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Abstract

A mixed finite element-characteristic mixed volume element is
presented to solve three-dimensional incompressible Darcy-
Forchheimer miscible displacement, and convergence analysis is
shown in this paper. A mixed finite element approximation is applied
to obtain the pressure and Darcy-Forchheimer velocity, and the
accuracy of velocity is improved one order. The concentration is
computed by a coupled scheme of characteristics and mixed volume
element, where the diffusion is treated by the mixed volume element
and the convection is treated by the method of characteristics. The
method of characteristics has strong computation stability at sharp
fronts and it can avoid numerical dispersion and nonphysical
oscillation. Larger time-steps along the characteristics are shown to
result in smaller time-truncation errors than those resulting from
standard methods. More important in numerical simulation of seepage
mechanics, mixed volume element has the property of conservation on
each element and it can obtain numerical solution of the concentration
and its adjoint vector function simultaneously. Using some techniques

of priori estimates of differential equations, we show an optimal

second order estimate in discrete L norm. Numerical data are
consistent with theoretical analysis, and the composite combination
method could possibly become a powerful tool for solving the actual

problems in porous media.

1. Introduction

To consider the miscible displacement of two phases in porous media, a

pressure-velocity mathematical model of Darcy-Forchheimer flow is put

forward. A nonlinear partial differential system with initial-boundary

conditions is formulated as follows to interpret the incompressible
displacement [3, 12, 14, 24].

u(e)xu + Bp(c)| ulu + Vp = r(e)Vd,

X=( 20 eq teJ=(0T]

(1.1a)
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Viu=g=9q;+q, XeQ, tel, (1.1b)

¢%+u-Vc—V-(D(u)Vc):qlcqucl’ XEQ, tEJ, (12)

where Q is a bounded domain in R°.

To describe the displacement of highspeed flow in heterogeneous media
especially nearby the wells [12], Forchheimer put forward one mathematical
model of Darcy-Forchheimer flow and discussed its numerical simulation in

[3]. As B = 0, Darcy-Forchheimer’s law deduces into Darcy’s law. The law
of Darcy-Forchheimer was discussed in [24], and the regularity was analyzed
in [14].

The conservation of mass is formulated by (1.1) and (1.2). p(X, ¢) and
u(X, 7r) denote the pressure and Darcy velocity, respectively. c(X, )
denotes the concentration of one component. k(X), ¢(X) and B(X) mean

the absolute permeability, porosity and Forchheimer coefficient, respectively.

r(X, ¢) is the gravity, and d(X) is the vertical coordinate. g(X, ¢) is the
quantity, usually defined by a linear function of the production ¢, and the
injection gy, i.e., q(X, t) = q;(X, t) + q,(X, t). ¢, a known variable, is
the concentration of injected fluid, and ¢(X, ¢) is the concentration of the

production well.

Suppose that two fluids are incompressible and the total volume of their
mixture is not decreasing. Suppose that they have no chemical reaction

during the mixture. Let p; and p, denote the densities of different fluids and

let the density of their mixture be denoted by
p(c) = cpy + (1= c)py. (1.3)

The mixture’s viscosity is determined by

u(e) = (em 1+ (1= )y, (1.4)
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The diffusion coefficient D(u) is defined by a tensor of molecular diffusion

and engineering dispersion
D(u) = 4d, 1 +|u|(dE(u) + d,E*(w)), (1.5)

where d,,,d; and d; represent the molecular diffusion, the diffusion

coefficients in the direction of the flow and the transverse direction to the

flow, respectively. / denotes a 3 x 3 identity matrix, Fu =u ® u/|u|2,
Et(u) =1 - E(u).
Initial conditions and boundary conditions:
u-v=0 (Du)Ve—-uc)-v=0, XedQ,tel, (1.6a)
c(X,0)=¢p(X), XeQ, (1.6b)
where v is the outer normal vector to the boundary surface, denoted by 0Q.

For two-phase typical displacement problems of Darcy flow in porous
media, the group of Douglas illustrated a series of research work in [9, 10,
29-32]. While they only studied numerical simulation of Darcy flow’s
displacement. A mixed finite element method was introduced to solve the
Forchheimer equation by Girault and Wheeler in [15]. They adopted piece-
wise defined constant functions to approximate the velocity and use
Crouzeix-Raviart element to solve the pressure. This mixed approximation is
called the prime mixed element. Raviart-Thomas mixed element was applied
to solve Forchheimer equation and its theoretical analysis was discussed in
[17, 19]. A block-centered finite difference method was presented to argue
two miscible displacement problems (incompressible or compressible) in
[20-22]. A semidiscrete scheme of the mixed element method and
convergence analysis was argued to solve time-dependent problems by
Douglas and Park in [11, 18]. The discussions of Forchheimer flow seepage
displacement in porous media are developed and generalized from Douglas’s
research, and the mathematical model of Forchheimer flow can describe the
displacement of highspeed flow in heterogeneous media.
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Standard finite element method does produce strong numerical
dispersion and nonphysical oscillation in solving convection-dominated
diffusion problems. To overcome these numerical faults, many scholars put
forward a variety of new approximation techniques such as the Eulerian-
Lagrangian localized adjoint method (ELLAM) [5]. ELLAM can conserve
mass locally but need large-scale computation to evaluate the resulting
integrals. To improve the computational order, Arbogast and Wheeler
presented a locally conservative method of characteristic mixed element in
the time-space variation form in [2]. Using the postprocessing technique,

