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Abstract

This paper is devoted to study the fractional p-Laplacian equation with
singular nonlinearities. We use the direct method of moving planes to
derive the symmetry and monotonicity result of positive solutions to
the fractional p-Laplacian equations with singular nonlinearities.
Compared to the work proposed in Hu [13], we extend the results of
fractional Laplacian to p-Laplacian in a bounded domain. In addition,

we also consider a singular nonlinear elliptic equation with fractional

p-Laplacian term in R™\{0}.
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1. Introduction

In this paper, we consider the following nonlinear equations involving

the fractional p-Laplacian:

ayu) = 34Dt u(x), xeo

| x|*
u> 0, XeQ, )
U= 0’ X e QC,
and
(- AYu(x) = UKD [y ¢ gnygo, @)
| x|”
where

0<s<la>0,p>2.

In the special case when p =2, (- A)SF') becomes the well-known

fractional Laplacian (— A)S. The nonlocal nature of these operators makes

them difficult to study. Recently Chen et al. in [8] developed a direct method
of moving planes that can deal with directly the fractional Laplacian with
subcritical and critical Sobolev exponents and a series of fruitful results have
been obtained [3, 5, 6, 7, 11, 15]. Results regarding fractional p-Laplacian
can be found in [4, 9, 10, 12, 14, 16, 17, 18, 19, 20] and the reference therein.

In [2], Canino et al. studied the singular semilinear elliptic equation:

— Au(x) = 1 + f(x,u(x)), xeQ,
| x["

u>o0, X e Q, 3)
u=20, X € 0Q.
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They proved that the solution U was symmetric with respect to T07L and non-

decreasing with respect to the v(v e S"7!)-direction in Q. In particular, if

Q) is a ball centered at the origin of radius R > 0, then u is radially

symmetric with g—Lrj(r) <0for0<r<R.

Later, Barrios et al. [1] considered the following equation:
(= APu(x) = % F I UX), xeQ,
X

u>ao, XeQ, “4)
u=0, x e Q°.

It is proved that U is symmetric with respect to the X;-variable and strictly
increasing with respect to X; -direction for X; < 0. Moreover, if Q is a ball,

then u is radial and strictly radially decreasing. Later, Hu [13] studied
equation (4) and used a different method to prove the same result under the

weaker conditions in f.

Inspired by the ideas of [1, 2] and [13], our main concern in this paper is
using a direct method of moving planes to prove the symmetry and

monotonicity of positive solution for the nonlinear equations involving the

fractional p-Laplacian in bounded domain and R™\{0}.

Theorem 1.1. Assume that 0<s<1, p>2 and ue LZS(R”)QCllc’)(I:(Q)

is a positive solution of the equation (1). Let Q be a bounded domain in

R" convex in the x, direction and symmetric with respect to the plane
Ty = {x € R"|x; = 0}. Also, assume that f(-, -), g(-) satisfy
(i) f(x, t) and g(t) are locally Lipschitz continuous in t and g(t) > 0;
(i) f(x,t)< f(x*t) if L<0,xeQN{x <A} and te [0, ),

where x* = (24 = X, X, -y Xp);
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(iii) f(x,t)= f(xg, t)if xe QN{x <0} and t € [0, ).

Then u is symmetric in x; direction and monotone increasing for x; < 0.

Remark 1.1. If the domain is Q = B;(0), then the above conclusion is

still true under the same hypothesis. The positive solution of equation (1) is

radially symmetric and monotone decreasing about origin.

Theorem 1.2. Assumethat 0 < s <1, p > 2 and

u e Ly(R") N Chl(RM{0})

is a positive solution of the equation (2) with lim y |, u(x) =0 and

liminfy o u(y) > u(x), vx € R"\{0}.

Suppose g(t) > 0 is monotone non-increasing on (0, ty] for some small t;.

Then u must be radially symmetric and monotone decreasing with respect to
origin.

Remark 1.2. When a = 0 in the equation (2),
(= A)pu(x) = g(u(x)), x e R" ()

which is obtained by Chen and Li in [10] under the assumption of
limy | 5o, U(X) = 0 and g'(s) < 0 as s > 0 sufficiently small.

We first introduce some notation. Choose X; direction as any direction.

Let moving plane be
T, ={xeR"x =L A eR},
and the domain to the left hand of the moving plane be

Z;\’ :{XERn|Xl<7\,},
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and

X% = (20 = Xq, Xo, ey Xg)

be the reflection of X about the moving plane T)_.

We denote u(x") = uj (x), then compare the values of u(x) and uj (x),
let

Wy, (x) = up () — u(x).
After a direct calculation, we derive that w; (x*) = —Wy ().

We use C for a various positive constant that may depend on n, s and p,
and the value may differ from line to line.

