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Abstract

This note develops a potential theory of biharmonic functions defined
on parabolic or hyperbolic Riemann surfaces. The novel feature is that
the proofs do not make explicit use of derivatives of functions on the
surfaces. A classification theory of Riemann surfaces based on the

properties of biharmonic functions and bipotentials is introduced.
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1. Introduction

The theory of harmonic and subharmonic functions, logarithmic and
Green potentials and the classification theory based on their properties on
Riemann surfaces is a subject well-developed by mathematicians from Japan,
Finland, Romania, etc. Related to this is the study of biharmonic functions on
Euclidean domains, useful in the theory of elasticity and bending plates. In
this note, we develop a theory of biharmonic functions on Riemann surfaces
depending much on the Laplace operator as a differential operator. For this,

we make use of a result of Brelot’s proved years ago.
In fact, Brelot [3] has proved that if f(x) >0 is a locally Lebesgue

integrable function on the Euclidean space R”, n > 2, then there exists a

superharmonic function s(x) on R” such that —As(x) = f(x). Here the

operator A is taken in the sense of distributions; the existence of such a

superharmonic function is assured even if f(x) is replaced by a Radon
measure . To prove this, he makes use of the Runge-type approximation
theorem for harmonic functions: If K is a compact set contained in an open

set ® in R” and if A(x) is a harmonic function on ® and € > 0 given, then

there exists a harmonic function H(x) on R" such that | H(x) - h(x)| < ¢
if x e K.

Now such an approximation theorem is available on Riemannian surfaces
also (Pfluger [8]). Using this harmonic approximation theorem and following
the method of Brelot’s on Euclidean spaces, we can solve the equation

Au(x) = f(x) (respectively a Radon measure p) on a Riemann surface R.

2. Biharmonic Potentials

Notation 1. To say that Lu(x) = f(x) means that a locally integrable

function # on a Riemann surface R is generated by a locally integrable

function or Radon measure f on R. This generation is defined by the
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distributional equation —Au(x) = f(x), which holds at every point x on R

when using a local coordinate system.

A lower semi-continuous function s, where —o < s(x) < oo, is defined

as superharmonic at a point z on a Riemann surface R if it exists within a

neighborhood of z and satisfies the condition Ls(z) > 0. We define s as

superharmonic on the entire surface R if this condition holds true for every
point z on R.

To fully grasp the foundational concepts of this work, an understanding
of the properties of superharmonic and harmonic functions on Riemann
surfaces is essential. These include the Riemann boundary value problem, the
Poisson equation, the existence of superharmonic functions with point
harmonic singularities, and the classification of Riemann surfaces as either
hyperbolic or parabolic. Also crucial is the Domination Principle, which
states that for a locally bounded potential p harmonic outside a set 4, if a

positive superharmonic function s satisfies s(x) > p(x) on 4, then the
inequality holds true for all points x on R. Furthermore, the representation of
positive superharmonic functions as integrals, utilizing Green kernels and
minimal harmonic functions, is a core concept. For a deeper dive into these
topics, see Ahlfors and Sario [1], Forster [5] and Sario and Nakai [12].
Definition 1. For a locally integrable function u(x) on R, let Lu(x) =

v(x). In this sitting, we say:
(1) u is bisuperharmonic (biharmonic) if v is superharmonic (harmonic).
(2) u is a bipotential if  and v are potentials.
(3) u is a biharmonic potential if « is a potential and v is harmonic.

A very important study of polyharmonic functions (in particular,

biharmonic functions) in R” is presented in Nicolesco [7] starting with the
Almansi representation. We find there Liouville-Picard-Hadamard theorem
for polyharmonic functions; Hadamard-Montel theorems for families of
polyharmonic functions; generalized Green formula, Riquier problem etc.
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Notation 2. When u; and u, are two locally integrable functions,
Lu; = vy and Luy = vy, write u; = up ifand only if u; > u, and v; > v,.

Theorem 1. If u = 0 is bisuperharmonic on R, then it is the unique sum

of a bipotential, a biharmonic potential and a non-negative harmonic

function.