Arbogast and Wheeler derived error estimates of 3/2 order. While many

mapping integrals of test functions were introduced, it made the computation
more complicated and difficult. We extended the work of Arbogast and
Wheeler [2], and presented a combination method of mixed finite element
and characteristic mixed finite element [26]. Based on numerical
experiments, it followed that computational work was reduced greatly and
this method was feasible and effective to solve many actual problems. While
we only obtained first-order error estimates and it was not applicable for
three-dimensional problems. Finite volume element scheme has the
simplicity of finite difference and the high-order computational accuracy of
finite element method. Moreover, an important physical nature of local
conservation of mass was shown in [26, 27]. So it was used efficiently to
solve partial differential equations. Mixed finite element was used to obtain
the pressure and Darcy velocity simultaneously, and the accuracy was
improved by one order. A mixed finite volume element scheme was studied
in [23, 28] based on combining finite volume element and mixed element. Its
computational efficiency was testified experimentally in [4, 16, 33].
Convergence analysis was mainly stated for elliptic problems in [6-8], and a

general theoretical framework was given.

Based on the above work, a combination method of mixed element and
characteristic mixed volume element is presented to simulate three-
dimensional two-phase displacement of Darcy-Forchheimer flow in this
paper. The pressure and Darcy-Forchheimer velocity are computed
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simultaneously by a mixed element method improving the one-order
computational accuracy. The characteristic mixed volume element is adopted
to solve the concentration, where the method of characteristics is used for the
convection and the scheme of mixed volume element is applied for the
diffusion. The method of characteristics has strong stability and high
accuracy at sharp fronts, and eliminates numerical dispersion. More
important in actual computations, the large time steps can be adopted
possibly with no loss of stability or accuracy. The mixed volume element can
obtain the concentration and adjoint vector simultaneously, and it keeps the
local conservation by taking piece-wise defined constants as test functions.
The conservative nature plays an important role in numerical simulation of
seepage mechanics. Considering the nature of mixed finite element and
applying some theoretical techniques such as the variation, energy estimates,
induction hypothesis, Sobolev embedding theorem, numerical theory and

useful techniques of a priori estimates, we obtain optimal order estimates in
> norm without postprocessing, superior to 3/2-order result of Arbogast

and Wheeler [2]. In this paper, numerical data are illustrated for a three-
dimensional system of elliptic-convection-diffusion equations to show the
feasibility and the consistency with theoretical analysis. Thus this method
may be taken as an efficient tool to solve the well-known problems
successfully [9, 10, 25, 29].

Suppose that the coefficients of (1.1) and (1.2) are positive definite,
0<a X <) '(X)X)- X <a’| X% 0<¢p <O(X) <0,

(C) 0<D|XP <(D(X,u)X)- X <D | X, 0<p, <plc)<p”,

‘a(g—/“)(X,c) + +| Vo |+

or
Z(x,
e (X, ¢)

oD
= (X,
D u)\

g (X, 0] + %I(X, 0l<k*, (1.7)

* * * * * .« .
where ay, a, ¢x, 0, Ds, D, ps, p and K are positive constants.
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The regularity assumptions of (1.1)-(1.5) are given as follows:

pe LOO(Hk+1)’
R) {u e I°(H* (div)) N 2w =) N wh> ()N H2(1?),
ce I”(H"™YNHYH"YN 2wy n 52 (12).

To give numerical analysis of the composite combination scheme, we take
k > 1. Common notations of Sobolev space are adopted in the present paper.

For simplicity, we assume that (1.1)-(1.5) is Q -periodic [9, 10, 30, 31],
i.e., all the functions are ) -periodic. This is physically reasonable, since no-
flow boundaries (1.6a) are generally treated by reflection, and because in
general interior flow patterns are much more important than boundary
effects. Thus, the no-flow boundary conditions above can be dropped [9, 10,
30, 31].

In the following discussions, the symbols K and € denote a generic
positive constant and a generic small positive number, respectively. They
may have different definitions at different places.

2. Notation and Preparations

Two different partitions are given to construct the procedures. The
pressure and Darcy-Forchheimer velocity are computed on the large-step
nonuniform partition, and the concentration is obtained on the small-step
nonuniform partition. The large-step partition is considered first.

For simplicity to consider a three-dimensional problem, take
Q = {[0, 1] and let the boundary denoted by 8Q. Q is partitioned by
8, x93, x8,,
Oy 10 =xyp < x3/p <o <xy _y2 <XN 412 =,
8y 10 =yya <y3 < <YN, 12 <IN,412 =L
82 :0 = 21/2 < Z3/2 <0 < ZNZ—1/2 < ZNZ+1/2 =1.

