 
k

kk
 This implies that     tyxMtTyTxM ,,,,   for all 

Xyx ,  and .0t  Hence (3.1)   (3.3). Now, to prove the converse 

(3.3)   (3.1), let us assume that (3.3) holds. That is,   tTyTxM ,,  

  .,, tyxM  We know that     tyxMtyxM ,,,,   and from 

Lemma 2.5, for every ,0t  there exists  1,0k  such that  tTyTxM ,,  

   .,,,, tyxMktTyTxM   Now, there exist  1,0,, 654 kkk  such 

that     ,,,,,4 tyxMtTyTxMk       ,,,,,5 tyxMtyxMk   and 

   .,,,,6 ktTyTxMtTyTxMk   Now, we get 

   .,,,,
6

54 tyxMktTyTxM
k

kk
  
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It is clear that 654 kkk   and  .1,0
6

54 
k

kk
 This implies that 

   tyxMktTyTxM ,,,,   for all Xyx ,  and .0t  Hence (3.3)   

(3.1), and hence (3.1)   (3.3). 

(iv) Assume that (3.3) holds. That is,     .,,,, tyxMtTyTxM   

Since   is non-decreasing and   pp   for all  ,1,0p  

      tyxMtyxMtTyTxM ,,,,,,   

   tyxMtTyTxM ,,,,   

   tTyTxMtyxM ,,1,,1   

    
      

 tTyTxM

tTyTxM
tTyTxM

tyxM

tyxM
tyxM

,,

,,
,,1

,,

,,
,,1   

 
 

    .1
,,

1

,,

,,
1

,,

1





 





 

tTyTxMtTyTxM

tyxM

tyxM
 

By taking 
 

   ,1,0
,,

,,


tTyTxM

tyxM
k  we get 

    .1
,,

1
1

,,

1





 

tyxM
k

tTyTxM
 

Hence (3.3)   (3.2). Now, to prove the reverse implication (3.2)   (3.3), 

we assume that (3.2) holds. This implies that 

   
       .,,

,,1,,

,,
,, tyxM

tyxMktyxM

tyxM
tTyTxM 


  

(For an Example of ,k  we refer [15]). It is clear that   tTyTxM ,,  

  .,, tyxM  It concludes the implication (3.2)   (3.3). Hence (3.2)   

(3.3).  

(v) For each ,0t  there exists  1,0k  such that   ,ktt   where   

is a right continuous function defined as    ,,0,0:   with   tt   
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for all .0t  For instance,   kt
t

t 
2

 with  .1,0
2

1
k  Now, by 

assuming (3.5), from Definition 2.8(iii), we get 

        




 





  1

,,

1
1

,,

1
,,1

,,

1

tyxMtTyTxM
tyx

tTyTxM
 

  .1
,,

1





 

tyxM
k  

Hence (3.5)   (3.2). 

(vi) Let us assume that (3.7) holds, that is, for any  ,1,0k  

     tyxMFtTyTxMkF ,,,,   for all Xyx ,  and ,0t  where F is 

a strictly increasing function defined as    R1,0:F  such that   rF  

 sF  for all  1,0, sr  with .sr   Now, let    1,01,0:   be a non-

decreasing function defined as   ,00     11   and   rr   for all 

 .1,0r  It is clear that    rrF   for all  .1,0r  Now, for every 

 ,1,0r  there exists  1,0q  such that    .rqFr   Now, we can 

find  1,0,,, 4321 kkkk  such that      ,,,,,1 tyxMFtTyTxMFkk   

     ,,,,,2 tyxMtyxMFk        ,,,,,3 tTyTxMtTyTxMFk   and 

    .,,,,4 tTyTxMtTyTxMk   Now, we get   tTyTxM
kk

kkk
,,

43

21  

  ,,, tyxM  where  1,0
43

21 
kk

kkk
 which implies that   tTyTxM ,,  

  .,, tyxM  Hence (3.7)   (3.3). 