Proof. Let Lu(x)=v(x). Since u>0, v is a non-negative
superharmonic function, hence v is the unique sum of a potential p; and a
non-negative harmonic function /. Now there exist superharmonic

functions Q; and sy on R such that LQ;(x) = p;(x) and Ls;(x) = iy(x).

Consequently, Lu = p; + hy = L(Q) + s1), so that u=Q;+s1 + (a
harmonic function %,). Since u > 0, we see that Q; has a subharmonic
minorant in R so that Q) = a potential p, + a harmonic function on R.
Similarly s, = a potential p3; + a harmonic function on R. As a result,
u = pp + p3 + (a harmonic function H). Since u >0, —H < py + p3 so
that —H < 0. Note that since Lp, = LQO; = p;, p, is a bipotential; and

since Lpy = Ls; = hy, p3 is a biharmonic potential.

The uniqueness of decomposition of u = 0 as the sum of a bipotential, a

biharmonic potential and a non-negative harmonic function is a consequence

of the uniqueness of decomposition of a positive superharmonic function as

the sum of a potential and a non-negative harmonic function. U

Theorem 2. Let u(x) be a non-negative bisuperharmonic function on a

Riemann surface R. Then u(x) has the unique integral representation
u(x) = [ G, () + [ Gy ()n()dy + [ () ),

where v(x) is a potential, h(x) is a non-negative harmonic function on R,

and W is a uniquely determined Radon measure on the set Ay of minimal
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harmonic functions f on R. This is a bisuperharmonic analogue of the Riesz

representation theorem.

Remark 1. In R” there are no positive biharmonic potentials for any
n > 2, but there exist positive bipotentials if n > 5.

Definition 2. For a superharmonic function s on a set 4,

R = inf{u, u > 0 superharmonic function on R, and u > s on A}.

Proposition 1. If there exists a (non-harmonic) biharmonic potential
u = 0, then there exist non-zero bipotentials v on R such that u = v.

Proof. Let o be a relatively compact domain in R. Then s = Lu is a
positive superharmonic function and v; = R is a potential on R. Let
Lvy = v > 0, hence v, is a superharmonic function on R. Let Lvy = 5 — v

> 0; then vy also is superharmonic function.

Then L(v, + v3) = Lu so that u = v, + v3 + (a harmonic function / on
R). Since u > 0, v, has a subharmonic minorant on R, hence it is the sum of
a potential p; and a harmonic function; similarly v also is the sum of a
potential p, and a harmonic function. Thus u = p; + p, + (a harmonic
function g on R). Now by using the uniqueness of decomposition, p; + p, is
the potential part of u and g is the harmonic part of u, hence g > 0.
Consequently p; < u and Lp; = Lv, = v;. Note that p; is a bipotential and

u = pp. Write v = py. O

Let us denote by 3 the class of all biharmonic potentials on R.

Theorem 3. If b, by € B are such that b = by, then there is b, € B such
that b = b + b,.

Proof. Let Lb=h and Lb = hy. Since b= b, b=2by and h > hy.
Let ) =h—h and Ls = hy = Lb— Lb;. Hence s+ b = b. Since b and
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b, are potentials and s is superharmonic, it can be seen that s is the sum of a
potential b, and a nonnegative harmonic function H. Thus Lb, = Ls = hy
and (b, + H) + by = b. Consequently by the uniqueness of decomposition
H =0. Thus b, € B and b, + b = b. O

The above proof contains also the proof of the following:

Proposition 2. Suppose by and b, are two biharmonic potentials

generated by hy and h,, respectively. If hy < hy, then b = b.

Theorem 4. If by, by € B, then there exists b= b Y by € B with the
properties: b = b and b= by; and for some by €, if by = b and
by = by, then by = b.

Proof. Let Lb =h and Lby =hy. Then u =sup(ly, hy) is
subharmonic and if A3 = h; Y hy is the least harmonic majorant of u, then

choose b in B for which Lb = h3. Then b = b and b = b,.

If b3 € B is such that by = by and by = by, then hy = hy Y hy, where
hy = Lbs, hence by Proposition 2, by > by Y b,. O

Similarly, we also have

Theorem 5. Suppose by and by, are two biharmonic potentials on R.
Then there exists a biharmonic potential B = by A by such that B < by and
B =< by; and if B' is another biharmonic potential such that B' < by and
B' < by, then B' < B.