For i=1,2,.,N,; j=1L2,..,N

5 k=1,2,..,N,, define the
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following notation,
Qi =A{(x, ¥, 2)| %12 <X <Xpy1p2, Y2 <V < Vjsi2s
Zk-1j2 < 2 < Zpy1)2)s
X=Xy +x12)/20 vy = o2 + vja2)/2,
2k = (zkoy2 + 2k41p2)/20 by = X2 = Xicy2s
hy, =Yjvy2 = Yj-y2.  hy = Zpoya — Zy2s
hyivi2 = (e, +hye ]2 = X1 = X,
hy i+ = (hyj + hyj+1)/2 =Vis1— V)
hejryp = (hoy +hyy )2 = 201 — 2,

max {h_, },
<k<N,

1<k<N

hy = max {h.}, h,= max {h,}, h =
1<i<n, I<j<N, 7/

hy = (12 + 12+ W22,

The partition is regular, if there exist two positive constants o and o, such

that

min {A, } > oyh,,  min {hyj} > ayhy, 1<rl?<ir]1\] {h, } 2 oyhe,
=1z

1<i<N, I<j<N,

min{,, hy, h,} > a, maxih,, hy, h,},
where o and o, depend on &, x 8, x38,, the partition of Q. The simple
case of N, =4, N, =3, N, =3 is illustrated in Figure 1. Define an
experimental function space by Mld 6,)={f e c’lo, 1]: flo, € pa(Q;),

i=12,.. N}, where p;(€;) denotes a space consisting of polynomial

functions of degree at most d constricted on Q; = [xl-_l/z, X; +1/2]. The

function £ may be discontinuous on [0, 1] as / = —1. The spaces M|’ (8),
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M{(8,) are defined similarly. Let
Sp =M%(6,)® Mgl(ay) Q@ MY (3.,),
Vi, = {wlw = (w5, w”, w?), w¥ e M{(5,) ®M91(8y) ® M(5,),
wY e MY (8,) ® My(5,) ® MY (S,),
W' e MO(8,) ® MY (3,) ® Mo(5. ). w vl = 0}.
For a grid function v(x, y, z), let Vijk> Vitl)2, jko Vi, j+1/2,k and Vij, k+1/2

denote the values at (x;, y;, zx), (Xj41/2, Vs 2k ) (Xis ¥j41/25 2;) and

(Xis ¥j» 2k +1/2)a respectively.

I
[

0=y12
=1

S
“

X, X, X, X
2 3 2

X

Figure 1. Nonuniform partition.

Define the inner products and norms as follows:

Z

thl_ hy By Vi Wik

N
X
i =1

N
(v, w = Z

i=1

=

Ny

(v, w), = hy; oty iz Viery2, jKWioiy2, jis

1

3
M= T
=

Il
—

k

1

i
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Ny Ny N,

(v, w), = Z Z hylty Pz Vi, j-1/2,6Wi, =12,k
i=1 j=1 k=1
Ny Ny N

(v, w), = Bty iz Vi k=1/2Wi, k125
i=1 j=1 k=1

"V"f = (V, V)Sﬂ § = ’1_19 X, yv z,

v, = max Ve
1, ISiSNx,ISjSNy,1£k£N2| ijk b

W) = oy 1 2% g, Vit

Iv "OO(y) - 1siSNx,1err‘lsaj)\§y,1sksNZ| Vi j-l2.k .

v "°°(Z) - ISiSNx,lSrjI'lSa])\(/y,lsksNzl Vi k1j2 |

For a vector function w = (w*, w”, w* )T, let

Let

2 2 2,\1/2
il = Q™ [+ 1+ 1w 1272,

I il =1 w" |

oo(x) + ” w ”oo(y) + ” w’ "oo(z)’
[ Wl = (1w [+ 1w |3+ ] 272,

Wl = 19" o 1w oo + 197 [

o"v

R S— ) () T )
axl’l—l—raylazr

I=0,1,...,n;r=0,1,...,n,n=0,1,...,m;0<p<oo},
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and H™(Q) = W3"(Q). Inner product and norm in I2(Q) are denoted by
(, ), and || -||. It holds obviously for v € S,

vl =11 (2.1)
Introduce the difference operators and other notation as follows:

Vitl, jk ~ Vijk Vi, j+1,k — Vijk

[dxv]l‘+1/2,jk = > [dyv]i,j+1/2,k = >

By iv1)2 hy, j+y2
Vij, k+1 ~ Vijk Wi+l/2, jk — Wi-1/2, jk
[d,v]. = L WK Ipowl., = ’ 2Ly
2", k+1/2 hz,k+l/2 x ik hx,-
Wi, j+1/2,k — Wi, j-1/2,k Wi, k+1/2 — Wij, k—1/2
(D, Wl = p [Dowly = p :
Yj Zk

X X Yy Yy
o Yiya, e T Viey2, jk Ay o L2k W12,k

z A

e Vikn2 YWk hin hy

Wik = > s Wik = Zh—Wi'k + 2h—Wi+1,jka

x,i+1/2 x,i+1/2

h, h,

=y _ "y j+l Vs

Wik = 57 Wik T o Wi Lk

Y 2h, ; 2h, ;

y,]+l/2 y,]+1/2

—z hz,k+l hz,k

Wijk Wij, k+1>

:—W..k —
2k gy 2D

« X ay oaz T — —x —y —z T
and Wik = (ng’ Wl;{k’ Wijz'k) > Wik = (Wi}Cka Wi]J'}k’ Wi]Z'k) : ds(s =X ), Z)
and Dg(s = x, y, z) are the difference quotient operators independent of the
coefficient D in (1.2). Let L denote a positive integer, Az, = T/L, "' = nAt,

and let v denote the value of vat 1", dv" = (V" —v""1)/Ar.
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Using the above notation, we give four preparations for convergence

analysis.

