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Abstract 

A mixed finite element-characteristic mixed volume element is 
presented to solve three-dimensional incompressible Darcy-
Forchheimer miscible displacement, and convergence analysis is 
shown in this paper. A mixed finite element approximation is applied 
to obtain the pressure and Darcy-Forchheimer velocity, and the 
accuracy of velocity is improved one order. The concentration is 
computed by a coupled scheme of characteristics and mixed volume 
element, where the diffusion is treated by the mixed volume element 
and the convection is treated by the method of characteristics. The 
method of characteristics has strong computation stability at sharp 
fronts and it can avoid numerical dispersion and nonphysical 
oscillation. Larger time-steps along the characteristics are shown to 
result in smaller time-truncation errors than those resulting from 
standard methods. More important in numerical simulation of seepage 
mechanics, mixed volume element has the property of conservation on 
each element and it can obtain numerical solution of the concentration 
and its adjoint vector function simultaneously. Using some techniques 
of priori estimates of differential equations, we show an optimal 

second order estimate in discrete 2L  norm. Numerical data are 
consistent with theoretical analysis, and the composite combination 
method could possibly become a powerful tool for solving the actual 
problems in porous media. 

1. Introduction 

To consider the miscible displacement of two phases in porous media, a 
pressure-velocity mathematical model of Darcy-Forchheimer flow is put 
forward. A nonlinear partial differential system with initial-boundary 
conditions is formulated as follows to interpret the incompressible 
displacement [3, 12, 14, 24]. 

( ) ( ) ( ) ,1 dcrpcc ∇=∇+βρ+κμ − uuu  

( ) ( ],,0,,, TJtzyxX T =∈Ω∈=  (1.1a) 
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,,, JtXqqq pI ∈Ω∈+==⋅∇ u  (1.1b) 

( )( ) ,,, JtXcqcqcDct
c

III ∈Ω∈==∇⋅∇−∇⋅+
∂
∂φ uu  (1.2) 

where Ω is a bounded domain in .3R  

To describe the displacement of highspeed flow in heterogeneous media 
especially nearby the wells [12], Forchheimer put forward one mathematical 
model of Darcy-Forchheimer flow and discussed its numerical simulation in 
[3]. As ,0=β  Darcy-Forchheimer’s law deduces into Darcy’s law. The law 

of Darcy-Forchheimer was discussed in [24], and the regularity was analyzed 
in [14]. 

The conservation of mass is formulated by (1.1) and (1.2). ( )tXp ,  and 

( )tX ,u  denote the pressure and Darcy velocity, respectively. ( )tXc ,  

denotes the concentration of one component. ( ) ( )XX φκ ,  and ( )Xβ  mean 

the absolute permeability, porosity and Forchheimer coefficient, respectively. 
( )cXr ,  is the gravity, and ( )Xd  is the vertical coordinate. ( )tXq ,  is the 

quantity, usually defined by a linear function of the production pq  and the 

injection ,Iq  i.e., ( ) ( ) ( ).,,, tXqtXqtXq pI +=  ,Ic  a known variable, is 

the concentration of injected fluid, and ( )tXc ,  is the concentration of the 

production well. 

Suppose that two fluids are incompressible and the total volume of their 
mixture is not decreasing. Suppose that they have no chemical reaction 
during the mixture. Let 1ρ  and 2ρ  denote the densities of different fluids and 

let the density of their mixture be denoted by 

( ) ( ) .1 21 ρ−+ρ=ρ ccc  (1.3) 

The mixture’s viscosity is determined by 

( ) ( ( ) ) .1 441
2

41
1

−−− μ−+μ=μ ccc  (1.4) 
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The diffusion coefficient ( )uD  is defined by a tensor of molecular diffusion 

and engineering dispersion 

( ) ( ( ) ( )),uuuu ⊥++φ= EdEdIdD tlm  (1.5) 

where lm dd ,  and td  represent the molecular diffusion, the diffusion 

coefficients in the direction of the flow and the transverse direction to the 

flow, respectively. I denotes a 33 ×  identity matrix, ,2uuuu ⊗=E  

( ) ( ).uu EIE −=⊥  

Initial conditions and boundary conditions: 

( )( ) ,,,0,0 JtXccD ∈Ω∂∈=ν⋅−∇=ν⋅ uuu  (1.6a) 

( ) ( ) ,,ˆ0, 0 Ω∈= XXcXc  (1.6b) 

where ν  is the outer normal vector to the boundary surface, denoted by .Ω∂  

For two-phase typical displacement problems of Darcy flow in porous 
media, the group of Douglas illustrated a series of research work in [9, 10, 
29-32]. While they only studied numerical simulation of Darcy flow’s 
displacement. A mixed finite element method was introduced to solve the 
Forchheimer equation by Girault and Wheeler in [15]. They adopted piece-
wise defined constant functions to approximate the velocity and use 
Crouzeix-Raviart element to solve the pressure. This mixed approximation is 
called the prime mixed element. Raviart-Thomas mixed element was applied 
to solve Forchheimer equation and its theoretical analysis was discussed in 
[17, 19]. A block-centered finite difference method was presented to argue 
two miscible displacement problems (incompressible or compressible) in 
[20-22]. A semidiscrete scheme of the mixed element method and 
convergence analysis was argued to solve time-dependent problems by 
Douglas and Park in [11, 18]. The discussions of Forchheimer flow seepage 
displacement in porous media are developed and generalized from Douglas’s 
research, and the mathematical model of Forchheimer flow can describe the 
displacement of highspeed flow in heterogeneous media. 
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Standard finite element method does produce strong numerical 
dispersion and nonphysical oscillation in solving convection-dominated 
diffusion problems. To overcome these numerical faults, many scholars put 
forward a variety of new approximation techniques such as the Eulerian-
Lagrangian localized adjoint method (ELLAM) [5]. ELLAM can conserve 
mass locally but need large-scale computation to evaluate the resulting 
integrals. To improve the computational order, Arbogast and Wheeler 
presented a locally conservative method of characteristic mixed element in 
the time-space variation form in [2]. Using the postprocessing technique, 
Arbogast and Wheeler derived error estimates of 23  order. While many 

mapping integrals of test functions were introduced, it made the computation 
more complicated and difficult. We extended the work of Arbogast and 
Wheeler [2], and presented a combination method of mixed finite element 
and characteristic mixed finite element [26]. Based on numerical 
experiments, it followed that computational work was reduced greatly and 
this method was feasible and effective to solve many actual problems. While 
we only obtained first-order error estimates and it was not applicable for 
three-dimensional problems. Finite volume element scheme has the 
simplicity of finite difference and the high-order computational accuracy of 
finite element method. Moreover, an important physical nature of local 
conservation of mass was shown in [26, 27]. So it was used efficiently to 
solve partial differential equations. Mixed finite element was used to obtain 
the pressure and Darcy velocity simultaneously, and the accuracy was 
improved by one order. A mixed finite volume element scheme was studied 
in [23, 28] based on combining finite volume element and mixed element. Its 
computational efficiency was testified experimentally in [4, 16, 33]. 
Convergence analysis was mainly stated for elliptic problems in [6-8], and a 
general theoretical framework was given. 