Minimal biharmonic potentials in [3:

A biharmonic potential » € B is said to be a minimal biharmonic
potential if v € B and v < b, then v = ab for some 0 < o < 1. Recall that

minimal harmonic functions are important in the context of the integral

representation of positive harmonic functions on R.
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Theorem 6. The biharmonic potential b generated by h, is minimal if
and only if the harmonic function h is minimal.

Proof. Let b be a biharmonic potential, and Lb = A.

(1) Suppose 4 is minimal. Now if 5; is a biharmonic potential, Lb; = h
and by = b, then 7y < h so that by = ah. Thatis Lb = alb. This means
that 5 — ab is harmonic. Since by and ab are potentials, we conclude that

b, = ab. Hence b is a minimal biharmonic potential.

(2) On the other hand, suppose b is a minimal biharmonic potential. Take
a harmonic function A;, 0 < iy < h. Suppose by € B and Lb; = k. Then by

Proposition 2, b < b so that b = ab which implies that 4 = ah. Hence &

1s a minimal harmonic function. O

3. Greatest Biharmonic Minorant

Theorem 7. Suppose u is bisuperharmonic, v is bisubharmonic and

u=v. Then there exists a biharmonic function b, u = b > v. This

biharmonic function b can be chosen such that if b’ is another biharmonic

Sfunction such that u = b’ = v, then b = b'.

Proof. Let A4 be the greatest harmonic minorant of Lu. Then

Lu>h>Lv, since Lv is a subharmonic function dominated by the
superharmonic function Lu.

Let LB=h; Lf = Lu—h and Lg = Lv — h. Then f is superharmonic
and g is subharmonic. Since Lu = Lf + LB, u = f + B+ (a harmonic
function on R) = f'+ B, where f' is a superharmonic function on R.

Similarly, v = g’ + B, where g’ is subharmonic on R.

Since u > v, f'> g'. Let h' be the greatest harmonic minorant of f".

Let b=4"+B. Then Lb=LB =h < Lu.
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Moreover, u = f'+ B> h'"+ B =b. Consequently, the biharmonic
function b < u. Similarly we show that b = v. Thus u = b = v.

Suppose b’ is another biharmonic function such that u > »". Then

u>b" and Lu > Lb'. Here Lu is superharmonic and L&' is harmonic. Since
h is the greatest harmonic minorant of Lu, we conclude that Lu > h > Lb'.

Since, h = LB = Lb, Lb > Lb' so that b’ = b + a subharmonic function w.
Now f"+B=u>b'=b+w=(h"+B)+w.

Since B is real valued except on a polar set E, ' > h'+ w outside E.
Since f' is superharmonic and A'+ w is subharmonic, f'>h"+w

everywhere on R. But 4’ is the greatest harmonic minorant of f”, so that

w < 0. Consequently, »' = b+ w < b; since Lb' < Lb also, b = b". O

Definition 3. The biharmonic function b in the above theorem is termed
the greatest biharmonic minorant of u.

Theorem 8. 4 bisuperharmonic function u = 0 is a bipotential if and
only if the greatest biharmonic minorant of u is 0.

Proof. Suppose the greatest biharmonic minorant of u is 0. Then Lu

should be a potential; otherwise take a harmonic function 2, 0 < A < Lu. Let

Lb=h. Then b is a biharmonic function such that 0 <Xb < u, by

Proposition 2, a contradiction. Hence 4 = 0. This implies that Lu is a
potential. Consequently, u > 0 is a superharmonic function. Actually, u is a
potential. For suppose H is the greatest harmonic minorant of u. Then H can

be considered a biharmonic function so that 0 < H < u. By assumption

then H = 0. Thus u and Lu are potentials on R, that is, u is a bipotential.