2. Proof of Theorem 1.1

We prove this theorem divided onto two steps:

Step 1. Set
m = inf X;.
Q

Move the plane along X; direction from near m, and denote Q) = {X e

Yo A —m < x < A}. In this step, we prove that for A sufficiently closed to
m,

Wy (X) 2 0, VX € 2. (6)

Apparently, W, (X) = u; (X) —u(x) = u;(x) >0 when x e 2;\Q;. So we

only need to prove

Wy (X) = 0, Vx € Q.
If not, then there exists X’ e Q) such that

w, (x°) = min wy (x) < 0. (7
O,
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From the equation (1), we have
0 0
(= A)pun (x7) = (= A)pu(x)

_ g(u?\(xo)) ((XO)X u (XO)) g(U(X )) f(XO, U(XO))

Hﬁﬂw Bk

(UX(XO)) g(U(X ))+ f(X u (XO)) f(X U(XO))

O
=P%%§ﬁ+wﬁmawﬂmu% ®
X

Denote

C(XO) _ _I:g,(Ck(XO)) + f’(XO, nk(XO)):I

X[

which is bounded for f(x,t). The function g(t) is locally Lipschitz
continuous in t and Q is a bounded domain. When A = m, we have
Wi (X) = Uy (X) = W (X) = up(x) >0 in X,. Therefore, when A —m
sufficiently small, Q, is a narrow region, and the above equation satisfies

the narrow region principle involving fractional p-Laplacian in [18]. Thus
W;\‘(X) >0, in Q?w
which yields a contradiction to equation (7), and hence (6) must be true.

Step 2. Inequality (6) provides a starting point, from which we move the
plane T, towards the right as long as (6) holds to its limiting position to
show that U is monotone increasing along X; direction. More precisely, we

define Ay = sup{L|w,(x) > 0, x € X;, Vi < A}, and then show that

Ao = 0. )
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If not, then Ay < 0, and we show that the plane can be moved further
right to yield a contradiction to the definition of A(. More precisely, there

exists a small & > 0 such that forall L € (Ly, Lo +€), Wy (X) >0, X € X;.

First, by the definition of X9, we have wy (x) = 0 in 2; .

We claim that, W, (x) >0 in X . If not, then there exists a point

X e 27»0 such that

Wy, (X) = %n;f)l Wy, (X) = 0,

and then

(= AU (%) = (- A u(X)

G(uy . (X)—u - Gu(X)-u
) R U Wl e L I
5 R |?_y|n+sp
1 ~ 1
Zog [[X =y R -yl [

- cn,svaJ'

x[Gupy (X) = Uy (¥) = G(U(X) — u(y))]dy < 0. (10)

From the last inequality due to strictly monotone increasing nature of G(-)

and Ay < 0, we have

1 1
v _ n+sp> o~ Ao |N+Sp
X -yl | X =y

and
Uy (X) = Uz (y) = (U(X) —u(y)) = wy, (X) — wy, (y)

= w3, (¥) < 0 0).
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On the other hand,

(= A)pup (X) = (= A)pu(X)

= O (o, w0 - 94D 1, )

[ (%) X"
. g(uk(ﬁ)){ag(“(i)) PG E) - fRUE) =0 (1)
X

This leads to a contradiction to (10). Then we must have

Wy, (X) >0, X € Xy,

By the definition of A, there exists a sequence Ay \, Ay and xK e
2, such that

Ao

Ky — i ky _
}”k <7, Wkk(x )— g;ilwkk < 0 and VW}\.k(X )— 0. (12)

Since | x¥| is bounded, we may assume that x¥ — x° e o

Therefore, from (12), we deduce that
w (<)< 0 h 0 , 0y _
ho(X) <0, hence X° €Ty 5 and Vwy (X7) = 0.
It follows that

k k 0
W)\k (X ) _ W}\,k (X ) N W?\.O (X ) —0.as k - o
O o=t | (=X | '

Therefore, we may use (8) to obtain

(= A)u, (X) = (= A u(x¥)
Sy

1 k k
:a ?EE&—;;:P)L)+ f((xk)K, ux(xk))_%_ f(Xk, U(Xk))
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o 1| 9 () - g(u(x)) £,y (XK)) = £ (<K, ()
- O | XK | S ’

= OGO k() (6
ANEG

1

5 c(xX YWiy (x€) = o,
k

where C(Xk) is bounded for f(x,t), g(t) is locally Lipschitz continuous

about t in a bounded domain.

This contradicts Narrow Region Principle in [10] and hence (9) is
proved, i.e., Wy = 0 in 2. Therefore, U is symmetric about the plane T,.

This completes the proof of Theorem 1.1.
3. Proof of Theorem 1.2
In order to prove that u(x) is radially symmetric about some points in
R", we move the plane T, along X, direction from — oo to the right.
The assumption of lim|y|_,,, U(x)=0 implies that, limy|_,o, Wj (X)=0.

Near the singular point 0" of W, , from our assumption
liminfy o u(y) > u(x), ¥x € R™{0},
and we have

lim inf wy (X) = lim inf (U (X) — u(x)) = lim inf u(x) — u(0™) > o.
x—0" x—0" x—=0

Hence if w; (X) < 0 at some points in Y, , then the negative minima must be

attained in the interior of >, \{07L }. We divided the proof into two steps.
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Step 1. In this step, we prove that for A sufficiently negative,
W, (X) > 0, VX € X \{0M). (13)
If not, then there exists X € >, \{0*} such that

Wy (X) = min wy(X) <0, (14)
Z\0™)

from equation (2). Similar to the first part of the calculation, we have
(= A)pun (%) = (= A)pu(x) 2 0, (15)

due to A being sufficiently negative. Since u(X) is small enough, so is

,.(X), and from the monotonicity of g(-), we have g'(g, (X)) < 0.