Lemma 1. For v € S, and w €V},

v, Dew" )z = ~(dyv, W)y, (v, Dyw” )z = ~(d v, w'),,

(v, Dow* e = ~(d v, w*).. (2.2)
Lemma 2. For w € 1},
I I <l wll (2.3)
Lemma 3. For q € §y,
Ig* I < Mlql,,. I1a” I, <Mlql,.la* . <Mlql,. @4

where M is a constant independent on q and h.

Lemma 4. For w € V),
Il <l Dew® s [ w” [, < I Dyw™ s [ w™ I < | Dow [ (2:5)

The small-step partition is refined usually by halving or quartering the
large-step partition uniformly, i.e., h; = h,/2 or h; = h,/4. Other notation
is defined above.

3. The Procedures of Mixed Element-Characteristic
Mixed Volume Element

3.1. The procedures

In this subsection, we present the procedures to simulate Darcy-
Forchheimer flow. The mixed element is considered first for the convection.
Now, we have some notation in Sobolev space:

X=tue(@ V-ue (@ uy=04|uly=]ulz+]V ulp,

M =@ = {p e L@ [ pax =0k ol =02,
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v=H'(Q), fely=lelym (3.1)
Weak form of the pressure (1.1) is given to find (u, p): (0, T] —» (X, M),
JQ (u(c)ktu + Bp(c)| u |u) - vax — IQ pVvdX
- j (VA vdX, Vv e X, (3.2a)
—jQwv.udxz—J'qudX, Ywe M. (3.2b)

For (1.2), since the concentration changes along the characteristics, so
we use a modified method of characteristics to approximate the hyperbolic
term. The computational algorithm can use large time step but has strong

stability and high accuracy [9, 10, 29-32]. Let w(X, u) = [¢*(X) + |u |2]1/2,

% = w_l{d)%Jru-V}. To argue the diffusion term by using mixed

volume element method, we re-express (1.2) in a standard form

w%+V-g=f(X, c), (3.3a)
g = —D(u)Ve, (3.3b)
where f(X, ¢) = (c; —¢)q;.

Since the concentration changes more rapidly than the pressure and
velocity, so we adopt two time steps, a large step, denoted by A¢,, for the
pressure (1.1) and a small step, denoted by At., for the concentration (1.2).
For the pressure, time interval [0, 7] is divided by 0 =14y <# <<
tyy =T, where the first time step is denoted by Az, =1 —{ and
t; = Aty 1 + (i —1)At,, i > 1. Similarly, another partition is given for the

concentration, 0 = P<tt<cN=r , t" = nAt.. Suppose that there

Atp

c

exists a positive integer n such that ¢,, = ¢ for any number m, i.e., isa
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positive integer. Let ;0 = At, 1[At., j=At,[At.. Let J, denote a quasi-
regular partition of € consisting of hexahedron elements, € =
[xioy2, X2 )< o2, vyl xziey2s zy2]. - with maximum
diameter h, (see Figure 1 in Section 2). (X, Mj) c X x M is a mixed

element space of Rariart-Thomas type or Brezzi-Douglas-Marini type with

index k. Similarly, J,. denotes the quasi-regular partition of hexahedron

elements with maximum diameter /...

Let P, U, C and G denote the approximation solutions of p, u, ¢ and

g, respectively. Based on the previous notations and the variation equation

(3.2), a mixed element scheme is constructed for the pressure and velocity

[ C)U 4 BR(C)l Uy U)X = [ BV
- IQ H(C,)Vd -vydX, vy € X, (3.42)

- j Y - Uy = —IQ WygmdX, Yw, € M), (3.4b)

The derivative along the characteristics of (3.3a) is approximated by the
backward difference quotient,
acn+l cn+l _ (X _ (I)_llln+1(X)Al)

(X) ~

Then the characteristics-mixed volume element scheme is constructed for the

concentration,

n+l _ An
[d)C = C ’ VJ +(DxGx,n+1 +DyGy,n+l +DZGZ’n+1, ")m

m

= (f(C"), V), VVES, (3.5)



A Mixed Finite Element-characteristic Mixed Volume Element ... 81

(D_I(EUn+l)Gx’n+l, WX)x +(D_1(EUn+l)Gy’n+l, Wy)y

i (D_I(EUHH)GZ’HH, WZ)Z
— (", Dow* + Dyw? + Dw?) =0, Ywel, (3.5b)

where C" = C"(X"), X" = X — ¢ 'EU""'Ar,. Let the concentration in

nonlinear functions p, p and r at ¢ = ¢,, be assigned by C,,,
C,, = min{l, max(0, C,,)} € [0, 1]. (3.6)

The value of the velocity at "', 7, | <" <t,, is assigned by using the

following extrapolation formula

EU”+1
U(), t0<tn+1St1,m=1
— 1 n+l
= " —t " —t
14— —mlly = Zomlyg o <" <t om>2.
Im-1—Im-2 Im-1—"Im-2
3.7
Initial approximations:
c®=c’ G"'=G°, xeq (3.8)

where (C°, G%) is an elliptic projection of (cy, o) (see the definitions in
next subsection).