Based on the above work, a combination method of mixed element and 
characteristic mixed volume element is presented to simulate three-
dimensional two-phase displacement of Darcy-Forchheimer flow in this 
paper. The pressure and Darcy-Forchheimer velocity are computed 
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simultaneously by a mixed element method improving the one-order 
computational accuracy. The characteristic mixed volume element is adopted 
to solve the concentration, where the method of characteristics is used for the 
convection and the scheme of mixed volume element is applied for the 
diffusion. The method of characteristics has strong stability and high 
accuracy at sharp fronts, and eliminates numerical dispersion. More 
important in actual computations, the large time steps can be adopted 
possibly with no loss of stability or accuracy. The mixed volume element can 
obtain the concentration and adjoint vector simultaneously, and it keeps the 
local conservation by taking piece-wise defined constants as test functions. 
The conservative nature plays an important role in numerical simulation of 
seepage mechanics. Considering the nature of mixed finite element and 
applying some theoretical techniques such as the variation, energy estimates, 
induction hypothesis, Sobolev embedding theorem, numerical theory and 
useful techniques of a priori estimates, we obtain optimal order estimates in 

2L  norm without postprocessing, superior to 23 -order result of Arbogast 

and Wheeler [2]. In this paper, numerical data are illustrated for a three-
dimensional system of elliptic-convection-diffusion equations to show the 
feasibility and the consistency with theoretical analysis. Thus this method 
may be taken as an efficient tool to solve the well-known problems 
successfully [9, 10, 25, 29]. 

Suppose that the coefficients of (1.1) and (1.2) are positive definite, 

( ( ) ( ) ) ( ) ,0,0 212 ∗
∗

∗−
∗ φ≤φ≤φ<≤⋅κμ≤< XXaXXXcXa  

(C) ( )( ) ( ) ,0,,0 22 ∗
∗

∗
∗ ρ≤ρ≤ρ<≤⋅≤< cXDXXXDXD u  

( ) ( ) ( ) ( )u
u

,,, XDcX
c
rcX

c ∂
∂

+φ∇+
∂
∂

+
∂
μκ∂  

( ) ( ) ,,, ∗≤
∂
∂

++ KtX
t

qtXq I
I  (1.7) 

where ∗
∗

∗
∗

∗
∗

∗
∗ ρρφφ ,,,,,,, DDaa  and ∗K  are positive constants. 
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The regularity assumptions of (1.1)-(1.5) are given as follows: 

(R) 
( )
( ( )) ( ) ( ) ( )
( ) ( ) ( ) ( )⎪

⎩

⎪
⎨

⎧

∈
∈
∈

∞∞++∞

∞∞∞∞+∞

+∞

.
,div

,

22,1111

22,1,11

1

LHWLHHHLc
LHLWWLHL

HLp

ll

k

k

∩∩∩
∩∩∩u  

To give numerical analysis of the composite combination scheme, we take 
.1≥k  Common notations of Sobolev space are adopted in the present paper. 

For simplicity, we assume that (1.1)-(1.5) is Ω -periodic [9, 10, 30, 31], 
i.e., all the functions are Ω -periodic. This is physically reasonable, since no-
flow boundaries (1.6a) are generally treated by reflection, and because in 
general interior flow patterns are much more important than boundary 
effects. Thus, the no-flow boundary conditions above can be dropped [9, 10, 
30, 31]. 

In the following discussions, the symbols K and ε  denote a generic 
positive constant and a generic small positive number, respectively. They 
may have different definitions at different places. 

2. Notation and Preparations 

Two different partitions are given to construct the procedures. The 
pressure and Darcy-Forchheimer velocity are computed on the large-step 
nonuniform partition, and the concentration is obtained on the small-step 
nonuniform partition. The large-step partition is considered first. 

For simplicity to consider a three-dimensional problem, take 

[ ]{ }31,0=Ω  and let the boundary denoted by .Ω∂  Ω  is partitioned by 

,zyx δ×δ×δ  

,10: 21212321 =<<<<=δ +− xx NNx xxxx "  

,10: 21212321 =<<<<=δ +− yy NNy yyyy "  

.10: 21212321 =<<<<=δ +− zz NNz zzzz "  

For ;...,,2,1 xNi =  ;...,,2,1 yNj =  ,...,,2,1 zNk =  define the 
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following notation, 

{( ) ,,,, 21212121 +−+− <<<<|=Ω jjiiijk yyyxxxzyx  

},2121 +− << kk zzz  

( ) ( ) ,2,2 21212121 +−+− +=+= jjjiii yyyxxx  

( ) ,,2 21212121 −++− −=+= iixkkk xxhzzz i  

,, 21212121 −+−+ −=−= kkzjjy zzhyyh kj  

( ) ,2 121, 1 iixxix xxhhh ii −=+= ++ +
 

( ) ,2 121, 1 jjyyjy yyhhh jj −=+= ++ +
 

( ) ,2 121, 1 kkzzkz zzhhh kk −=+= ++ +
 

{ } { } { },max,max,max
111 k

z
j

y
i

x
z

Nk
zy

Nj
yx

Ni
x hhhhhh

≤≤≤≤≤≤
===  

( ) .21222
zyxp hhhh ++=  

The partition is regular, if there exist two positive constants 1α  and 2α  such 

that 

{ } { } { } ,min,min,min 1
1

1
1

1
1

zz
Nk

yy
Nj

xx
Ni

hhhhhh k
z

j
y

i
x

α≥α≥α≥
≤≤≤≤≤≤

 

{ } { },,,max,,min 2 zyxzyx hhhhhh α≥  

where 1α  and 2α  depend on ,zyx δ×δ×δ  the partition of Ω. The simple 

case of 3,3,4 === zyx NNN  is illustrated in Figure 1. Define an 

experimental function space by ( ) { [ ] ( ),:1,0 id
l

x
d
l pfCfM i Ω∈|∈=δ Ω  

},...,,2,1 xNi =  where ( )idp Ω  denotes a space consisting of polynomial 

functions of degree at most d constricted on [ ]., 2121 +−=Ω iii xx  The 

function f may be discontinuous on [ ]1,0  as .1−=l  The spaces ( ),y
d
lM δ  
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( )z
d
lM δ  are defined similarly. Let  

( ) ( ) ( ),0
1

0
1

0
1 zyxh MMMS δδδ= −−− ⊗⊗  

{ ( ) ( ) ( ) ( ),,,, 0
1

0
1

1
0 zyx

xzyx
h MMMwwwwV δδδ∈=|= −− ⊗⊗ww  

( ) ( ) ( ),0
1

1
0

0
1 zyx

y MMMw δδδ∈ −− ⊗⊗  

( ) ( ) ( ) }.0,1
0

0
1

0
1 =|γ⋅δδδ∈ Ω∂−− ⊗⊗ wzyx

z MMMw  

For a grid function ( ),,, zyxv  let kjijkiijk vvv ,21,,21 ,, ++  and 21, +kijv  

denote the values at ( ) ( ) ( )kjikjikji zyxzyxzyx ,,,,,,,, 2121 ++  and 

( ),,, 21+kji zyx  respectively. 