On the other hand, by the definition of p-Laplacian and the monotonicity
of G(-), we can derive that

(= A)pun (%) = (= A)pu(X)

G gpv], S0 Txi(z»y ]nfs%'(i) “uy) o

_ 1 ~ 1
“CnaPV[, L Xy Ry |”+Sp}
< [6(1; (%)~ (¥)) - G(U(R) - u(y))]dy

G(u;.(X) — u(y)) = Gu(X) — ur (y))

+ G(up (%) — u (y)) = G(u(x) — u(y))
+ Cn,spJ‘zx A | % _xyk |n+sp dy

= CpspPV (I + 1) (16)

We first estimate 1; < 0. Due to the fact that | X — y| < | X — y* |, vy e
Y \{0*} and the monotonicity of G(-) for Uy (X) = up (y) = (u(X) —u(y)) =

W, (X) — wy (y) < 0.
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Next we estimate |,,

[ u(®) - u(y)|"2
)Y | g — yx |n+sp

|2 < CW}\‘()_()J. dy < 0.

Therefore,
(= A)pu.(X) = (= A)pu(X) < 0,
which contradicts (15). Therefore, (13) must be true.

Step 2. On the basis of inequality (13), the plane T, must be moved to
the right until the limit location of the (13) holds, then we show that U is

monotone increasing along X; direction. That is, we give the definition of

7\.02
Mo = sup{h|w, (x) > 0, x € X, oM}, v <2},

then we derive that
Ao = 0. 17)

Otherwise, then A < 0, we prove that the plane T, can be moved further
right to yield a contradiction with the definition of 1. More precisely, there
exists a small € > 0 such that for all A € (A¢, Lo + &) such that

W, (x) 2 0, X e 3, \{0"0}.
First, by the definition of %¢, we have wy (x) 20 in X; \{07‘0 }
We will prove that, wy (X)>0 in X, \{0*0}. If not, there exists a
point X € X3 \{07”0} such that

Wy, (X)= min w, (x)=0,
O gty 0

by the definition of p-Laplacian, we can derive the same estimate as (10).
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On the other hand, from equation (2)
(= A)pUn, (X) = (= A)u(X)

~ 9, () gu(x)

[ X

o 90U (%)) ~ g(u(x))

) RN

=0. (18)
This leads to a contradiction to equation (10). Then we deduce that

Wy, (X) > 0, X e ZXO\{OXO}.

From the definition of A(, there exists a sequence Ay \, Ay and
xK e 2o \{0*} such that
<0 w (K)=  min w, <0and vy, (€)=0.  (19)
k 7 Tk = " Ak Ak -
Zxk \{0"K }
The assumption g(t) > 0 is monotone non-increasing on (0, t,] for some
small t, guarantees that there is a subsequence of {Xk} that converges to

some point x. In reality, from equation (2), we derive that

(= AUz, () = (= A)5u(x)

_ 90, () gux))
[P Xk

_ 96, w49

(20)
X[

b
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when | x | is sufficiently large, we can see that u(xk) is sufficiently small,
hence §y, (xX) is also sufficiently small. Under the assumption of g() < 0

and monotone non-increasing on (0, ty] for some small t, from inequality
of (20), we have

(= A)pup, () = (= Apu(x*) 2 0.

However, if x is a negative minimum of Wy, > from inequality (16), we

have
S k S k
(= A)pup, (X)) = (= A)pu(x™) < 0.
This derives a contradiction with the fact x¥ is a negative minimum of
W, .- Therefore the sequence {Xk} must be bounded, then there exists a
subsequence of {Xk} that convergences to some point, and the subsequence

still denoted by {x¥}. We may assume that xX — x° € Xy {0k 1.

Therefore, from (19), we deduce that
w, (x°) <0, h OeT 0y =
ho (X)) <0, hence X € Ty and Vw,  (x”) = 0.
It follows that

k k
ka(x ): ka(x ) N on(xo)
% =X [ho x|

=0, as k — oo,

Therefore, we may use (15) to obtain

(= A5, () = (= A)ju(x)
Ok

1 [g(ukk(xk))_ g(u(xk))]

5k |(Xk)7\.k |OL | Xk |0L
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9'(Gy, (<)

1 k
P S
> 5, |xk “ Wy, (x*)

= Lc(xk)wx (xk) -0,
Ok k

where C(Xk) is bounded, g(t) is locally Lipschitz continuous in t.

This will make a contradiction and hence (17) is proved, i.e.,
Wy (X) = Up(x) —u(x) = 0 in X,. By moving the plane along X; direction
from + oo, we also have Wy(X) = Uy(Xx)—u(x) <0 in X. Therefore, U is
symmetric and monotone decreasing about the plane T,. Since we can
choose any direction as X; direction, we can derive U is radially symmetric

and monotone decreasing about the origin. This completes the proof of
Theorem 1.2.
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