Based on the procedures of mixed element-characteristic mixed volume

element, approximation solutions are computed as follows. Using ¢, g
= —DV¢, and elliptic projection, we get {50, éo}, then take C° = C°,
G’ =G Using (3.4a), (3.4b) and the method of conjugate gradient, we get
{Uy, Ry}. Then, we get {Cl, c?, .., Cjo} from (3.5). For m > 1, the

concentrations are defined by clotim=1)j _ C,. {U,, B,} is obtained



82 Yirang Yuan, Changfeng Li, Tongjun Sun and Qing Yang
from (3.4a) and (3.4b). Then we get CJ/o*(m=DJj+l cjo+(m=1)j+2

C/0t™ from (3.5a) and (3.5b). The computations run step by step as above,
then all the numerical solutions are obtained. From the positive definiteness
(C), the solutions exist and are sole.

3.2. Local conservation of mass

Suppose that the problem of (1.1)-(1.5) has no source or sink, ¢ = 0, and

suppose that there is no permeation across the boundary. For simplicity, we

suppose that the large-step and small-step partitions are the same, i.e.,
Je=Jp = Q= [xi—l/Za xi+1/2] X [yj—l/Za yj+1/2] X [Zk—l/Za Zk+1/2]-

The local conservation of mass is interpreted as follows. For (1.2), it holds
J @d)(—j v, dS =0 (3.9)
Je v ot aJ, &1 ’ '

where vy, represents the outer normal vector to &/, the boundary of J..
Discrete formulation of local conservation is stated in the following theorem
for (3.5a).

Theorem 1. If g = 0, then on J. = Quy, it holds for the concentration

(3.52):

Cn+1 _ én 1
—dX—I G .y, ds =o. 3.10
JJC Ly o, e .10

Proof. Noting that v € S, is equal to 1 on a given element J,. = Q;,

and equals 0 on the other elements, then we rewrite (3.5a) as follows:

CnH - én +1 +1 +1
X, n y,n z,n —
¢—At , 1 . +(D,G +D,G +D.G , l)Qijk 0.

ik

(3.11)
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Using the above notations, we have

~ 1 A
¢M 1 = ¢ M oo h
At ’ 0 ijk At XUV 2k
ik

n+l An
= udx’ (3.12a)
¢
Qi At

(DxGx,n-H n DyGy,n+1 n DZGZ’n+1, I)Ql-ik

x,n+l x n+l
- (Gz+1/2 jk G 1/2, ]k) v hzy
y,n+l y,n+1 z,n+l G% n+l
(67 iy — G oy, )l (G s = Gl ghy,
=— G".y, 4s. (3.12b)

Then the proof is completed by substituting (3.12) into (3.11).
The conservation of mass on the whole domain is given as follows:

Theorem 2. Suppose that g = 0 and no permeation happens across the

boundary. Then the whole conservation is formulated by

J. ¢Cn+1 _én

dX =0, n>0. (3.13)
At

Proof. Considering the summation of (3.10) on the whole domain,

C}’l+1 C}’l
2:] £ - - z:J Gy, dS =0,  (3.14)
yk yk

i,J,k

. n+l n+l
and noting that ,; j oy G —j aQG -ydS =0, we

complete the proof.
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4. Convergence Analysis

Suppose that there exists a constant K independent of the partition such
that

inf | /= vy |4 £K||f||Wm,qhm, 1<m<k+1,
eXy
(Ap’u) inf | g—w, "Lq SK”g”Wm,qhm, 1<m<k+1, (4.1a)
wpeMy,
inf | div(f —v)|2 < K| divf [pmh™, 1<m<k+1,
vpeXy
I < ki ¥? X 4.1b
Lp, ) vl < K= vy 2, vy € X, (4.1b)

() inf [ =12 40l £ =l 1< KL L2 ms kel ale)
h<Vh

) |7 e < KB o s i € Vi (4.1d)

In the following convergence analysis we suppose that D(u) = ¢d,,I

= D(X) and introduce two elliptic projections.

Definition. Define Forchheimer operator (ITj, B,): (u, p) — (I1,u, P,p)
= (INJ, 13), as follows:

[ [y (= 0) + Bp(e)u ju~ | T[0)]- vyax
- IQ (p—P)VvdX =0, Vv, e X, (4.22)
- IQ wpV - (u-TU0)dX =0, VYw, e M, (4.2b)

From (3.2a) and (3.2b),

j . (u(c)x 0 + Bp(c)| U |T) - vydX - j , PVvdx
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- jQ Hc)Vd - vydX, v, € X, (4.3a)

- IQ w,V - UdX = —J'Q W,V - udX = —Igwhqu, Yw, € M;.  (4.3b)

According to the discussion in [19], we find a positive constant K
independent of /2, such that

T 12 T3 D 112
lu-TP, +lu-TF, +]p-BF,

2 2 2(k+1
<K wlf s + 1 . (440)

For k£ 21 and sufficiently small 7,
| O = < ufpe +1. (4.4b)

Let F=f—-vy % Then define an elliptic projection of mixed volume
T
element.

G e V), and C € S), are determined by

(D,G* + DG + D,G*,v): = (F,v)y, VveSy, (4.52)

(D7'GY, w), +(DT'GY, W), + (DTG, wF),
—(C, D" + Dyw” + D,w* ) =0, Ywe ), (4.5b)

Let n:P—IB, n=~P-p, G:U—ﬁ, pzﬁ—u, §=C—(~?,
€= C-¢, o=G-G, B = G- g. Suppose that (1.1)-(1.2) is positive
definite (C) and exact solutions are regular (R). {G} and {C} exist and are
defined uniquely by (4.5) shown by Weiser and Wheeler in [28].

