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Abstract

Over the past decades, the study of quaternions has advanced
significantly, primarily in the field of mathematical analysis [1-5].
These advances have brought to light various generalizations of the
Classical Theory of Complex Analysis, especially in the
differentiation and integration of quaternionic functions. In the realm
of quaternionic differentiation, new methods have been developed to
handle the peculiarities of quaternionic functions, highlighting the
Cauchy-Riemann Equations and a “closed” formulation for the
Cauchy Integral [6, 7]. The main objective of this article is to
demonstrate the equality of the mixed second quaternionic derivatives.
This equality is fundamental for the theoretical development of
quaternionic analysis and can provide new perspectives and
applications related fields.

1. Introduction

Quaternionic analysis has offered new and valuable perspectives in
various fields of science and engineering. Several fundamental theorems of
complex analysis, such as the Cauchy theorem and the Cauchy integral
formula, have analogous results in quaternionic analysis [8, 9]. However, due
to the non-commutative nature of quaternions, there may be properties that
significantly differ from the results obtained so far from the Complex
Analysis. In this work, we present a new result: the equality of mixed second
order quaternionic derivatives. This result demonstrates that, under certain
conditions, the mixed second order quaternionic derivatives of quaternionic
functions are equal. This discovery may not only consolidate the theory of
quaternionic analysis but also open new possibilities for applications in
physics, computing, and other fields.

2. Generalized Cauchy-Riemann Relations and Left and Right
Quaternionic Derivatives

The following theorems present the generalized Cauchy-Riemann
conditions and the right and left quaternionic derivatives. These results will
be important for the purpose of this article.
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Theorem 1. For every pair of points a and b, and any path connecting

them in a simply connected dimensional space, the integral j fdq is
independent of given up way, only if there is a function F = F| +iF, + jF3
+ kFy, with jqu = F(b) — F(a), which satisfies the following relations:

R OF, OF, 0F
oqr  0qy 0Oq3  0qq

oF, 0F _0F,  OF,

oq oqy  Oq3 0q4

8qp  0qy gy 0Oqy’

oFy oy | _oR __of

- - =_——1, 1
oq1  9qp oq3 04y M

Theorem 2. For every pair of points a and b, and any path connecting

them in a simply connected dimensional space, the integral jdqf is
independent of given up way, only if there is a function G = Gy +iG, +
JjG3 + kGy, with quf = G(b) — G(a), which satisfies the following

relations:

0G| _ G, _ Gy _ 3Gy
oqy 0qy Oq3z  0q4’

-2 =22 =31 @)

Theorem 3. Given a function f(q) over the ring of quaternions H, with

differentiable coordinate functions that satisfy relations (1), and a function
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h(q) defined in terms of f(q) by:

N, 9 I, s
) = K@ql " oq; " oq3 " 8(14)

TG
oqr 0qy 0q3 0qy

+j(%_%_f afzj
0q1 0Oqy 0q3 04y

3)
then Ih(q)dq = f(q), and therefore h(q) can be formally treated as the
left quaternionic derivative of f(q) and denoted by h(q) = df(l{_ﬁ{‘])

Theorem 4. Given a function f(q) over the ring of quaternions H, with

differentiable coordinate functions that satisfy relations (2), and a function
g(q) defined in terms of f(q) by:

_1{(oh  9h 95 af4)
gla) = Ka(h B oq "0 oq3 " 094

+i(af_2_%_f af3)
0q1 0qy 0q3  0qy

@-2g-gl o

dq1 04 Oq3  Oqy
then qg(q) = f(q), and tnerefore g(q) can be formally treated as the
hen [ dag(q) = 1(q). and therefore g(q) can be formally treated as th

right quaternionic derivative of f(q) and denoted by g(q) = df;,—;q)
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According to [10], if a complex function f(z) = fi(x, ¥) + if5(x, ») is

differentiable at a point z = x +iy, then at z the first-order partial
derivatives of f; and f, must satisty the Cauchy-Riemann equations

9 _dh 9 __%
ox Oy and oy  oOx

The relationships from Theorems 1 and 2 generalize the Cauchy-Riemann

equations from the complex case to a four-dimensional domain.

Thus, when a function f(q) = fi(q) + if>(q) + jf3(q) + kf4(q) satisfies
the generalized Cauchy-Riemann conditions, the functions f;, f,, f3 and
f4 satisfy a system of differential equations that ensures the smoothness of
the function in a quaternionic sense.