(vii) Let us start with (3.4), that is, for  ,1,0k      tTyTxM ,,  

  tyxMk ,,  for all Xyx ,  and ,0t  where   is a strictly 

decreasing function defined as    ,,01,0:      sr   for all 

 1,0, sr  with sr   and   .01   For every Xyx ,  and ,0t  

there exists  1,0  such that      .,,,, tyxMtyxM   It is 
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easy to verify by taking  
r

r
ln

1
  with the fuzzy metric space taken in the 

proof of implication (iii). Now, by Lemma 2.5, we get 

        ktyxMkktTyTxMtTyTxM ,,,,,,   

     ktyxMtyxM ,,,,   

     tyxMktTyTxM ,,,,   

   .,,,, tyxMktTyTxM   

Hence (3.4)   (3.1). □ 

In the above Theorem 4.1, established equivalences between contraction 

and contractive mappings, expressed through ”,“  remain valid in any 

fuzzy metric space provided the corresponding necessary conditions and 

functions are satisfied. Nevertheless, when considering only one-sided 

implications ”,“  the converses do not generally hold. To substantiate this, 

it becomes essential to construct counterexamples that explicitly demonstrate 

the failure of the reverse implication. In this context, we now present the 

following examples: 

Example 4.2. Let 





2

1
,

2

1
X  be a metric space under the metric 

 
yxt

t
tyxM


,,  for all ,, Xyx   0t  and the continuous t-

norm ”,“  defined as abba   for all  .1,0, ba  Define XXT :  

as 2xTx   for all .Xx   T satisfies fuzzy iterated contraction (3.6) but 

does not satisfy the fuzzy Banach contraction (3.1). Therefore, the 

implication (3.1)   (3.6) holds but not (3.6)   (3.1). 

Example 4.3. Let RX  be a metric space under the metric  tyxM ,,  







 


t

yx
exp  for all ,, Xyx   0t  and the continuous t-norm ”“  
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defined as abba   for all  .1,0, ba  Now, let XXT :  such that 

2

x
Tx   for all .Xx   

  (i) Consider the functions    ,0: 2
RX  as 

 









xyxy

yxyx
tyx

if,

,if,
,,  

and     ,0,0:  as   .
2

t
t   T satisfies the fuzzy contractive (3.2) 

but not satisfies the fuzzy - -contractive (3.5). Hence (3.2)   (3.5). 

 (ii) Consider the functions     ,01,0:F  as  
r

rF
ln

1
  and 

   1,01,0:   as   rr   for all  .1,0r  T satisfies the fuzzy    

 -contractive (3.3), but for ,
2

1
0  k  the fuzzy F -contractive (3.7) does 

not satisfy. Hence (3.3)   (3.7). 

(iii) Consider the function    1,01,0:   as   






r
r

1
ln  for all 

 .1,0r  T satisfies the fuzzy Banach contraction (3.1), but it does not 

satisfy the fuzzy H -contractive (3.4). Hence (3.1)   (3.4). 

Remark 4.4. The implications of Theorem 4.1 are summarized in the 

diagram below: 
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Having derived certain implications, we now define a generalized 

contractive principle of the above contractions. Further results will be 

established in the complete fuzzy metric space. We begin with the following 

lemma: 

Lemma 4.5. Let  ,, MX  be a complete fuzzy metric space. For some 

1  and ,10   the functions   RR
2:, X  satisfy 1  

   tyx ,,  and   1,,0  tyx  for all Xyx ,  and .0t  

Further, for any sequence ,xxn     1,,  txxn  and   .1,,  txxn  

Then for every ,0t  there exist   ,0,, cba  with 1 cba  and 

12  cb  such that     1,,,,  ctyxbtyxa  for all ., Xyx   

Moreover,      .1,,,,lim 


ctxxbtxxa nn
n

 