 

Figure 1. Nonuniform partition. 

Define the inner products and norms as follows: 

( ) ∑ ∑ ∑
= = =

=
x y z

kji

N

i

N

j

N

k
ijkijkzyxm wvhhhwv

1 1 1
,,  

( ) ∑ ∑ ∑
= = =

−−−
=

x y z

kji

N

i

N

j

N

k
jkijkizyxx wvhhhwv

1 1 1
,21,21 ,, 21  
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( ) ∑ ∑ ∑
= = =

−−−
=

x y z

kji

N

i

N

j

N

k
kjikjizyxy wvhhhwv

1 1 1
,21,,21, ,, 21  

( ) ∑ ∑ ∑
= = =

−−−
=

x y z

kji

N

i

N

j

N

k
kijkijzyxz wvhhhwv

1 1 1
21,21, ,, 21  

( ) ,,,,,,2 zyxmsvvv ss ==  

,max
1,1,1

ijk
NkNjNi

vv
zyx ≤≤≤≤≤≤∞ =  

( ) ,max ,21
1,1,1

jki
NkNjNix vv

zyx
−

≤≤≤≤≤≤∞ =  

( ) ,max ,21,
1,1,1

kji
NkNjNiy vv

zyx
−

≤≤≤≤≤≤∞ =  

( ) .max 21,
1,1,1

−
≤≤≤≤≤≤∞ = kij

NkNjNiz vv
zyx

 

For a vector function ( ) ,,, Tzyx www=w  let 

( ) ,21222
z

z
y

y
x

x www ++=w  

( ) ( ) ( ),z
z

y
y

x
x www ∞∞∞∞ ++=w  

( ) ,21222
m

z
m

y
m

x
m www ++=w  

.∞∞∞∞ ++= zyx wwww  

Let 

( ) ( ) ( )
⎪⎩

⎪
⎨
⎧

≥−−Ω∈
∂∂∂

∂
Ω∈=Ω −− ,0, rlnL

zyx
vLvW p

rlrln

n
pm

p  

,0;...,,1,0,...,,1,0;...,,1,0
⎭
⎬
⎫

∞<<=== pmnnrnl  
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and ( ) ( ).2 Ω=Ω mm WH  Inner product and norm in ( )Ω2L  are denoted by 

( ),, ⋅⋅  and .⋅  It holds obviously for ,hSv ∈  

.vv m =  (2.1) 

Introduce the difference operators and other notation as follows: 

[ ] [ ] ,,
21,

,1,
,21,

21,

,1
,21

+

+
+

+

+
+

−
=

−
=

jy

ijkkji
kjiy

ix

ijkjki
jkix h

vv
vd

h
vv

vd  

[ ] [ ] ,, ,21,21

21,

1,
21,

ix

jkijki
ijkx

kz

ijkkij
kijz h

ww
wD

h
vv

vd −+

+

+
+

−
=

−
=  

[ ] [ ] ,, 21,21,,21,,21,

kj z

kijkij
ijkz

y

kjikji
ijky h

ww
wD

h
ww

wD −+−+ −
=

−
=  

,
2

ˆ,
2

ˆ ,21,,21,,21,21
y

kji
y

kjiy
ijk

x
jki

x
jkix

ijk
ww

w
ww

w −+−+ +
=

+
=  

,
22

,
2

ˆ ,1
21,

,

21,

1,21,21,
jki

ix

ix
ijk

ix

ixx
ijk

z
kij

z
kijz

ijk w
h

h
w

h
h

w
ww

w +
++

+−+ +=
+

=  

,
22 ,1,

21,

,

21,

1,
kji

jy

jy
ijk

jy

jyy
ijk w

h
h

w
h
h

w +
++

+ +=  

,
22 1,

21,

,

21,

1,
+

++

+ += kij
kz

kz
ijk

kz

kzz
ijk w

h
h

w
h
h

w  

and ( ) ( ) .,,,ˆ,ˆ,ˆˆ Tz
ijk

y
ijk

x
ijkijk

Tz
ijk

y
ijk

x
ijkijk wwwwww == ww  ( )zyxsds ,,=  

and ( )zyxsDs ,,=  are the difference quotient operators independent of the 

coefficient D in (1.2). Let L denote a positive integer, ,, tntLTt n
c Δ==Δ  

and let nv  denote the value of v at ,nt  ( ) .1 tvvvd nnn
t Δ−= −  
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Using the above notation, we give four preparations for convergence 
analysis. 

Lemma 1. For hSv ∈  and ,hV∈w  

( ) ( ) ( ) ( ) ,,,,,, y
y

ym
y

yx
x

xm
x

x wvdwDvwvdwDv −=−=  

( ) ( ) .,, z
z

zm
z

z wvdwDv −=  (2.2) 

Lemma 2. For ,hV∈w  

.ˆ ww ≤m  (2.3) 

Lemma 3. For ,hSq ∈  

,,, mz
z

my
y

mx
x qMqqMqqMq ≤≤≤  (2.4) 

where M is a constant independent on q and h. 

Lemma 4. For ,hV∈w  

.,, m
z

zz
z

m
y

yy
y

m
x

xx
x wDwwDwwDw ≤≤≤  (2.5) 

The small-step partition is refined usually by halving or quartering the 
large-step partition uniformly, i.e., 2ˆ pc hh =  or .4ˆ pc hh =  Other notation 

is defined above. 

