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Abstract 

Let M be a Hilbert module over a ∗C -algebra A and let X be a locally 
compact space with a Radon measure. In this article, we introduce an 
A-valued product for M-valued functions on X which arises from the 
A-valued inner product of M. We associate a multiplication operator 
with the aforementioned product and investigate some of their major 
properties. Notably, we prove that every multiplication operator can be 
approximated by a net of elementary A-compact operators. 
Furthermore, assuming that X is a locally compact group, we provide a 
necessary and sufficient condition under which the multiplication 
operators are multipliers for integrable functions. 

1. Introduction 

The Hilbert ∗C -module structure is a mathematical concept which 

generalizes in a natural way both the Hilbert space structure and the ∗C -

algebra structure. Hilbert ∗C -modules were introduced by Kaplansky [5] 

who used them to establish that a derivation of every type I ∗AW -algebra is 

inner. Paschke extended the notion to noncommutative ∗C -algebras [9]. 

Subsequently, Rieffel formalized the concept of Hilbert ∗C -module and used 

it as a toolkit to construct induced representations of ∗C -algebras [11]. Some 

properties of Hilbert spaces are lost with Hilbert ∗C -modules. The 

decomposition of a Hilbert ∗C -module as an orthogonal summand of closed 
submodules, as well as the polar decomposition of an adjointable operator 

between Hilbert ∗C -modules, may not hold. Hilbert modules play a crucial 
role in noncommutative geometry, in KK-theory and in Morita equivalence. 

We refer to [3, 7] to know more about Hilbert ∗C -modules. 

At the same time, the importance of Lebesgue spaces pL  is well known. 
They generalize the essential concepts of measures and integration. They 
permit to formalize the concept of convolution and transformations such as 
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the Fourier transformation and the Laplace transformation and other 
transformations of the same kind [4, 10]. They are also the natural domain 
for several classes of linear and nonlinear operators, such as integral 
operators, compact operators, etc., [2]. They play an important role in the 

study of the geometry of Banach spaces. The pL  spaces unify fundamental 
concepts and provide invaluable tools for studying problems in pure and 
applied mathematics. In this article, we deal with Lebesgue type spaces 
constructed from the Bochner integral, the so-called Lebesgue-Bochner 
spaces.  

In this paper, we introduce a product on the space of Hilbert ∗C -module 
valued integrable functions on a locally compact space, generated from the 
A-valued inner product, since one cannot handle the point-wise product of 
these functions, because there is no such product on a Hilbert module. We 
also define a multiplication operator relative to the defined product and 
investigate some operator properties. Finally, we give a necessary and 
sufficient condition for which a multiplication operator is a multiplier. The 
paper is organized as follows. Section 1 addresses the definitions and the 
notations we will need in the sequel. Section 2 outlines our main findings. 

2. Preliminaries and Notations 

A Hilbert ∗C -module over A is a right A-module M over a ∗C -algebra A, 

equipped with an A-valued sesquilinear map AMM →×⋅⋅ :,  such that 

the following properties hold for all Myx ∈,  and :Aa ∈  

  (i) A-linearity: ,,, ayxyax =  

 (ii) hermiticity: ,,, ∗= xyyx  

(iii) positivity in ,0,: ≥xxA  

(iv) positive definiteness: ,00, =⇒= xxx  
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(v) completion: M is complete with respect to the norm =Mx  

,, 2
1

Axx  where A⋅  is the norm of A. 

Remark 2.1. (1) The map ⋅⋅,  is called an A-valued inner product. 

(2) If (v) lacks, then M is called a pre-Hilbert A-module. 

Let us provide some examples. 

Example 2.2. (i) Any ∗C -algebra A is a Hilbert module over A under the 
A-valued inner product defined by 

.,,, Abababa ∈= ∗  

(ii) The space ( )
⎭
⎬
⎫

⎩
⎨
⎧

⊂= ∑ ∗

k
kkkA AaaAaH inconverges:  is a Hilbert 

A-module over the ∗C -algebra A. The A-valued inner product is defined by 

( ) ( ) ∑ ∗=
k

kkkk baba .,  The space AH  is called the standard Hilbert ∗C -

module. 