Proof. Let  ,, MX  be a complete fuzzy metric space and  nx  be   

any sequence in X that converges to .Xx   That is, xxn   as .n  

This implies that   1,,lim 


txxn
n

 and   .1,,lim 


txxn
n

 Now,             

for  1,0  choose 0, cb  with 12  cb  and ,1 cba  set 

,
2


 cb  .0

2
1

1
,1min 





 





 




 cba  Then for all ,, Xyx   

    .1
22

1,,,, 







 

 cbactyxbtyxa  

Since xxn   as ,n        .1,,,,  cbactxxbtxxa nn  

Hence      .1,,,,lim 


ctxxbtxxa nn
n

 □ 

Example 4.6. Let  ,, MX  be a complete fuzzy metric space. Define 

   tyxMtyx ,,,,   and    tyxM
tyx

,,

1
,,   for all Xyx ,  and 

.0t  Then       1,,,,  cbactxxbtxxa nn  as .n  
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Definition 4.7. Let  ,, MX  be a complete fuzzy metric space. An            

  and   admissible mapping XXT :  is said to be generalized 

--FH contractive, if for every   1,0H  and   ,1,0FF  there exist 

  ,0,, cba  with 12  cb  and 1 cba  such that 

           tTyyMtTyxMtyxMFtyxatTyTxM ,,,,,,,,min,,,,   

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      tTyyMtTxxMtyxMc ,,,,,,,,min  (4.1) 

for all Xyx ,  and .0t  

To substantiate this definition, we present the following proposition, 

which encapsulates a fundamental implication and provides a rigorous 

justification. 

Proposition 4.8. (2.1)  (4.1). 

Proof. Let  ,, MX  be a complete fuzzy metric space and 

XXT :  be the Banach contraction mapping. That is, for  ,1,0k  

   tyxMktTyTxM ,,,,   for all Xyx ,  and .0t  From Lemma 2.5, 

for any  ,1,0k  we have      .,,,,,, tyxMktTyTxMtTyTxM   

From Definition 2.4 (GV-4), for any ,0, 11 st  we get 

       1111 ,,,,,,,, sTyyMtyxMsTyyMtTyTxM   

   tTyxMtTxyM ,,,,   

and 

       1111 ,,,,,,,, sTxyMtyxMsTxyMtTyTxM   

   .,,,, tTxxMtTyyM   
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From equation (4.1), we have 

         tTyyMtTyxMtyxMFtyxaRHS ,,,,,,,,min,,  

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      tTyyMtTxxMtyxMc ,,,,,,,,min  

         tTyyMtTxyMtTyTxMFtyxaRHS ,,,,,,,,min,,  

         tTyyMtTxyMtTyTxMtyxb ,,,,,,,,max,,   

      tTyyMtTyyMtTyTxMc ,,,,,,,,min  

         tTyyMtTxyMtTyTxMFtyxaRHS ,,,,,,,,min,,  

         tTyyMtTxyMtTyTxMtyxb ,,,,,,,,max,,   

    .,,,,,min tTyyMtTyTxMc  (4.2) 

Case (i). If       ,,,,,,,,min tTyTxMtTyyMtTyTxM   that is, 

   ,,,,, tTyyMtTyTxM   and 

        ,,,,,,,,,,,max tTyyMtTyyMtTxyMtTyTxM   

then         ,,,,,,,,,,,min tTyTxMtTyyMtTxyMtTyTxM   and from 

equation (4.2), we get 

         tTyyMtyxbtTyTxMFtyxaRHS ,,,,,,,,   

 .,, tTyTxcM  

Since   1,0FF  is a strictly increasing function defined as   qqF   

and   1,0H  is a strictly decreasing function defined as   qq            

for all  ,1,0q  there exist  1,0,, 321 ppp  such that   ,1 qqFp   

  qpq 2  and    .,,,, 3 tTyyMptTyTxM   Thus 
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       tTyyMtyxbptTyTxMtyx
p