3. The Procedures of Mixed Element-Characteristic 
Mixed Volume Element 

3.1. The procedures 

In this subsection, we present the procedures to simulate Darcy-
Forchheimer flow. The mixed element is considered first for the convection. 
Now, we have some notation in Sobolev space: 

{ ( ) ( ) } ,,0,, 22232
LLXLLX uuuuuu ⋅∇+==γ⋅Ω∈⋅∇Ω∈=  

( ) ( ) ,,0: 222
0 LM pppdXLpLM =

⎭
⎬
⎫

⎩
⎨
⎧ =Ω∈=Ω= ∫Ω  
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( ) ., 11
HV ccHV =Ω=  (3.1) 

Weak form of the pressure (1.1) is given to find ( ) ( ] ( ),,,0:, MXTp →u  

( ( ) ( ) )∫ ∫Ω Ω
− ∇−⋅βρ+κμ vdXpvdXcc uuu1  

( )∫Ω ∈∀⋅∇= ,, XvvdXdcr  (3.2a) 

∫ ∫Ω Ω
∈∀−=⋅∇− ., MwwqdXdXw u  (3.2b) 

For (1.2), since the concentration changes along the characteristics, so 
we use a modified method of characteristics to approximate the hyperbolic 
term. The computational algorithm can use large time step but has strong 

stability and high accuracy [9, 10, 29-32]. Let ( ) [ ( ) ] ,, 2122 uu +φ=ψ XX  

.1
⎭⎬
⎫

⎩⎨
⎧ ∇⋅+

∂
∂φψ=

τ∂
∂ − ut  To argue the diffusion term by using mixed 

volume element method, we re-express (1.2) in a standard form 

( ),, cXfgc
=⋅∇+

τ∂
∂

ψ  (3.3a) 

( ) ,cD ∇−= ug  (3.3b) 

where ( ) ( ) ., II qcccXf −=  

Since the concentration changes more rapidly than the pressure and 
velocity, so we adopt two time steps, a large step, denoted by ,ptΔ  for the 

pressure (1.1) and a small step, denoted by ,ctΔ  for the concentration (1.2). 

For the pressure, time interval [ ]T,0  is divided by <<<= "100 tt  

,TtM =  where the first time step is denoted by 011, ttt p −=Δ  and 

( ) .1,11, ≥Δ−+Δ= ititt ppi  Similarly, another partition is given for the 

concentration, .,0 10
c

nN tntTttt Δ==<<<= "  Suppose that there 

exists a positive integer n such that n
m tt =  for any number m, i.e., 

c

p
t
t
Δ
Δ

 is a 
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positive integer. Let ,1,
0

cp ttj ΔΔ=  .cp ttj ΔΔ=  Let pJ  denote a quasi-

regular partition of Ω  consisting of hexahedron elements, =Ωijk  

[ ] [ ] [ ],,,, 212121212121 +−+−+− ×× kkjjii zzyyxx  with maximum 

diameter ph  (see Figure 1 in Section 2). ( ) MXMX hh ×⊂,  is a mixed 

element space of Rariart-Thomas type or Brezzi-Douglas-Marini type with 
index k. Similarly, cJ  denotes the quasi-regular partition of hexahedron 

elements with maximum diameter .ch  

Let CP ,, U  and G denote the approximation solutions of cp ,, u  and 

g, respectively. Based on the previous notations and the variation equation 
(3.2), a mixed element scheme is constructed for the pressure and velocity 

( ( ) ( ) )∫ ∫Ω Ω
− ∇−⋅βρ+κμ dXvPdXvCC hmhmmmmm UUU1  

( )∫Ω ∈∀⋅∇= ,, hhhm XvdXvdCr  (3.4a) 

∫ ∫Ω Ω
∈∀−=⋅∇− ., hhmhmh MwdXqwdXw U  (3.4b) 

The derivative along the characteristics of (3.3a) is approximated by the 
backward difference quotient, 

( ) ( ( ) )
( )

.
1 21212

1111

+−

+−++

φ+Δ

Δφ−−
≈

τ∂
∂

n

nnnn

t
tXXccXc

u
u  

Then the characteristics-mixed volume element scheme is constructed for the 
concentration, 

( )m
nz

z
ny

y
nx

x
m

nn
vGDGDGDvt

CC ,,
ˆ 1,1,1,

1
+++

+
+++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
Δ
−φ  

( ( ) ) ,,,ˆ hm
n SvvCf ∈∀=  (3.5a) 
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( ( ) ) ( ( ) )y
ynyn

x
xnxn wGEDwGED ,, 1,111,11 ++−++− + UU  

( ( ) )z
znzn wGED ,1,11 ++−+ U  

( ) ,,0,1
hm

z
z

y
y

x
x

n VwwDwDwDC ∈∀=++− +  (3.5b) 

where ( ) .ˆ,ˆˆ 11
c

nnnnn tEXXXCC Δφ−== +− U  Let the concentration in 

nonlinear functions μ, ρ and r at mtt =  be assigned by ,mC  

( ){ } [ ].1,0,0max,1min ∈= mm CC  (3.6) 

The value of the velocity at ,, 1
1

m
n

m
n tttt ≤<−
+  is assigned by using the 

following extrapolation formula 

1+nEU  

⎪
⎩

⎪
⎨

⎧

≥≤<
−
−

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−

+

=≤<
= +

−−
−−

−
+

−
−−

−
+

+

.2,,1

1,,

1
12

21

1
1

1
21

1
1

1
1

00

mttt
tt
tt

tt
tt

mttt

m
n

mm
mm

m
n

m
mm

m
n

n

UU

U
 

 (3.7) 
Initial approximations: 

,,~,~ 0000 Ω∈== XCC GG  (3.8) 

where ( )00 ~,~ GC  is an elliptic projection of ( )00, gc  (see the definitions in 

next subsection). 

Based on the procedures of mixed element-characteristic mixed volume 
element, approximation solutions are computed as follows. Using 00, gc  

,0cD∇−=  and elliptic projection, we get { },~,~ 00 GC  then take ,~00 CC =  

.~ 00 GG =  Using (3.4a), (3.4b) and the method of conjugate gradient, we get 

{ }., 00 PU  Then, we get { }0...,,, 21 jCCC  from (3.5). For ,1≥m  the 

concentrations are defined by ( ) .10 m
jmj CC =−+  { }mm P,U  is obtained 
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from (3.4a) and (3.4b). Then we get ( ) ( ) ...,,, 2111 00 +−++−+ jmjjmj CC  
mjjC +0  from (3.5a) and (3.5b). The computations run step by step as above, 

then all the numerical solutions are obtained. From the positive definiteness 
(C), the solutions exist and are sole. 

3.2. Local conservation of mass 

Suppose that the problem of (1.1)-(1.5) has no source or sink, ,0≡q  and 

suppose that there is no permeation across the boundary. For simplicity, we 
suppose that the large-step and small-step partitions are the same, i.e.,  

[ ] [ ] [ ].,,, 212121212121 +−+−+− ××=Ω=≡ kkjjiiijkpc zzyyxxJJ  

The local conservation of mass is interpreted as follows. For (1.2), it holds 

∫ ∫∂ =γ⋅−
τ∂
∂

ψ
c c

cJ J J dSdXc ,0g  (3.9) 

where cJγ  represents the outer normal vector to ,cJ∂  the boundary of .cJ  

Discrete formulation of local conservation is stated in the following theorem 
for (3.5a). 