Lemma 5. If (C) and (R) hold, then there exist two positive constants 51

and 52 independent of h, At such that
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og =12 2
=1 <Gl + 42}, (4.6a)

m

ISl + MBI+

IGIl,, < Ca. (4.6b)

To complete the analysis, we should give the following properties. An
LBB condition of mixed element is given in Lemma 6, discussed by Pan and
Rui in [19].

Lemma 6. There exists a constant v independent of h such that

inf  sup (s Vovy) s 4.7)
wneMy, vy ex, | Wn g, Ve Ny,

Lemma 7 and Lemma 8 show the properties of nonlinear Darcy-

Forchheimer operator.

Lemma 7. Define f(v)=|v|v, then we find three positive constants

Ky, Ky, Ky for u, v, we L(Q) such that
gif (ul+lvDlv-ufax <[ (F6)- @) 0 -wax. @80
Kollv=uly < [ (f0) = f@)- (- w)ax. (4.8b)
K[ |10)= @) llv=ulax < [ (70)= f@)-(-w)dx, (@50

[ (0) = s () wax

1/2
S[J‘Q(|V|+|u|)|v—u|2d)(} [”u"1L/32+"v”1L/32]"W"L3' (4.84)

Since ¢ € [0, 1], so we have

|€h,m_cmlglch,m_cm . (4-9)
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Considering (3.4a), (3.4b) and (4.4) together, we have a property in the
following lemma.

Lemma 8. There exists a number K independent of the partition such
that

[ = U Py + D = U By < KD 4~ G ) @10)

Proof. From (3.4a), (3.4b) and Darcy-Forchheimer projection (4.2), we
have

(W(Co) K Wy = Upy) + Bp(Cpp) ([ Wy [y = U,y [Uyy), )
~(By = By, Vi)

= ~(((cn) = WCp) KT, +Blplew) = P(C))K ' Uy [Ty, vp)
+((r(ep) = r(C))Vd, vy), Vv € Xy, (4.11a)
— (W, V-(U,, =U,,)) = ~(wy, V- (U,, —u,,)) = 0, Vw, € M. (4.11b)

Then we can get (P, —P,,V-(U,, —-U,,)) =0. Take v, =U,, - U,, in
(4.11a),

(W(Cp) K (uy = U,,) + Bp(Cp) (| Wy [0, Wy, = Uy)

= (WG K (w,, = U,) +Bp(C,) (uy [wy). Wy, = T
= ((em) = 1(Cu ) KTy +Blpen) ~ P(Co)) K| Ty | Uy, Uy~ Uy)
+((r(c,y) = (C,))Vd, U, - U,,). (4.12)

The terms on the left-hand side (1.h.s) and the right-hand side (r.h.s) of (4.12)

are estimated as follows:

mszm$mm—EN;+Ww—Um@
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+J.Q(|um|+|Um Nu, - U, |2dx} (4.132)

rhs < K{” u, - U, 2] w, - Iij |2

1/2
10 Dy - U Pt

1/2 1/2 7
< [+ 10 15 Wy = T 2
+ (1 + ” Iij ||L°°)|| Cm — Cm ”L2” u, - ﬁm ”Lz}

< ofl = U Py + [ Q|41 U Dl = Uy Pt

Ky =T Iy Ly = U [y 0Ty ol =G P

(4.13b)
where K|, is a positive constant.

Combining (4.12) with (4.13a), (4.13b), Lemma 7 and (4.4), we can get
the error estimate of the velocity and complete the proof of Lemma 8.

The concentration equation (1.2) is discussed first. Subtracting (4.5a) and

(4.5b) at ¢ =" from (3.52) and (3.5b), respectively, taking v = &1,

w = oL, we have

" -C" 1 +1 1 ogntl
n X, n , N Z,n n
bt (D™ 4 Do g Dot et

m

R n+l
= [f(cn) _ f(cn+1) n \Vn+l 607’ an+lj , (4.14a)

m

(D—lax,n+1, OLx’n+1)x +(D—lay,n+1, 0Ly,n+1)y n (D—laz,n+1, OLZ’n+l)Z

_ (§n+1’ Dxax,rH—l n Dyocy"”l + DZOLZ,I1+1)ﬁ =0. (4_14b)
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Summing (4.14a) and (4.14b),

Cn+1 _ én | » | |
(q) v , &_,I/H_ + (D ax,n+ , ax,n+ )x
m

_'_(D—lay,n-i—l’ 0Ly,n+1)y n (D—locz,n+l’ OLZ’n+1)Z
ot

n+l
_ Lf(én)_f(cn+l)+wn+lﬁc_’ §n+1J ) (4.15)

Using (1.2) ¢ = "*1, we get

én-t-l _ in
(d) , gn-i—l] n Z (D—las,n-i—l, 0Ls,n-i—l)s

Al S=X, ),z
H(AEM = S g+ {4)% §n+1]
_(4) " Até ’ §n+1Jm +(¢ g" < g , §n+1Jm
_[d)énT_tCn’ E’nﬂ]m +[¢¥’ E’MJM’ (4.16)

where &" = ¢"(X — ¢ Ar), & = (X - ¢ EUM A, ..