Conversely, suppose u is a bipotential on R. Let B be a biharmonic

function such that 0 < B < u. Since LB >0 is harmonic and Lu is a

potential, then LB = 0; that is B is harmonic. Since u is a potential and
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0 < B <u, then B =0. This shows that the greatest biharmonic minorant

of uis 0. O

4. Biharmonic Extension

In a hyperbolic Riemann surface R, if /# is a harmonic function near
infinity (that is, defined outside a compact set) in R, then it is of the form:
h(x) = H(x) + f(x) near infinity where | f(x)| < p(x) for a potential p in
R and H is a uniquely determined harmonic function on R. Here it is
convenient to consider /4 as a local integrable function on R that is harmonic
outside a compact set in R. (See, Rodin and Sario [9], Anandam [2]).

Theorem 9 (Biharmonic extension). Let u be a biharmonic function near
infinity in a hyperbolic Riemann surface R. Then u is of the form:

u(x) = B(x) + b(x) near infinity, where B is a biharmonic function on R and
| Lb(x)| < p(x) for a potential p on R. If u(x) = B'(x)+ b'(x) is another
such representation, then for a harmonic function v on R, B'(x)
= B(x) + v(x) and b'(x) = b(x) — v(x).

Proof. Considering u as a locally integrable function on R that is
biharmonic outside a compact set K, the function 4(x) = Lu(x) is harmonic
near infinity. Then /(x) = H(x) + hj(x), where H(x) is harmonic on R and
| i(x)| < p(x), where p is a potential on R. Let LBj(x) = H(x) so that B,
is biharmonic on R. Let Lbj(x) = hj(x) so that b; is biharmonic near
infinity.

Now Lu(x) = h(x) = H(x) + h(x) = LBj(x) + Lb(x) which leads to
u(x) = By(x) + by(x) + hy(x) outside a compact set. Write &,(x) = Hy(x)
+ I3(x), where H; is harmonic on R and | h3(x)| < p3(x) near infinity for

a potential p3 on R. Hence, outside a compact set in R,

u(x) = By(x) + by (x) + [Hy(x) + s (x)]
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= [By(x) + Hy(x)] + [by (x) + B3 (x)]

= B(x) + b(x).
Here, Lb(x) = Lb(x)+ Lhy(x) = Lbj(x) = iy(x) outside a compact set;
hence | Lb(x)| < p(x).

To prove the uniqueness of the representation up to a harmonic function,
suppose u(x) = B'(x) + b'(x), and | Lb'(x)| < p'(x). Then B(x)—- B'(x) is
biharmonic on R, and |L(B-B')|=|L(d'-b)| < p'+ p. Hence the
harmonic function L(B - B')=0. That is, B—B' =v is a harmonic

function on R and the theorem follows. U

5. Biharmonic Green Function

Kurata and Yamasaki [6], in the framework of discrete harmonic
functions on an infinite network and on homogeneous infinite trees, study the
properties of multiharmonic Green functions. Earlier, Yamasaki [11] had
published an article on biharmonic Green function of an infinite network.

In this section, we discuss the existence and the properties of biharmonic
Green functions on hyperbolic Riemann surfaces.

In a hyperbolic Riemann surface R, let G, be the Green potential having
pole at y. Write Ls(x) = G, (x) so that s is a superharmonic function that is

bisuperharmonic on R and biharmonic outside y. But it is not necessary that s
is a potential on R, even up to an additive harmonic function. In this context,
we have the following theorem:

Theorem 10. The solution s of the equation Ls(x)= Gy(x) is a

potential up to an additive harmonic function if and only if positive
bipotentials exist on R.

Lemma 1. If u is a superharmonic function near infinity on a hyperbolic
Riemann surface R, then u is of the form u(x) = v(x)+ h(x), where v is

superharmonic on R and h is a bounded harmonic function near infinity.
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Proof of Theorem 10. If 5 is the sum of a potential w and a harmonic