a
RHS ,,,,,,,, 1

21
1

  

 tTyTxcM ,,  

       tTyTxMtyx
p

bp
tTyTxMtyx

p

a
,,,,,,,,

1
3

1
2

1
1

  

 tTyTxcM ,,  

     ,,,,,,,
1
3

1
2

1
1

tTyTxMctyx
p

bp
tyx

p

a










  

where 
 
   ,

,,

,,
0 1

1 tTyTxMF

tTyTxM
p   

  
 tTyyM

tTyyM
p

,,

,,1
2


  and 1

3p  

 
  .1

,,

,,


tTyyM

tTyTxM
 

Thus       ,,,,,,, tTyTxMctyxbtyxaRHS   

where 
1
3

1
2

1
1

,
p

bp
b

p

a
a   and .cc   

The procedure in Case (i) is adopted in following cases: 

Case (ii). If       ,,,,,,,,min tTyTxMtTyyMtTyTxM   that is, 

   ,,,,, tTyyMtTyTxM   and 

        ,,,,,,,,,,,max tTxyMtTyyMtTxyMtTyTxM   

then         .,,,,,,,,,,min tTyTxMtTyyMtTxyMtTyTxM   

Case (iii). If       ,,,,,,,,min tTyTxMtTyyMtTyTxM   that is, 

   ,,,,, tTyyMtTyTxM   and 

        ,,,,,,,,,,,max tTyyMtTyyMtTxyMtTyTxM   

then         .,,,,,,,,,,min tTxyMtTyyMtTxyMtTyTxM   
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Case (iv). If       ,,,,,,,,min tTyyMtTyyMtTyTxM   that is, 

   ,,,,, tTyyMtTyTxM   and 

        ,,,,,,,,,,,max tTxyMtTyyMtTxyMtTyTxM   

then         .,,,,,,,,,,min tTyyMtTyyMtTxyMtTyTxM   

Case (v). If       ,,,,,,,,min tTyyMtTyyMtTyTxM   that is, 

   ,,,,, tTyyMtTyTxM   and 

        ,,,,,,,,,,,max tTyTxMtTyyMtTxyMtTyTxM   

then         .,,,,,,,,,,min tTyyMtTyyMtTxyMtTyTxM   

Case (vi). If       ,,,,,,,,min tTyyMtTyyMtTyTxM   that is, 

   ,,,,, tTyyMtTyTxM   and 

        ,,,,,,,,,,,max tTyTxMtTyyMtTxyMtTyTxM   

then         .,,,,,,,,,,min tTxyMtTyyMtTxyMtTyTxM   

Equation (4.2) can be expressed as 

       .,,~,,
~

,,~ tTyTxMctyxbtyxaRHS   

By Lemma 4.5, corresponding to each case, there exist some 

  ,0~,
~

,~ cba  with 1~~
2  cb  and 1~~~  cba  such that  tyxa ,,~  

  .1~,,
~

 ctyxb  This implies that  .,, tTyTxMRHS   Hence 

           tTyyMtTyxMtyxMFtyxatTyTxM ,,,,,,,,min,,,,   

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      .,,,,,,,,min tTyyMtTxxMtyxMc  

This concludes the proof. □ 
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Lemma 4.9. Let  ,, MX  be a complete fuzzy metric space. For   

every ,ka  ,kb  kc  in  ,0  with 12  kk cb  and ,1 kkk cba  if 

      0,,,, kknnknnk ctyxbtyxa
kkkk

 is an s-increasing sequence, 

then for every 0  and ,0t  there exists NN  such that 

     



m

k

knnknnk ctyxbtyxa
kkkk

0

1,,,,  for all .Nm   

Moreover, 

     





m

k

knnknnk
nm

ctyxbtyxa
kkkk

0
,

1,,,,lim  for all ., Nnm   

Proof. For every Xyx ,  and ,0t  there exist   ,0,, kkk cba  

with 1 kkk cba  and 12  kk cb  such that 

     .1,0,,,,  kknnknnk qctyxbtyxa
kkkk

 