Using a(a — b) > %(a2 —b?) to estimate the left-hand term of (4.16),

and denoting the right-hand terms by 73, 75, ..., Tg, we have

1 n+ n+ n n -1 _s,n+ S, n+
S @ &y - (08", €+ D (DTNt

S=X, ), 2
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<h+hL+-+1, (4.17)

n+l oc n+l
+uth oyt oyt 5 e have [7, 10]
T

Noting that ¢ ¢

acl’l-i-l (I) cl’l+1 _ éi’l

ot \Vn+1 At

(x."h) ) 2q1/2 8%¢
=% B [P O R D § a3 (4.18)
y ALY (XL ot
Multiplying both sides by wn+1 and expressing the resulting summation in

m -norm, we have

nal acn+1 _¢cn+1 _ 2
M ot At _
m
Pl ety A2, P
<[ |¥ I(V s Car| ax
Q At (X,tn) 81
" nely3 (x, ) 62 2
< a Y [.] dvdX
(I) o Q (X’t) 6‘5
(Wn+1) 2
< At o j I j “T)X, )| dTdXdi.  (4.19)
Then, 7; is bounded by
2 12
J0°c +1)2
17| < k| << A+ K[ (4.20a)
6': L2(t n+l. m)

T, and T3 are estimated by using Lemma 5
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2
—1|| 6 n+l2
o< Kay | S e 4.20b
| 2| {( ) ot Lz(tn,tn"'l;n?) ”a "m} ( )
| 73| < KAIE™ | + 18" 5 + (A0)” + ). (4.20¢)

Ty, Ts and Ty are estimated similarly. Let f be defined on €, denoting one

of the functions ¢, £ and &, and let Z denote the normal vector of

Ut — et Then,

A ~

fn_f n+l
Joba e

X n
= (Ar)! j K IX % dz}g”“dx

- (At)_ljgd) j(: agz (1-Z2)X + Zf()dz}p% - X |emtlax

= 1£ _7\X 7Y\ 7 _yryitlen+l
_J'QUO S (1-2)x +ZX)dZ}|E(u vyt entlax, @21

where Z €[0, 1], and X — X = AEu"!(X) - EU"H(X))/¢(X). Let

Cla” o
g = jo L(1-2)x +Z0dzZ.

Then three estimates are derived from (4.21),

T4 | < | ge ]l E—0)" || &™), (4.22a)
75| < | g il EQ =0y ] & (4.22b)

1 Ts ] < ge Il EQ@ =0y ] €% . (4.22¢)
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From Lemma 1-Lemma 5, and (4.10),

|E - UYE < K& ]2 +&mal’ + 25D 4 52 4 (ar)?). (423)

Since g.(X) is a mean value of the first partial derivatives of ¢”, so it can

be estimated by |c" |1 . From (4.22a),

1Ty < K{lgmal3 +lEmal + 18" + m26D 4 1+ (ar)?). (4.24)

In order to estimate [gc|; and |[/gz[;>» we introduce the following

hypothesis,

sup [[o|l, =0, sup [€"[l; =0, (h, hy, At.) > 0. (4.25)

0<n<L 0<n<L
The partition constraint is given by
At, = O(h?). (4.26)
The function g, is estimated by
2

lg /P < jj’ Ff (1-Z2)X +ZX)| dxdz. 4.27)

Define a transformation
Gz;(X)=(1-2)X +ZX

= X - [0 (X)) Eu"T (X)) + Zo Y (X)E(U —u)" (X)) A, (4.28)
and let J, = Qu =[xy, 2] % jy2s viey2lx [zkoy2s Za4y2]
denote an partition element of the pressure equation. From (4.27), we get

(GZ (X)) dXdZ (4.29)

lgsI* <
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It follows from (4.25) and (4.26)
det DG7 =1+ o(1).

Then g is estimated by

lg /P < K[vr" P (4.30)
T5 is argued by using (4.30), Lemma 5 and Sobolev embedding theorem [1],
|75 | < KIVE |- | EQu— U)o Dven
< K2 EVD) B - vy ver )
< Kl &t I + 1 Ema I + B30 + 5+ (AP} + gl P
(4.31a)

It follows obviously from (4.23) that | E(u — U)n+1||% = o(hc_(g+1/2)), then it

is necessary to prove |[&" |- = O(hf;rl +h2 + At.). Similar to the

discussion in [10], we have
|75 | < KIVE" |- | E - o)) -V ver|
< effla 1 + o7} (431b)
T; and Ty are discussed by using negative norm estimate
|77 | < Kk + €|, (4.322)
| Ty | < KJg" |5 + ello" . (4.32b)

Considering (4.17), (4.20), (4.31) and (4.32) together, we have

1 n+ n+ n gn s, n+ s, n+
S g & (08, €t D (Dot o,

§S=X,),2
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2 2

or?

oG

At + (Ar)™! 5

L2(t”, l‘n+1; m)

<K e

Lz(t”, ln+1; ﬁ)

F1E I+ 1Emt B+ [Emoa |2+ B2ED 1 pd 4 (ar )

12 2
+eflla I + fle 173 (4.33)
Multiplying both sides of (4.33) by 2A¢, summing them on #(0 < n < L),

and noting that 5’;0 = 0, we have

L L
[ 2+ D o [P ar < K{Z”é”””fnm + 20D gty (Atc)z}

n=0 n=0
(4.34)
Applying Gronwall lemma,
L
Je 12+ > o P ar < K ® D 4 1t + (ar, ) (4.352)
n=0
Continuing, we have
sup [lo™ 2 < k26D 4 nd 1 (ar, . (4.35b)

0<n<L

It remains to testify the induction hypothesis (4.25). From &0 =0, it is

true for n = 0 obviously. Assume that (4.25) holds for 1 < »n < L. From
(4.35) and (4.26), we have

It < Kh;3/2{h]’§“ R AL < Kh},/z -0, (4.362)
” éL-H ”oo < th_3/2{h][§+1 n hc2 n Atc} < Khé/z - 0. (4.36b)

Then the induction hypothesis is proved for n = L + 1.
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From (4.35) and Lemma 5, we conclude the following statement.