function on R, then Lw(x) = Ls(x) = G,(x); then w is actually a bipotential
on R. On the other hand, suppose there is a positive bipotential ¢ on R
generated by a potential p, Lg(x) = p(x), and Ls(x) = G,(x). Let = be a
domain in R that is the pre-image of a disc in ]Rz, containing y. Let
D[G,,(x)] be the Dirichlet solution on R\YX with boundary values G, on
0x and 0 at the point at infinity. Then D[G)(x)] = G,(x) on R\Z. Note
that for some o >0, op(x)> G,(x) on O and consequently, ap(x) >
G,(x) on R\E. Thatis, L{ag(x)] > Ls(x) hence ag(x) = s(x) + u(x) near
infinity except on a polar set, where u is a superharmonic function near
infinity. Consequently since all the functions are superharmonic, ag(x) =
s(x) + u(x) for all x in a neighbourhood of the point at infinity. Then by
Lemma 1, ag(x) = s(x)+ v(x)+ h(x) is near infinity. This implies, since
g(x) > 0, that s has a subharmonic minorant outside a compact set in R,

consequently, s is the sum of a potential w and a harmonic function on R.

n

Remark 2. From the above theorem, we conclude that if there are

bipotentials on R, then there is a bipotential O, on R such that LQ,(x) =
G,(x) for all x in R. We refer to the unique bipotential O, as the

biharmonic Green potential on R having pole at y.

Definition 4. A superharmonic function on R is said to be admissible if it

has a harmonic minorant outside a compact set.

Proposition 3. In a hyperbolic Riemann surface R without the

biharmonic Green kernel, let s(x) > 0 be a superharmonic function on R. If

Lu(x) = s(x), then the superharmonic function u(x) is not admissible.
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Proof. Suppose on the contrary that u is admissible, that is u has a
harmonic minorant outside a compact set on R; then u has a harmonic
minorant on the whole of R [2]. Consequently, u is the sum of a positive

potential v and a harmonic function on R so that Lv(x) = s(x). Now write s
as the sum of a potential p and a non-negative harmonic function 4. Write
Lg(x) = p(x) and LH(x) = h(x) so that Lv(x) = s(x) = L[g(x) + H(x)].
Hence v(x) = g(x) + H(x) + w(x), where ¢ and H are superharmonic and w
is harmonic on R. Consequently, since v(x) > 0, ¢(x) has a subharmonic
minorant on R so that g(x) is the sum of a potential ¢;(x) and a harmonic
function on R. Then Lgi(x)= Lg(x)= p(x) so that ¢; is a positive

bipotential on R, so that the biharmonic Green kernel exists on R (Theorem

10). This contradicts the hypothesis that the biharmonic Green kernel cannot

be defined on R, thus proving the proposition. O

6. Integral Representation of Bipotentials

Let u be a bipotential generated by a potential v and Lv = u is a Radon

measure. Then,

u(x) = j Wz2)G.(x)dz
- [ [ 6,1 |G- (1)
- [|[ 6116006 |y

= [0, (x)du(»).

Note that since u# and v are potentials, the integrals are convergent and

changing the order of integration is justified.



[7]
(8]
(9]
[10]
[11]

[12]

Potential Theory of Biharmonic Functions on Riemann Surfaces 561

References

V. Ahlfors and L. Sario, Riemann Surfaces, Princeton University Press, 1966.

V. Anandam, Espaces harmoniques sans potentiel positif, Ann. Inst. Fourier 22
(1972), 97-160.

M. Brelot, Etude des fonctions sousharmoniques au voisinage d’un point,

Hermann, Paris, 1934.

C. Constantinescu and A. Cornea, Idéale Rénder Riemannsher Fldchen, Springer-
Verlag, 1963.

O. Forster, Lectures on Riemann Surfaces, Graduate Texts in Mathematics,
Springer, 81, 1981.

H. Kurata and M. Yamasaki, Discrete multiharmonic Green functions, Mem. Gra.
Sci. Eng. Shimane University 54 (2021), 1-14.

M. Nicolesco, Les Fonctions Polyharmoniques, Hermann, Paris, 1936.

A. Pfluger, Theorie der Riemannscher Flachen, Springer-Verlag, 89, 1957.
B. Rodin and L. Sario, Principal Functions, Springer, New York, 1968.

M. Tsuji, Potential Theory in Modern Function Theory, Tokyo, 1959.

M. Yamasaki, Biharmonic Green function of an infinite network, Mem. Fac. Sci.
Shimane University 14 (1980), 55-62.

L. Sario and M. Nakai, Classification Theory of Riemann Surfaces, Springer,
1970.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