Now, for ,Nm  let 
m
k

m
q

s
1

  be an s-increasing sequence. That is, 

there exists NN  such that 11  mm ss  for all .Nm   This implies 

that .1lim1
1

1
1 1

1







m
k

m

m
kkm

k
m
k

qqq
qq

 Hence for every 

0  and ,0t  there exists NN  such that 

     



m

k

knnknnk ctyxbtyxa
kkkk

0

1,,,,  

for all .Nm   Further, 

     





m

k

knnknnk
nm

ctyxbtyxa
kkkk

0
,

1,,,,lim  

for all ., Nnm   □ 
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Theorem 4.10. Let  ,, MX  be a complete fuzzy metric space. If an 

  and   admissible self-mapping XXT :  is generalized FH - -

contractive, then T has a unique fixed point. 

Proof. Let Xx 0  be such that   1,, 00  tTxx  and   ,1,, 00  tTxx  

and  nx  be a sequence defined by nn Txx 1  for all .0Nn  If there 

exists 0Nn  such that ,1 nnn Txxx    then nx  is a fixed point of T, 

and the proof is completed. Now assume that nnn Txxx  1  for all 

.0Nn  Since     1,,,, 1000  txxtTxx  and    txxtTxx ,,,, 1000   

1  for all ,0t  by continuing this process, we get 

    1,,,, 1   txxtTxx nnnn  and 

    .,0,1,,,, 01 N  nttxxtTxx nnnn  

This implies that T is   and   admissible. Since  ,, MX  is a complete 

fuzzy metric space, xxn   as n  for some .Xx   That is, for every 

 1,0  and ,0t  there exists 0NN  such that   .1,, txxM n  

This implies that 

  ,1,,lim 


txxM n
n

     1,,lim 


txxn
n

   and     .1,,lim 


txxn
n

 

Since T is a generalized FH - -contractive mapping, there exist 

  ,0,, cba  with 12  cb  and ,1 cba  satisfying equation 

(4.1). Now, by taking nxx   and ,1 nxy  we get 

 tTxTxM nn ,, 1  

     ,,,min,, 11 txxMFtxxa nnnn   

   tTxxMtTxxM nxnn ,,,,, 111   

     ,,,max,, 11 txxMtxxb nnnn    
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   tTxxMtTxxM nxnn ,,,,, 111   

      .,,,,,,,,min 111 tTxxMtTxxMtxxMc nnnnnn   

By the procedure of Proposition 4.8, we get 

      tTxxMFtxxatTxTxM nnnnnn ,,,,,, 111    

    tTxxMtxxb nxnn ,,,, 111    

 ,,, 1 txxcM nn   

where   1,0FF  is a strictly increasing function defined as   qqF   

and   1,0H  is a strictly decreasing function defined as   qq   for 

all  .1,0q  This implies that 

       txxMFtxxMtxxM nnnnnn ,,,,,, 111    

for all .0Nn  There exist  1,0, 11 sr  such that      txxM nn ,, 1  

 txxMr nn ,, 11   and     .,,,, 111 txxMFstxxM nnnn    Thus 

     tTxxMtxx
s

a
tTxTxM nnnnnn ,,,,,, 11

1
1    

   tTxxMtxxbr nxnn ,,,, 1111   

 .,, 1 txxcM nn   

Similarly, we can find some  1,0, 22 sr  such that    tTxxM nn ,, 1  

 txxMr nn ,, 12   and    .,,,, 1121 tTxxMstxxM nnnn    Thus 

     txxMtxx
s

ar
tTxTxM nnnnnn ,,,,,, 11

1

2
1    

   txxMtxx
s

br
nnnn ,,,, 11

2

1
  

 .,, 1 txxcM nn   
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We chose positive real numbers a, b, c such that ,
1