Theorems 3 and 4 provide us with a formula to determine the right and
left quaternionic derivatives of quaternionic functions that satisfy the
generalized Cauchy-Riemann conditions. They will be important for

investigating other properties related to higher-order quaternionic

derivatives.
3. Mixed Second Quaternionic Derivatives

Starting from the left and right quaternionic derivatives given by the

above theorems, we will define the mixed second derivatives left-right and

2
right-left of a quaternionic function f that is, 4,(q) = er(q) and g;(q) =
dq
d* f1(4) .
;2, respectively.
dq

Theorem 5. If f is a quaternionic function that satisfies the generalized
Cauchy-Riemann equations and h is its left quaternionic derivative, then the

mixed second left-right derivative of f'is given by
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2 2
h.(q) = L2 fl _ 28 f2 +2j 0 f3 NpyScals f4 (5)
16 gt oqt oqt oqt

Proof. From the coordinates of #4(g), we will determine A,.(q) as

follows:

10 (o [ 9 s

h(q) = 6[[5(11(5ql+8q2+6q3+8q4
+i(%_%+%_%j
093\ 0q1 0qy 0q3 044

5[@'3 oy O afzj
0q1 0qy 0q3 0qy

+i(i(5f_2_%+af_4_%j
Oq1\9q1 0qy 0qz 04y

o  Oh O3 O j
+ =+ 24+
- 0gy (5611 0qy 0q3  0qy
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SN S/ )

(5f1 L% O af4j
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094\ 0q; 0qy 0q3 04y
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k(i(%Jr%_%_ﬁ)
0q1\Oq; Oqy Oq3 0qq

0q2\0qy 0Oqy 0Oq3  0qq
L0 (% o Y %j
093\ 0q; 0Oqy  0Oq3  0Oqy
_i(%Jr%Jr%Jr%m.
094\ 0q1  0qy 0Oq3 04y

In this way, we conclude that:

)= L[CA_h 2h
1) = 1g 2 2 2 2
oqi 095 Oq5  Oqi

+

, Ph S O, P
04104, 041043 041044

2 2 2 2
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dqi  Oqy  Oq3  Oqj

) azfl -2 82f3 -2 a2f4
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N j[ﬁzfs A Wi
dqf g3 Oqi  Oq3
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2 2 2 2
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Partially differentiating all terms of the equalities in (2) resulting from

the generalized Cauchy-Riemann conditions with respect to g;, we have:

Ofi % _f
aqf 0q10qy  0q10q3 041044

N - R

o2 O0nlay  dqi10q3  0qi0qy

O fs _fs _ K _ S
8q12 04,09, 04,043 041044
Pfy . Of A

= =— . 7
oq? 09109, 0q10q3 091094 @

Partially differentiating all terms of the equalities in (2) resulting from

the generalized Cauchy-Riemann conditions with respect to ¢,, we have:

PH O Ofs _ N
001092 aq3 043042 0q404>

f  Of . fs S

0010qy 543 0q30qy — 0q40q;

o

dqlqy  og3 04304y 04404

Py _ s fh _ Ph
0042 oq3 04304y 04404,

®)

Partially differentiating all terms of the equalities in (2) resulting from

the generalized Cauchy-Riemann conditions with respect to g3, we have:

OCHh o fHh O Oy
01093 042093 g2 0494043
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Ofy _ i _ Pfs_ S
01093 042043 og3 044043

R T

0103 0q20q3  gq3 044043

fy __ f _PhH_ PhH ©
001093 042043 aq3 044043

Partially differentiating all terms of the equalities in (2) resulting from
the generalized Cauchy-Riemann conditions with respect to g4, we have:

e

0q10qs  0g20q4  0q30q4 g2

’fh _ OHh _ s _ S
091044 042094 043044 543

Of _ s _ i _ S
091094  0q0q4

- 043044 43

Py o Ofs _ hH _ PH (10)
0q10q4 042094 043044 g2

The sequences of equalities given in (7), (8), (9), and (10) result in

Ofi_ Ofi_ fi_ O
dsf  0g3  0q3  0qg

fHh  fHh &fh &b

2 2 2 2
oqi 0q> oq;3 0q4

afy  f fH A

2 2 2 2
oqi oq) 0q3 0q;




520 J. Mardo, G. M. dos Reis, M. O. Ribeiro and M. F. Borges

Cfo_ Oh_ O s a1
of oq3 oq3 oa3

By using the equalities (7), (8), (9), (10), and (11) in (6), we simplify the
structure of 4, and obtain

2 2 2 2
h(q) = (106]{1 zaf2 Jaf3+2kaf4j (12)
oqf oqf oqf oqf

Theorem 6. If f is a quaternionic function that satisfies the generalized
Cauchy-Riemann equations and g is its right quaternionic derivative, then
the mixed second right-left derivative of f'is given by

PN 5. 0h 5 0 5 )
gl(q)— 16 10 - 2i 2j + 2k—2% (13)
a611 5% 5% 5%

Proof. From the coordinates of g(g), we will determine g;(g) as

o= e 02

follows:

S8-55-2)

22,2, %, %)
~ 0g,\0q;  0qy  Oq3  Oqy

UGN TP
0q3\0qy Oqy  Oq3  Oqy



Mixed Second-order Quaternionic Derivatives: ...