(iii) Let X be a compact space and let dx be a regular Borel measure on 

X. The space ( )XC  of complex-valued functions on X is a Hilbert ∗C -

module over itself with the ( )XC -valued inner product defined by 

( ) ( ) ( )∫ ∈=
X

XCvudxxvxuvu .,,,  

Let X be a locally compact space with a Radon measure .μ  For all 

,1 ∞<≤ p  we designate by ( )MXLp ,  the space of M-valued Bochner p-th 

integrable (class of) functions on X. The map 

( ) ( ) ( ) ( ) p

X
pp

MXL tdtffMXLp

1

, ,,: ⎟
⎠
⎞

⎜
⎝
⎛ μ→⋅ ∫+R  
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is a norm on ( )., MXLp  The space ( )MXLp ,  is a Banach space with 

respect to the norm ( )., MXLp⋅  Let us denote by ( )MXL ,∞  the space of 

measurable functions MXf →:  such that there exists a positive constant 

λ  such that ( ) λ≤Mxf  for all Xx ∈  μ -almost everywhere ( ).a.e.-μ  

The space ( )MXL ,∞  is also a Banach space with respect to the norm 

( )MXL ,∞⋅  defined by 

( ) { ( ) }.everyalmost-for:0inf, xxff MMXL μλ≤≥λ=∞  

If E and F are Banach spaces and FET →:  is a bounded linear operator, 
then the operator norm of T is defined by 

{ }.1:sup ≤= EF xTxT  

Furthermore, let ( )EM ⋅⋅,,  and ( )FN ⋅⋅,,  be two Hilbert A-modules. An 

operator NMT →:  is said to be adjointable if there is a map 

MNT →∗ :  such that MN yTxyTx ∗= ,,  for all Mx ∈  and .Ny ∈  

The map ∗T  is called the adjoint of T. Every adjointable operator is 
necessarily A-linear and bounded [6, page 8]. 

3. Main Results 

Let M be a Hilbert module over the ∗C -algebra A. Let f and g be 
M-valued functions on X. We set 

( ) ( ) ( ) ( ) .,, Xxxgxfxgf ∈=  (3.1) 

The resulting function gf  is an A-valued function on X. 

Proposition 3.1. Let ∞<≤ p1  and let q be such that .111 =+ qp  If 

( )MXLf p ,∈  and ( ),, MXLg q∈  then ( )AXLgf ,1∈  and 
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( ) ( ) ( ).,,,1 MXLMXLAXL qp gfgf ≤  

Proof. Let ( )MXLf p ,∈  and ( )., MXLg q∈  Then, we have 

( ) ( ) ( )∫ μ
X A xdxgf  

( ) ( ) ( )∫ μ=
X A xdxgxf ,  

( ) ( ) ( )∫ μ≤
X MM xdxgxf  

( ) ( ) ( ) ( ) ,
11

∞<⎟
⎠
⎞

⎜
⎝
⎛ μ⎟

⎠
⎞

⎜
⎝
⎛ μ≤ ∫∫

q

X
q
M

p

X
p
M xdxgxdxf  

(using Hölder inequality). 

Hence, ( )AXLgf ,1∈  and 

( ) ( ) ( ).,,,1 MXLMXLAXL qp gfgf ≤  
 

Proposition 3.2. Let ∞<≤ p1  and let q be such that .111 =+ qp  Let 

( ) N∈nnf  be a sequence in ( )MXLp ,  which converges to f in ( )., MXLp  

Then, for all ( ),, MXLg q∈  the sequence ( ) N∈nn gf  converges to 

gf  in ( ).,1 MXL  

Proof. We have 

( ) ( ) ( ) ( ) ( ) ( )∫ μ−=−
X AnAXLn xdxgxfxgxfgfgf ,,,1  

( ) ( ) ( ) ( )∫ μ−=
X An xdxgxfxf ,  

( ) ( ).,, MXLMXLn qp gff −≤  

The result is obtained since ( )MXLn pff ,−  tends to 0 as n goes to 

infinity. 
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Proposition 3.3. Let ( ) N∈nnn gf ,  be a sequence in ( ) ×MXLp ,  

( )MXLq ,  such that ( ) N∈nnf  converges to f in ( )MXLp ,  and ( ) N∈nng  

converges to g in ( )., MXLq  Then, the sequence ( ) N∈nnn gf  converges 

to gf  in ( ).,1 AXL  

Proof. We have 

( )AXLnn gfgf ,1−  

( )AXLnnnn gfgfgfgf ,1−+−=  

( ) ( )AXLnAXLnnn gfgfgfgf ,, 11 −+−≤  

( ) ( ) ( ) ( )MXLnMXLMXLnMXLn pqqp ffgggf ,,,, −+−≤  

( ) ( ) ( ) ( )MXLnMXLMXLnMXLn qpqp ggfggff ,,,, −+−−≤  

( ) ( ).,, MXLnMXL pq ffg −+  

Therefore, ( )AXLnn gfgf ,1−  tends to 0 as n goes to .∞  
 

Let ϕ  and f be M-valued functions on X. Consider the A-linear operator 

ϕT  defined by the formal expression 

.ffT ϕ=ϕ  

Proposition 3.4. Let ( )., MXL∞∈ϕ  Then, the operator ( )MXLT ,: 1
ϕ  

( )AXL ,1→  is bounded with ( )., MXLT ∞ϕ≤ϕ  

Proof. Let ( )MXL ,∞∈ϕ  and ( ).,1 MXLf ∈  Then, we have 

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ μϕ=μϕ
X X AA xdxfxxdxf ,  
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( ) ( ) ( )∫ μϕ≤
X MM xdxfx  