2

s

ar
a   ,

2

1

s

br
b   

cc   satisfy 1 cba  and .12  cb  Thus 

        .,,,,,,,, 1111 txxMctxxbtxxatTxTxM nnnnnnnn    

 (4.3) 

Now, from equations (4.1) and (4.3), for ,0Nk  we can find 

  ,0,, kkk cba  with 1,, kkk cba  and ,12  kk cb  such that 

    txxatTxTxM knknkknkn ,,,, 11    

    txxMctxxb knknkknknk ,,,, 11    

    txxatxxM knknkknkn ,,,, 121    

    .,,,, 11 txxMctxxb knknkknknk    

Similarly, for   ,1 Nk  we can find   ,0,, 111 kkk cba  with 

1111   kkk cba  and ,12 11   kk cb  such that 

    txxatxxM knknkknkn ,,,, 111    

    txxMctxxb knknkknknk ,,,, 1111    

    txxatxxM knknkknkn ,,,, 121    

  kknknk ctxxb   ,, 1  

    11111 ,,,,   kknknkknknk ctxxbtxxa  

 .,,1 txxM knkn   

By continuing this procedure, we get 

    txxatxxM knknkknkn ,,,, 121    

  kknknk ctxxb   ,, 1  

    11111 ,,,,   kknknkknknk ctxxbtxxa  
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    2122122 ,,,,   kknknkknknk ctxxbtxxa  

⋮  

      txxMctxxbtxxa nnnnnn ,,,,,, 101010    

    


 
k

i

ininiknkn txxatxxM

0

121 ,,,,  

    .,,,, 11 txxMctxxb nniinini    

Hence by Lemma 4.9, for every 0  and ,0t  there exists N0n  such 

that 

      


 
k

i

nniininiinini txxMctxxbtxxa

0

111 1,,,,,,  

for all .0nk   

Moreover, 

      






k

i

nniininiinini
kn

txxMctxxbtxxa

0

111
,

1,,,,,,lim  

  .1,,lim 21
,

 


txxM knkn
nk

 

This implies that  nx  is a Cauchy sequence in X, and  nx  converges to 

some .Xx   

Now, we see that Xx   is a fixed point of T. From equation (4.3), for 

every ,0t  there exist   ,0,, cba  with 12  cb  and 1 cba  

such that 

        txxMctxxbtxxatTxTxM nnnn ,,,,,,,,   

        txxMctxxbtxxatTxTxM nnn
n

n
n

,,,,,,lim,,lim 

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        txxMctxxbtxxatTxTxM n
n

,,,,,,,,lim 1  


 

   cbatxTxM  ,,  

  .1,,  txTxM  

Hence .xTx   

Finally, to prove uniqueness, we assume that there is another fixed point 

y in X. That is .yTy   Now, from equation (4.3), for ,0t  we get 

          .,,,,,,,,,, tyxMctyxbtyxatTyTxMtyxM   

Since     ,1,,,,  ctyxbtyxa  for all Xyx ,  and ,0t  

    .,,,, yxtyxMtyxM   This concludes the  proof. □ 

Now, we strengthen the above Theorem 4.10 with the following 

examples. 

Example 4.11. Let  1,0X  be a complete fuzzy metric space 

equipped with the fuzzy metric  






 


t

yx
tyxM exp,,  for all 

,, Xyx   0t  and ”“  be the continuous t-norm defined for any 

 1,0, ba  as ba   .ab  Now, for every ,0t   
t

yx
tyx


 1,,  

and   1,,  tyx  
t

yx 
  for all ., Xyx   Now, let   1,0H          

and   1,0FF  with   qq  1  and   ,qqF   respectively.            