Theorem 1. If ,0≡q  then on ,ijkcJ Ω=  it holds for the concentration 

(3.5a): 

∫ ∫∂
+

+
=γ⋅−

Δ
−

φ
c c

cJ J J
n

nn
dSdX

t
CC .0
ˆ 1

1
G  (3.10) 

Proof. Noting that hSv ∈  is equal to 1 on a given element ,ijkcJ Ω=  

and equals 0 on the other elements, then we rewrite (3.5a) as follows: 

( ) .01,1,
ˆ 1,1,1,

1
=+++⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

Δ
−

φ Ω
+++

Ω

+

ijk
ijk

nz
z

ny
y

nx
x

nn
GDGDGD

t
CC  

 (3.11) 
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Using the above notations, we have 

kji
ijk

zyx

n
ijk

n
ijk

ijk
nn

hhh
t

CC
t

CC
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

Δ

−
φ=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

Δ
−

φ
+

Ω

+ ˆ
1,

ˆ 11
 

∫Ω
+

Δ
−

φ=
ijk

dX
t

CC nn
,

ˆ1
 (3.12a) 

( )
ijk

nz
z

ny
y

nx
x GDGDGD Ω

+++ ++ 1,1,1,1,  

( ) kj zy
nx

jki
nx

jki hhGG 1,
,21

1,
,21

+
−

+
+ −=  

( ) ( ) jiki yx
nz
kij

nz
kijzx

ny
kji

ny
kji hhGGhhGG 1,

21,
1,

21,
1,

,21,
1,

,21,
+
−

+
+

+
−

+
+ −+−+  

∫ Ω∂
+ γ⋅−=

ijk
c dSJ

n .1G  (3.12b) 

Then the proof is completed by substituting (3.12) into (3.11). 

The conservation of mass on the whole domain is given as follows: 

Theorem 2. Suppose that 0≡q  and no permeation happens across the 

boundary. Then the whole conservation is formulated by 

∫Ω
+

≥=
Δ
−

φ .0,0
ˆ1

ndX
t

CC nn
 (3.13) 

Proof. Considering the summation of (3.10) on the whole domain, 

∑ ∫ ∑ ∫Ω Ω∂
+

+
=γ⋅−

Δ
−

φ
kji kji

J
n

nn

ijk ijk
c dSdX

t
CC

,, ,,

1
1

,0
ˆ

G  (3.14) 

and noting that ∑ ∫ ∫Ω∂ Ω∂
++ =γ⋅−=γ⋅−

kji

n
J

n
ijk c dSdS

,,

11 ,0GG  we 

complete the proof. 
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4. Convergence Analysis 

Suppose that there exists a constant K independent of the partition such 
that 

( )

( )
⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

+≤≤≤−

+≤≤≤−

+≤≤≤−

∈

∈

∈

,11,divdivinf

,11,inf

,11,inf

2

,

,

,

kmhfKvf

kmhgKwg

kmhfKvf

A

m
pHLh

Xv

m
pWLh

Mw

m
pWLh

Xv

p

m
hh

qmq
hh

qmq
hh

u  (4.1a) 

( ) ,,223
, hhLhpLhp XvvKhvI ∈≤ −

∞u  (4.1b) 

( ) [ ] ,12,inf 12 +≤≤≤χ−+χ−
∈χ

kmfKhfhfA m
m
cHhcLh

V
c

hh
  (4.1c) 

( ) .,23, hhWhcWhc VKhI mm ∈χχ≤χ −
∞  (4.1d) 

In the following convergence analysis we suppose that ( ) IdD mφ≈u  

( )XD=  and introduce two elliptic projections. 

Definition. Define Forchheimer operator ( ) ( ) ( )pPpP hhhh ,,:, uu Π→Π   

( ),~,~ PU=  as follows: 

[ ( ) ( ) ( ) ( )]∫Ω
− ⋅−βρ+−κμ dXvcc hUUuuUu ~~~1  

( )∫Ω ∈∀=∇−− ,,0~
hhh XvdXvPp  (4.2a) 

( )∫Ω ∈∀=−⋅∇− .,0~
hhh MwdXw Uu  (4.2b) 

From (3.2a) and (3.2b), 

( ( ) ( ) )∫ ∫Ω Ω
− ∇−⋅βρ+κμ dXvPdXvcc hh

~~~~1 UUU  
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( )∫Ω ∈∀⋅∇= ,, hhh XvdXvdcr  (4.3a) 

∫ ∫ ∫Ω Ω Ω
∈∀−=⋅∇−=⋅∇− .,~

hhhhh MwqdXwdXwdXw uU  (4.3b) 

According to the discussion in [19], we find a positive constant K 
independent of ph  such that 

232
232

~~~
LLL

Pp −+−+− UuUu  

{ } ( ).1222
13,1

+
++ +≤ k

pHW
hpK kku  (4.4a) 

For 1≥k  and sufficiently small ,ph  

.1~
+≤ ∞∞ LL uU  (4.4b) 

Let .
τ∂
∂

ψ−=
cfF  Then define an elliptic projection of mixed volume 

element. 

hV∈G~  and hSC ∈~  are determined by 

( ) ( ) ,,,,~~~
hmm

z
z

y
y

x
x SvvFvGDGDGD ∈∀=++  (4.5a) 

( ) ( ) ( )z
zz

y
yy

x
xx wGDwGDwGD ,~,~,~ 111 −−− ++  

( ) .,0,~
hm

z
z

y
y

x
x VwwDwDwDC ∈∀=++−  (4.5b) 

Let ,~PP −=π  ,~ pP −=η  ,~UU −=σ  ,~ uU −=ρ  ,~CC −=ξ  

,~ cC −=ζ  ,~GG −=α  .~ gG −=β  Suppose that (1.1)-(1.2) is positive 

definite (C) and exact solutions are regular (R). { }G~  and { }C~  exist and are 

defined uniquely by (4.5) shown by Weiser and Wheeler in [28]. 

Lemma 5. If (C) and (R) hold, then there exist two positive constants 1
~C  

and 2
~C  independent of th Δ,  such that 
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{ },22
1 cp

m
m hhC

t
+≤

∂
ζ∂

+β+ζ  (4.6a) 

.~
2C≤∞G  (4.6b) 

To complete the analysis, we should give the following properties. An 
LBB condition of mixed element is given in Lemma 6, discussed by Pan and 
Rui in [19]. 

Lemma 6. There exists a constant r  independent of h such that 

( ) .,supinf r
vw
vw

hhhhhh XhMh

hh

XvMw
≥

⋅∇

∈∈
 (4.7) 

Lemma 7 and Lemma 8 show the properties of nonlinear Darcy-
Forchheimer operator. 