56]4(% Yo S O D

oqr 0qy O0q3 0qy

( (5’1’3 s N afz)
0q1\0q; 0qy 0Oq3 0qq

_ ﬁ(% 9 9 ﬁ)
042\ 0q1 0qy Oq3 0Oqy

ot I Oz, U )
+ 22 F3 P4
~ 0g3 (afh 0qy  0q3 04y
0 (% o a9 D
RACER R R
k( (5f 4 _9h 9 ﬁj
0q1\0q; 0qy 0Oq3 0qy

L9 (5f3 oy of afz)
0\ 0q; ~ 0qy Oq3  Oqy

_i(%Jrafz L +5f4)ﬂ
094\ 9q1 0qy  0q3  0q4

In this way, we conclude that:

(@) = i O At
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N j(azfg et R A
dqf 03 Oqi 0

0q10q3  ~ 0g20q3 043044

LPh L, h P J

2 2 2 2
+k(5€4+5€4+5€4_5€4
oqi oy  0q3  0qj

-2 o -2 *fo -2 o*f; . (14)
091094 092094~ 0q30q4

Partially differentiating all terms of the equalities in (1) resulting from

the generalized Cauchy-Riemann conditions with respect to g;, we have:

R o
ogt  0m0qy 0193 041044

Ofy _ fi _f S
aqlz 0q10q,  0q10q3 041044
f fs K Dh

oq? 0010qy  Oq10q3 0104

Ofs_ O __Oh O
ogt  0noqx  Oqidq3  0q10q4°

(15)

Partially differentiating all terms of the equalities in (1) resulting from the

generalized Cauchy-Riemann conditions with respect to ¢g,, we have:

OCh _fh _ f _ Oy
001092 53 043042 0q40q>

Of _ Oh_ fy S
onlqy  og3 043042 04404,
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fy  Pfy KR S

0nlqy g3 0g30q; ~ 0q40q;

Pfy /s _ PH _ Ph (16)
0009, 4 q% 0q30q> 04404,

Partially differentiating all terms of the equalities in (1) resulting from

the generalized Cauchy-Riemann conditions with respect to g3, we have:

PH _ O _3f_ Nk
01093 042093 g3 044043

Ofh _ PHh _f
0qi1093 092093 g3 044043

R A

0qdqs 0043 o427 044043

Ofs _ Of _ O Pfi (17)
091095  0g,0q; 6q§ 044043

Partially differentiating all terms of the equalities in (1) resulting from

the generalized Cauchy-Riemann conditions with respect to g4, we have:

PH O _f N
091044 092094 093044 g43

I e o -

0qi0qs 042044  0q3044 g3

s P KN

0qi0qy  0q20qs  0q30qs g2

Pfy  f . &fH Ph

= - = . 18
091094  0q20q4 093094 oq3 (18)




524 J. Mardo, G. M. dos Reis, M. O. Ribeiro and M. F. Borges

The sequences of equalities given in (15), (16), (17), and (18) result in

Ofi_ Ofi_ fi_ O
dsf  0q5  0q5  0qj

A e e

2 2 2 2
oqi oq5 0q3 0q;

f  f K Bh

gt g3 g3 043
a2f4 :_62f4 :_82f4 :_62f4‘ (19)
gt 043 g3 g3

By using the equalities (15), (16), (17), (18), and (19) in (14), we simplify
the structure of g; and obtain

ilg) = g 1024 -2 2 120 T o O | (20)
16 oq 1 a‘ll o qi 56]1

Theorem 7. If f is a quaternionic function that satisfies the generalized
Cauchy-Riemann equations, then its mixed second quaternionic derivatives
are equal.

Proof. In fact, from (5) and (13), we conclude that 4, and g; are equal.

The Clairaut-Schwarz Theorem, which applies to the equality of mixed
partial derivatives, states that, under certain conditions of continuity and
existence, the mixed derivatives of a function of several variables are equal.

Thus, when considering the mixed quaternionic derivatives #4,(g) and
g;(q), we can expect that, under the appropriate conditions of smoothness
and continuity, we have 4,(q) = g;(¢g). This relations not only reinforces the

consistency of quaternionic analysis but also ensures that the differential
properties of quaternionic functions align with the known results of
multivariable analysis, enhancing our understanding of quaternionic
functions and their applications.
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4. Concluding Remarks

The derivatives of quaternionic functions are generally not commutative,
which makes this type of function peculiar and the generalizations made
from results known from Classical Complex Analysis cannot be applied
widely to Quaternionic Functions.

It was found that the higher-order derivatives of quaternionic functions
can be commutative as long as they satisfy conditions already stipulated for
these types of functions. These conditions are known as Generalized
Riemann-Cauchy Conditions, which are two sets of conditions, one on the
right and the other on the left, which relate the partial derivatives of the
components of the functions in question.

The result determined in this work makes it possible to establish
conditions for the mixed second-order derivatives to be equal, which has
important impacts on the analysis of Quaternionic Functions. The first
relevant impact is that conditions for the commutativity of the second-order
derivatives on the right and left have already been established, and now, with
the results established for mixed derivatives, it completes the study of the
derivatives of this type of function and demonstrates that their derivatives
will not necessarily be non-commutative. Secondly, it is possible to draw
new conclusions about derivatives of order greater than 2, since the results
for order 2 have already been established.

Finally, the study presented here could generate new results about the
derivation and integration of this type of function, making it possible to find
out more about the derivatives of this type of function.
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