Now, consider the continuous self-mapping XXT :  defined as 

 xTx  exp1  for all .Xx   From the graph in Figure 1(a), it is clear 

that   1,,  tyx  and   ,1,,  tyx  that is,  tyx ,,  is bounded below 

by 1 and  tyx ,,  is bounded above by 1. Also, it is noticed that as the 

number of iterations increases,  tyx ,,  and  tyx ,,  converge to 1. 
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Figure 1(a).   and   functions. 

 

Figure 1(b). Existence of FH - -contractive condition, where 

         tTyyMtTyxMtyxMFtyxaRHS ,,,,,,,,min,,  

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      .,,,,,,,,min tTyyMtTxxMtyxMc  

Also, it is clear that T is a   and   admissible, and for every ,0t  

Xyx ,  with ,yx   we have 



J. Ravinder et al. 460 

     .,,,,,, tyxMktTyTxMtTyTxM   

From the graph given in Figure 1(b), it is clear that for every 0t  and for 

all ,, Xyx   T is generalized FH - -contractive. Hence from Theorem 4.10, 

T has a unique fixed point  0x  in X. To verify the above calculations, the 

reader is referred to the computational data for ,2t  ,35.0a  ,25.0b  

and 4.0c  as presented in Table 1. 

Table 1. Computation of fixed point for ,2t  ,35.0a  ,25.0b  and 

,4.0c  where 

         tTyyMtTyxMtyxMFtyxaRHS ,,,,,,,,min,,  

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      tTyyMtTxxMtyxMc ,,,,,,,,min  

 

Example 4.12. Let   ,0X  be a complete fuzzy metric space under 

the fuzzy metric  






 


t

yx
tyxM exp,,  for all Xyx ,  and 0t  

with continuous t-norm  srsr ,min  for all  .1,0, sr  Now, define a 

self-mapping XXT :  as  

 








.,0if,4

,1,0if,
4

2

xx

x
x

Tx  
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Now, let F be a strictly increasing function on  1,0  defined as   pF  

pln

1
 for ,10  p  and let   be a strictly decreasing function on  1,0  

defined as  









p

p
1

exp  for .10  p  

Also, let RR  2: X  be defined as 

   

 










,1,for,1

,1,0,for,
2

1

,,

yx

yx
tyx  

and let RR  2: X  be defined as 

 
 

 








.,1,for,2

,1,0,for,1
,,

yx

yx
tyx  

Case (i). For  ,1,0, yx  we have 

         tTyyMtTyxMtyxMFtyxa ,,,,,,,,min,,  

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      tTyyMtTxxMtyxMc ,,,,,,,,min  

         tTyyMtyxbtTyxMFtyxa ,,,,,,,,   

 tTyxcM ,,  

       .,,,,,,
2

tTyxcMtTyTxMbtTyxMF
a

  

For 
2

1
0,

4

1
0  ba  and ,10  c  we get 

         tTyyMtTyxMtyxMFtyxa ,,,,,,,,min,,  

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   
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      tTyyMtTxxMtyxMc ,,,,,,,,min  

 .,, tTyTxM  

Hence T is generalized FH - -contractive, and hence there exists a unique 

fixed point   .0 Xx   

Case (ii). For  ,,1, yx  we have 

         tTyyMtTyxMtyxMFtyxa ,,,,,,,,min,,  

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      tTyyMtTxxMtyxMc ,,,,,,,,min  

           tTyxcMtyxMtyxbtTyxMFtyxa ,,,,,,,,,,   

       .,,,,,,
2

tTyxcMtyxMbtTyxMF
a

  

For any positive real numbers a, b, c with 1 cba  and ,12  cb  

we get 

         tTyyMtTyxMtyxMFtyxa ,,,,,,,,min,,  

         tTyyMtTyxMtyxMtyxb ,,,,,,,,max,,   

      tTyyMtTxxMtyxMc ,,,,,,,,min  

 .,, tTyTxM  

Hence T is not generalized FH - -contractive in  ,,1   and there is no fixed 

point in the interval  .,1   
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