Lemma 7. Define ( ) ,vvvf =  then we find three positive constants 

321 ,, KKK  for ( )dLwvu Ω∈ 3,,  such that 

( ) ( ) ( )( ) ( )∫ ∫Ω Ω
−⋅−≤−+ ,2

1 dXuvufvfdXuvvuK  (4.8a) 

( ) ( )( ) ( )∫Ω −⋅−≤− ,2
2 3 dXuvufvfuvK

L
 (4.8b) 

( ) ( ) ( ) ( )( ) ( )∫ ∫Ω Ω
−⋅−≤−− ,3 dXuvufvfdXuvufvfK  (4.8c) 

( ) ( )( )∫Ω ⋅− wdXufvf  

( ) [ ] .333
2121

21
2

LLL
wvudXuvuv +⎥⎦

⎤
⎢⎣
⎡ −+≤ ∫Ω  (4.8d) 

Since [ ],1,0∈c  so we have 

.,, mmhmmh cCcC −≤−  (4.9) 
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Considering (3.4a), (3.4b) and (4.4) together, we have a property in the 
following lemma. 

Lemma 8. There exists a number K independent of the partition such 
that 

{ ( ) }.21232
232 Lmm

k
pLmmLmm CchK −+≤−+− +UuUu  (4.10) 

Proof. From (3.4a), (3.4b) and Darcy-Forchheimer projection (4.2), we 
have 

( ( ) ( ) ( ) ( ) )hmmmmmmmm vCKC ,1 UUuuUu −βρ+−μ −  

( )hhmm vPP ∇−− ,~  

(( ( ) ( )) ( ( ) ( )) )hmmmmmmm vKCcKCc ,~~~ 11 UUU −− ρ−ρβ+μ−μ−=  

(( ( ) ( )) ) ,,, hhhmm XvvdCrcr ∈∀∇−+  (4.11a) 

( ( )) ( ( )) .,0~,~, hhmmhmmh Mwww ∈∀=−⋅∇−=−⋅∇− uUUU  (4.11b) 

Then we can get ( ( )) .0~,~ =−⋅∇− mmmm PP UU  Take mmhv UU −= ~  in 

(4.11a), 

( ( ) ( ) ( ) ( ) )mmmmmmmm CKC UuuuUu −βρ+−μ − ,1  

( ( ) ( ) ( ) ( ) )mmmmmmmm CKC UuuuUu ~,1 −βρ+−μ= −  

(( ( ) ( )) ( ( ) ( )) )mmmmmmmmm KCcKCc UUUUU −ρ−ρβ+μ−μ− −− ~,~~~ 11  

(( ( ) ( )) ).~, mmmm dCrcr UU −∇−+  (4.12) 

The terms on the left-hand side (l.h.s) and the right-hand side (r.h.s) of (4.12) 
are estimated as follows: 

⎪⎩

⎪
⎨
⎧

−+−≥ 32
0 32l.h.s

LmmLmmK UuUu  
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( )
⎭
⎬
⎫−++ ∫Ω dxmmmm

2UuUu  (4.13a) 

⎩
⎨
⎧ −−≤ 22

~r.h.s LmmLmmK UuUu  

( )
21

2
⎥⎦
⎤

⎢⎣
⎡ −++ ∫Ω dxmmmm UuUu  

[ ] 233
~2121

LmmLmLm UuUu −+×  

( )
⎭
⎬
⎫

−−++ ∞ 22
~~1 LmmLmmLm Cc UuU  

( )
⎭
⎬
⎫

⎩
⎨
⎧ −++−ε≤ ∫Ω dxmmmmLmm

22
2 UuUuUu  

{ ( ) },~1~ 232
232 LmmLmLmmLmm CcK −++−+−+ ∞UUuUu  

 (4.13b) 
where 0K  is a positive constant. 

Combining (4.12) with (4.13a), (4.13b), Lemma 7 and (4.4), we can get 
the error estimate of the velocity and complete the proof of Lemma 8. 

The concentration equation (1.2) is discussed first. Subtracting (4.5a) and 

(4.5b) at 1+= ntt  from (3.5a) and (3.5b), respectively, taking ,1+ξ= nv  

,1+α= nw  we have 

( )m
nnz

z
ny

y
nx

x
m

n
nn

DDD
t

CC 11,1,1,1
1

,,
ˆ +++++

+
ξα+α+α+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
−

φ  

( ) ( ) ,,ˆ 1
1

11

m

n
n

nnn ccfCf ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

τ∂
∂

ψ+−= +
+

++  (4.14a) 

( ) ( ) ( )z
nznz

y
nyny

x
nxnx DDD 1,1,11,1,11,1,1 ,,, ++−++−++− αα+αα+αα  

( ) .0, 1,1,1,1 =α+α+αξ− ++++
m

nz
z

ny
y

nx
x

n DDD  (4.14b) 
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Summing (4.14a) and (4.14b), 

( )x
nxnx

m

n
nn

D
t

CC 1,1,11
1

,,
ˆ ++−+

+
αα+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
−

φ  

( ) ( )z
nznz

y
nyny DD 1,1,11,1,1 ,, ++−++− αα+αα+  

( ) ( ) .,ˆ 1
1

11

m

n
n

nnn ccfCf ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

τ∂
∂

ψ+−= +
+

++  (4.15) 

Using (1.2) ,1+= ntt  we get 

( )∑
=

++−+
+

αα+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
ξ−ξ

φ
zyxs

s
nsns

m

n
nn

D
t

,,

1,1,11
1

,,  

m

n
nn

m

n
nn

nn
n

tt
ccc

t
c

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
ζ−ζ

φ+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
−

φ−⎥
⎦

⎤
⎢
⎣

⎡
∇⋅+

∂
∂

φ= +
+

+
+

++
+

1
1

1
1

11
1

,,ˇu  

( ( ) ( ) )
m

n
nn

nnn
t

cccfCf ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
−

φ+ξ−+ +++ 111 ,
ˆ

,ˆ ˇ  

m

n
nn

m

n
nn

tt ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
ξ−ξ

φ+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
ζ−ζ

φ− ++ 11 ,
ˆ

,
ˆ ˇˇ

 

,,, 11

m

n
nn

m

n
nn

tt ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
ξ−ξ

φ+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ξ

Δ
ζ−ζ

φ− ++ ˇˇ
 (4.16) 

where ( ),11 tXcc nnn Δφ−= +− uˇ  ( ) ....,ˆ 11 tEXcc nnn Δφ−= +− U  

Using ( ) ( )22
2
1 babaa −≥−  to estimate the left-hand term of (4.16), 

and denoting the right-hand terms by ,...,,, 821 TTT  we have 

{( ) ( ) } ( )∑
=

++−++ αα+ξφξ−ξφξ
Δ

zyxs
s

nsns
m

nn
m

nn D
t

,,

1,1,111 ,,,
2
1  
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.821 TTT +++≤ "  (4.17) 