( ) ( ) .,, 1 ∞<ϕ≤ ∞ MXLMXL f  

Thus, ϕT  is bounded with ( )., MXLT ∞ϕ≤ϕ  
 

Proposition 3.5. Let ( )MXL ,2∈ϕ  with .0≠ϕ  Then, the operator 

( ) ( )AXLMXLT ,,: 12 →ϕ  is bounded and ( ).,2 MXLT ϕ=ϕ  

Proof. Let ( ).,, 2 MXLf ∈ϕ  We have 

( ) ( ) ( ) ( ) ( ) ( )∫ ϕ≤μϕ=ϕ X MXLMXLAXL fxdxffT .,,, 221  

Hence, ( ).,2 MXLT ϕ≤ϕ  Moreover, if we set 
( )

∈
ϕ

ϕ
=

MXL
f

,2
 

( ),,2 MXL  then we have 

( ) ( ) ( )∫ μ= ϕϕ X AAXL xdxfTfT ,1  

( ) ( ) ( )∫ μϕ=
X A xdxfx ,  

( )
( ) ( ) ( )∫ μϕϕ

ϕ
=

X A
MXL

xdxx ,1
,2

 

( )
( ) ( )∫ μϕ

ϕ
=

X M
MXL

xdx 2

,2

1  

( ).,2 MXLϕ=  

Hence, ( ) ( ) .,, 12 ϕϕ ≤=ϕ TfT AXLMXL  Finally, ( ).,2 MXLT ϕ=ϕ  
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Consider the set { ( )}MXLT ,: 2∈ϕ= ϕM  endowed with the (strong) 

operator norm. Then, from Proposition 3.5, we deduce the following 
corollary. 

Corollary 3.6. The mapping ϕϕ T  is an isometry from ( )MXL ,2  

onto the space .M  

The Hilbert ∗C -module structure of ( )MXL ,2  with respect to the 

following A-valued inner product was studied in [1, 12]: 

( ) ( ) ( ) ( )∫ μ=
XMXL xdxgxfgf .,, ,2  (3.2) 

Notably, it was proved that the space ( )MXL ,2  is a Hilbert ∗C -module 

over A in [1]. 

Proposition 3.7. Let ( )., MXL∞∈ϕ  Then, the operator ( )MXLT ,: 2
ϕ  

( )AXL ,2→  is adjointable and its adjoint operator ( ) →∗
ϕ AXLT ,: 2  

( )MXL ,2  is defined by ( ) ( ) ( ).xgxxgT ϕ=∗
ϕ  

Proof. Let ( )MXLf ,2∈  and ( ).,2 AXLg ∈  Then, we have 

( ) ( )AXLAXL gfgfT ,, 22 ,, ϕ=ϕ  

( ) ( )[ ] ( ) ( )∫ μϕ= ∗
X

xdxgxf  

( ) ( ) ( ) ( )∫ μϕ= ∗
X

xdxgxfx ,  

( ) ( ) ( ) ( )∫ μϕ=
X

xdxgxxf ,  

( ) ( ) ( ) ( )∫ μϕ=
X

xdxgxxf .,  
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Set ( ) ( ),,,: 22 MXLAXLT →∗
ϕ  ,gTg ∗

ϕ  where ( ) ( ) ( ),xgxxgT ϕ=∗
ϕ  

.Xx ∈  The map ∗
ϕT  is well defined. Indeed, for ( ),,2 AXLg ∈  

( ) ( )∫ μ∗
ϕX M xdxgT 2  

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ μϕ≤μϕ=
X X AMM xdxgxxdxgx 222  

( )
( ) ( )∫ ∞<μϕ≤ ∞ X AMXL

xdxg .22
,

 

Hence, ( )MXLgT ,2∈∗
ϕ  and ( ) ( ).,, ,, 22 MXLAXL gTfgfT ∗

ϕϕ =  On the 

other hand, 

( ) ( ) AMXLMXL gTgTgT ,, 22 , ∗
ϕ

∗
ϕ

∗
ϕ =  

( ) ( ) ( )∫ μ≤ ∗
ϕ

∗
ϕX A xdxgTxgT ,  

( ) ( )∫ μ= ∗
ϕX M xdxgT 2  

( ) ( ) ( )∫ μϕ=
X M xdxgx 2  

( ) ( ) ( )∫ μϕ≤
X AM xdxgx 22  

( ) ( )
.2

,
2

, 2 AXLMXL
g∞ϕ≤  

Hence, ( ) ( ) ( ).,,, 22 AXLMXLMXL ggT ∞ϕ≤∗
ϕ  Therefore, ∗

ϕT  is 

bounded A-linear operator with ( )., MXLT ∞ϕ≤∗
ϕ  Consequently, ϕT  is 

adjointable. 
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In what follows, we recall the definition of an elementary A-compact 
operator. Then, we prove that every multiplication operator can be 
approached by a net of elementary A-compact operators. 