Theorem 3. Suppose that the problem of (1.1) and (1.2) is regular (R)
and the coefficients are positive definite (C). Numerical solutions are
computed step by step from (3.4), (3.5) and (3.8). If the constraint (4.26)
holds, then we have

lw=Ulzees, 2) +le = Clipe.m) + |18 = Gl 12)
< M*{REM 4 hZ + At} (4.37)

where

L 12
2
Iz, x) = sup Ig"[xs I g l2(s, x) = sup {leg”llxm} ,
nAt<T LA<T (20

and the constant M ™ depends on p, ¢ and their derivatives.
5. Numerical Example

In this section, we apply the method of mixed element-characteristic

mixed volume element to solve a system of elliptic-convection-diffusion

equations:

-Ap=V-u=c+F, Xeo, 0<t<T,
%+u-Vc—gAc:f, XeQQ 0<t<T,

t

ca(cX, 0) = ¢, X eQ, 5.1)
— =0, Xed, 0<t<T,

ov

—a—pzu'v=0, Xed 0<t<T,

ov

where p, u and ¢ denote the pressure, Darcy velocity and the concentration,
respectively. Let Q = (0,1)x(0,1)x (0, 1) and let v denote the outer
normal vector to the boundary surface 6Q. We choose the definitions of F, f

and ¢ properly such that exact solutions are
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12t 4 4.4 4 4 4
p=e (g (l-x) %1 -x) x50 -x3)

2 2.2 22 2/m13
—xi (1=x) 01— xp) x5 (1 - x3)7/21°),

3
c= —eIZIZ(ITZx,-z(l - xi)4 ~32x(1- x,-)3
i=1
4 2\ 4 4 4 4
+ 1257 (1= 2)7) %t (U= x) x50 (U= x10) 7,

where x4 = x; and x5 = x,.

Table 1. Numerical data

h=1/4 h=1/8 h=1/16
lp-Pl, 1.82852 ¢ — 4 1.17235 ¢ — 4 330572 -5
flu-ul| 6.95898 ¢ 3 1.86974 ¢ - 3 474263 ¢ — 4
le-cl, 139414 ¢ -1 8.76624 ¢ — 2 446468 ¢ - 2
lle-Gl 1.78590 ¢ — 3 8.88468 ¢ — 4 485070 ¢ — 4

Numerical data are shown in Table 1 for & = 1072, Af = 001, 7T =1.
From Table 1, the conservation statements of Theorem 1, Theorem 2 and
convergence statements Theorem 3, we find that numerical method of this
type can solve two-phase seepage displacement problem (1.1)-(1.5)
effectively and precisely.

6. Conclusions and Discussions

In the present paper, a combination scheme of mixed element and
characteristic mixed volume element is discussed to approximate three-
dimensional oil-water Darcy-Forchheimer flow displacement in porous
media, and convergence analysis is shown. In Section 1 Introduction,
mathematical model is stated, and physical background and some related
international study are introduced. In Section 2, some notations and

preparations are introduced, and two different partitions (large-step and
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small-step) are defined. In Section 3, the procedures are constructed to
compute the pressure, velocity and concentration. The flow equation is
treated by a conservative mixed element scheme and the accuracy of Darcy-
Forchheimer velocity is improved one order. The concentration is solved by
the method of characteristics-mixed volume element, where the convection
term is treated by the method of characteristics and the diffusion is
discretized by the scheme of mixed volume element. The combination
scheme develops the stability and accuracy greatly and has the nature of
conservation, most important in numerical simulation of energy science. In
Section 4, we show convergence analysis by using the priori estimates of

differential equations and special techniques, and derive second order error

estimates in the discrete Z> norm. Moreover, convergence analysis shows
the development of the work of Arbogast and Wheeler. In Section 5, one
numerical example is illustrated to support theoretical analysis, and
numerical data confirm that the scheme is feasible and efficient. In this paper,

several interesting conclusions are stated as follows:

(I) The method has the physical nature of conservation, and it is most
important in numerical simulation of underground seepage mechanics

especially in chemical oil discovery.

(IT) The method combines mixed volume element and the characteristics,
and it has the advantages of strong stability and high accuracy. Therefore, it
gives a useful tool to solve large-scale engineering computation on three-

dimensional complicated region.

(II) This method improves the famous work of Ewing, Russell and
Wheeler on classical Darcy flow essentially, and confirms the physical

conservation [13].

(IV) The method improves convergence rate of 3/2-order presented by

Arbogast and Wheeler to second order, and it is able to solve the well-known
problem better [9, 10, 25, 29] interest.
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