Noting that ,
1

111
1

τ∂
∂

ψ=∇⋅+
∂

∂
φ

+
+++

+ n
nnn

n cc
t

c u  we have [7, 10] 

t
ccc nn

n

n

Δ
−

ψ

φ
−

τ∂
∂ +

+

+ ˇ1

1

1
 

[ ( ) ]
( )

( )
∫

+

τ
τ∂

∂
−+−

Δψ

φ
= +

1,

, 2

2
2122

1 .ˆ
n

n

tX

tX
n

n dcttXX
t ˇ  (4.18) 

Multiplying both sides by 1+ψn  and expressing the resulting summation in 

m -norm, we have 

211
1

m

nnn
n

t
ccc

Δ
−

φ−
τ∂

∂
ψ

++
+ ˇ  

( )

( )
∫ ∫Ω

+ +

τ
τ∂

∂
⎥
⎦

⎤
⎢
⎣

⎡

Δ
ψ

≤ dXdc
t

n

n

tX

tX

n 2
,

, 2

221 1

ˇ  

( )
( )

( )
∫ ∫Ω

∞

+ +

τ
τ∂

∂
φ

ψ
Δ≤

1,

,

2

2

231 n

n

tX

tX

n
dXdct ˇ  

( ) ( ( ) )∫ ∫ ∫Ω
∞

+ +

ττ−+τ
τ∂

∂

φ

ψ
Δ≤

1 1

0

2

2

2

2

41
.,1

n

n

t

t

n
dtdXdtXXct ˇ  (4.19) 

Then, 1T  is bounded by 

( )
.21

2

;,
2

2
1

12
m

n

mttL
KtcKT

nn

+ξ+Δ
τ∂

∂
≤

+
 (4.20a) 

2T  and 3T  are estimated by using Lemma 5 
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( )
( )

,21
2

;,

1
2 12 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ξ+
∂
ζ∂

Δ≤ +−
+ m

n

mttL nnt
tKT  (4.20b) 

{ ( ) }.42221
3 htKT m

n
m

n +Δ+ξ+ξ≤ +  (4.20c) 

54, TT  and 6T  are estimated similarly. Let f be defined on ,Ω  denoting one 

of the functions c, ζ  and ,ξ  and let Z denote the normal vector of 

.11 ++ − nn uU  Then, 

∫Ω
+ξ

Δ
−

φ dX
t

ff n
nn

1ˆ ˇ
 

( ) ∫ ∫Ω
+− ξ⎥

⎦

⎤
⎢
⎣

⎡

∂
∂

φΔ= dXdZ
Z
ft nX

X

n
1

ˆ
1

ˇ
 

( ) (( ) )∫ ∫Ω
+− ξ−⎥

⎦

⎤
⎢
⎣

⎡
+−

∂
∂

φΔ= dXXXZdXZXZ
Z
ft n

n
11

0
1 ˆˆ1 ˇˇ  

(( ) ) ( ) ,ˆ1 111

0∫ ∫Ω
++ ξ−⎥

⎦

⎤
⎢
⎣

⎡
+−

∂
∂

= dXEZdXZXZ
Z
f nn

n
Uuˇ  (4.21) 

where [ ],1,0∈Z  and [ ( ) ( )] ( ).ˆ 11 XXEXEtXX nn φ−Δ=− ++ Uuˇ  Let 

(( ) )∫ +−
∂
∂

=
1

0
.ˆ1 ZdXZXZ

Z
fg

n
f ˇ  

Then three estimates are derived from (4.21), 

( ) ,11
4 m

n
m

n
c EgT ++

∞ ξ−≤ Uu  (4.22a) 

( ) ,11
5 ∞

++
ζ ξ−≤ n

m
n

m EgT Uu  (4.22b) 

( ) .11
6 ∞

++
ξ ξ−≤ n

m
n

m EgT Uu  (4.22c) 
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From Lemma 1-Lemma 5, and (4.10), 

( ) { ( ) ( ) }.24122
2

2
1

21
cc

k
pmmmmm

n thhKE Δ+++ξ+ξ≤− +
−−

+Uu  (4.23) 

Since ( )Xgc  is a mean value of the first partial derivatives of ,nc  so it can 

be estimated by .1
∞W

nc  From (4.22a), 

{ ( ) ( ) }.2412212
2

2
14 cc

k
pm

n
mmmm thhKT Δ+++ξ+ξ+ξ≤ ++

−−  (4.24) 

In order to estimate mgζ  and ,mgξ  we introduce the following 

hypothesis, 

( ) .0,,,0sup,0sup
00

→Δ→ξ→σ
≤≤

∞
≤≤

cpcm
n

LnLn
thh  (4.25) 

The partition constraint is given by 

( ).2
cc hOt =Δ  (4.26) 

The function fg  is estimated by 

(( ) )∫ ∫Ω ⎥
⎦

⎤
⎢
⎣

⎡
+−

∂
∂

≤
1

0

2
2 .ˆ1 ZddXXZXZ

Z
fg

n
f ˇ  (4.27) 

Define a transformation 

( ) ( ) XZXZXGZ
ˆ1 +−= ˇ  

[ ( ) ( ) ( ) ( ) ( )] ,1111
c

nn tXEXZXEXX Δ−φ+φ−= +−+− uUu  (4.28) 

and let [ ] [ ] [ ]212121212121 ,,, +−+−+− ××=Ω= kkjjiiijkp zzyyxxJ  

denote an partition element of the pressure equation. From (4.27), we get 

( ( ))∫ ∑ ∂
∂

≤
1

0

2
2 .

pJ
Z

n
f ZddXXG

Z
fg  (4.29) 
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It follows from (4.25) and (4.26) 

( ).11det oDGZ +=  

Then fg  is estimated by 

.22 n
f fKg ∇≤  (4.30) 

5T  is argued by using (4.30), Lemma 5 and Sobolev embedding theorem [1], 

( ) ( ) 1211
5

++ε−+ ξ∇⋅−⋅ζ∇≤ nnn hEKT Uu  

{ ( ) ( ) }11212 +++ε− ξ∇−≤ nn
c EhK Uu  

{ ( ) ( ) } .2124122
2

2
1

++
−− αε+Δ+++ξ+ξ≤ n

cc
k

pmmmm thhK  

 (4.31a) 

It follows obviously from (4.23) that ( ) ( ( ) ),211 +ε−+ =− cm
n hoE Uu  then it 

is necessary to prove ( ).21
cc

k
pm

n thhO Δ++=ξ +  Similar to the 

discussion in [10], we have 

( ) ( ) 1211
6

++ε−+ ξ∇⋅−⋅ξ∇≤ nnn hEKT Uu  

{ }.221 nn α+αε≤ +  (4.31b) 