Definition 3.8 [13]. Let M and N be two Hilbert modules over a ∗C -
algebra A. An elementary A-compact operator NMyx →θ :,  with ,Nx ∈  

My ∈  is defined by ( ) .,, zyxzyx =θ  

Proposition 3.9. Let X be a locally compact space with a regular Borel 

measure μ  such that ( ) .∞<μ X  Then, for ( ),,2 MXL∈ϕ  the operator 

( ) ( )MXLMXLT ,,: 22 →ϕ  is the limit of a net of elementary A-compact 

operators. 

Proof. We know that every ∗C -algebra admits an approximate unit [8]. 
Then, let ( ) Λ∈λλu  be an approximate unit for A. For each ,Λ∈λ  let us 

consider the constant function MMh →λ :  defined by ( ) .λλ = uxh  Since 

μ  is a finite measure, λh  belongs to ( ).,2 MXL  Now, define ( )⋅θ
ϕλ,h  

., ⋅ϕ= λh  For ( )MXLf ,2∈  and ,Xx ∈  we have 

( ) ( ) ( ) ( )xfxxhxfh ,, ϕ=θ λϕλ
 

( ) ( ) ., xfxu ϕ= λ  

Thus, we obtain 

( ) ( ) ( ) ( ) ( ) ( ).,,limlim , xfTxfxxfxuxfh ϕλ
λλ

=ϕ=ϕ=θ
ϕλ

 

Therefore, .lim , ϕ
λ

=θ
ϕλ

Th  
 

From now on, let X be a locally compact group. We may take μ  to be a 

left Haar measure on X. For .Xs ∈  Consider the translation operator sτ  

defined on ( )MXL ,1  by ( ) ( ) ( ),1xsfxfs
−=τ  .Xx ∈  We consider the 

following notion of multiplier. 
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Definition 3.10. The operator ( ) ( )AXLMXLT ,,: 11 →  is called a 

multiplier for ( ( ) ( ))AXLMXL ,,, 11  if T commutes with the translation 

operators ,sτ  for all ;Xs ∈  that is ( ) ( )., TffTXs ss τ=τ∈∀  

We obtain the following characterization of multiplication operators 

which are multipliers for ( ( ) ( )).,,, 11 AXLMXL  

Proposition 3.11. The operator ϕT  is a multiplier for ( ( ),,1 MXL  

( ))AXL ,1  if and only if ϕ  is a left invariant function. 

Proof. Let us assume that ϕT  is a multiplier for ( ( ) ( )).,,, 11 AXLMXL  

Let .Xs ∈  For ( )MXLf ,1∈  and ,Xx ∈  we have ( ) ( ).xfTxfT ss τ=τ ϕϕ  

Therefore, ( ) ( ) ( ) ( ) .,, 111 xsfxxsfxs −−− ϕ=ϕ  The latter implies 

( ) ( ) ( ) 0, 11 =ϕ−ϕ −− xsfxxs  for all ( ).,1 MXLf ∈  Since f is an arbitrary 

element of ( ),,1 MXL  ,Xx ∈∀  ( ) ( ) .01 =ϕ−ϕ − xxs  Thus, ϕ  is left 

invariant. 

Reciprocally, assume that ϕ  is left invariant. Let ., Xsx ∈  Then, we 

have 

( ) ( ) ( ) ( )xfxxfT ss τϕ=τϕ ,  

( ) ( )xsfx 1, −ϕ=  

( ) ( ) ( )ϕτϕτ= ofinvarianceleft, xfx ss  

( ) ( )( ) ( )xfs ⋅⋅ϕτ= ,  

( ) ( ).xfTs ϕτ=  

Hence, ( ) ( ).fTfT ss ϕϕ τ=τ  
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4. Conclusion 

In this article, we defined a product for Hilbert ∗C -module valued maps. 
We then considered the corresponding multiplication operators in the 

framework of Hilbert ∗C -modules. We studied their boundedness among 
some Lebesgue-Bochner spaces. Moreover, we established that the 
multiplication operators are limit of a net of elementary A-compact operators. 
Finally, we obtained a characterization of multiplication operators which are 
multipliers. 
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