7T  and 8T  are discussed by using negative norm estimate 

,214
7

+αε+≤ n
cKhT  (4.32a) 

.212
8

+αε+ξ≤ n
m

nKT  (4.32b) 

Considering (4.17), (4.20), (4.31) and (4.32) together, we have 

{( ) ( ) } ( )∑
=

++++ αα+ξφξ−ξφξ
Δ

zyxs
s

nsns
sm

nn
m

nn D
t

,,

1,1,11 ,,,
2
1  
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( )
( )
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≤ +−
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21
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1
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;,
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2
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nnnn t
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⎬
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−−

24122
2

2
1

2
cc

k
pmmmmm

n thh  

{ }.221 nn α+αε+ +  (4.33) 

Multiplying both sides of (4.33) by ,2 tΔ  summing them on ( ),0 Lnt ≤≤  

and noting that ,00 =ξ  we have 

( ) ( )∑ ∑
= =

++++

⎪⎭

⎪
⎬
⎫
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⎪
⎨
⎧

Δ+++Δξ≤Δα+ξ
L

n

L

n
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k
pm

nn
m

L thhtKt
0 0

2412212121 .  

 (4.34) 
Applying Gronwall lemma, 

{ ( ) ( ) }∑
=

+++ Δ++≤Δα+ξ
L

n
cc

k
p

n
m

L thhKt
0

24122121 .  (4.35a) 

Continuing, we have 

{ ( ) ( ) }.sup 241221

0
cc

k
p

n

Ln
thhK Δ++≤α ++

≤≤
 (4.35b) 

It remains to testify the induction hypothesis (4.25). From ,00 =ξ  it is 

true for 0=n  obviously. Assume that (4.25) holds for .1 Ln ≤≤  From 
(4.35) and (4.26), we have 

{ } ,02121231 →≤Δ++≤σ +−
∞

+
pcc

k
pp

L KhthhKh  (4.36a) 

{ } .02121231 →≤Δ++≤ξ +−
∞

+
ccc

k
pc

L KhthhKh  (4.36b) 

Then the induction hypothesis is proved for .1+= Ln  
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From (4.35) and Lemma 5, we conclude the following statement. 

Theorem 3. Suppose that the problem of (1.1) and (1.2) is regular (R) 
and the coefficients are positive definite (C). Numerical solutions are 
computed step by step from (3.4), (3.5) and (3.8). If the constraint (4.26) 
holds, then we have 

( ) ( ) ( )222 ;;; LJLmJLLJL Cc GgUu −+−+− ∞∞  

{ },21 thhM c
k
p Δ++≤ +∗  (4.37) 

where 

( ) ( ) ,sup,sup
21

0

2
;; 2

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Δ== ∑
=≤Δ≤Δ

∞

L

n
X

n

TtL
XJLX

n

Ttn
XJL tgggg  

and the constant ∗M  depends on p, c and their derivatives. 

5. Numerical Example 

In this section, we apply the method of mixed element-characteristic 
mixed volume element to solve a system of elliptic-convection-diffusion 
equations: 

( )

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

≤<Ω∂∈=ν⋅=
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∂

−

≤<Ω∂∈=
ν∂
∂

Ω∈=

≤<Ω∈=Δε−∇⋅+
∂
∂

≤≤Ω∂∈+=⋅∇=Δ−

,0,,0

,0,,0

,,0,

,0,,

,0,,

0

TtXp

TtXc
XcXc

TtXfcc
t
c

TtXFcp

u

u

u

 (5.1) 

where p, u and c denote the pressure, Darcy velocity and the concentration, 
respectively. Let ( ) ( ) ( )1,01,01,0 ××=Ω  and let ν  denote the outer 

normal vector to the boundary surface .Ω∂  We choose the definitions of F, f 
and 0c  properly such that exact solutions are 
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++++ −−−+ iiiiii xxxxxx  

where 14 xx =  and .25 xx =  

Table 1. Numerical data 
 41=h  81=h  161=h  

mPp −  1.82852 4−e  1.17235 4−e  3.30572 5−e  

Uu −  6.95898 3−e  1.86974 3−e  4.74263 4−e  

mCc −  1.39414 1−e  8.76624 2−e  4.46468 2−e  

Gg −  1.78590 3−e  8.88468 4−e  4.85070 4−e  

Numerical data are shown in Table 1 for .10 3−=ε  .1,01.0 ==Δ Tt  

From Table 1, the conservation statements of Theorem 1, Theorem 2 and 
convergence statements Theorem 3, we find that numerical method of this 
type can solve two-phase seepage displacement problem (1.1)-(1.5) 
effectively and precisely. 

6. Conclusions and Discussions 

In the present paper, a combination scheme of mixed element and 
characteristic mixed volume element is discussed to approximate three-
dimensional oil-water Darcy-Forchheimer flow displacement in porous 
media, and convergence analysis is shown. In Section 1 Introduction, 
mathematical model is stated, and physical background and some related 
international study are introduced. In Section 2, some notations and 
preparations are introduced, and two different partitions (large-step and 
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small-step) are defined. In Section 3, the procedures are constructed to 
compute the pressure, velocity and concentration. The flow equation is 
treated by a conservative mixed element scheme and the accuracy of Darcy-
Forchheimer velocity is improved one order. The concentration is solved by 
the method of characteristics-mixed volume element, where the convection 
term is treated by the method of characteristics and the diffusion is 
discretized by the scheme of mixed volume element. The combination 
scheme develops the stability and accuracy greatly and has the nature of 
conservation, most important in numerical simulation of energy science. In 
Section 4, we show convergence analysis by using the priori estimates of 
differential equations and special techniques, and derive second order error 

estimates in the discrete 2L  norm. Moreover, convergence analysis shows 
the development of the work of Arbogast and Wheeler. In Section 5, one 
numerical example is illustrated to support theoretical analysis, and 
numerical data confirm that the scheme is feasible and efficient. In this paper, 
several interesting conclusions are stated as follows: 

(I) The method has the physical nature of conservation, and it is most 
important in numerical simulation of underground seepage mechanics 
especially in chemical oil discovery. 

(II) The method combines mixed volume element and the characteristics, 
and it has the advantages of strong stability and high accuracy. Therefore, it 
gives a useful tool to solve large-scale engineering computation on three-
dimensional complicated region. 

(III) This method improves the famous work of Ewing, Russell and 
Wheeler on classical Darcy flow essentially, and confirms the physical 
conservation [13]. 

(IV) The method improves convergence rate of 23 -order presented by 

Arbogast and Wheeler to second order, and it is able to solve the well-known 
problem better [9, 10, 25, 29] interest. 
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