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A STUDY OF ISOSPECTRAL FLOW 

ON BANDED MATRICES 

 

Abstract 

An isospectral flow manipulates a matrix preserving its spectrum.            

In this paper, we study a flow, originally introduced by Arsie and 

Ebenbauer [2], of the form [[ ] ],,, PPPP du
′=ɺ  where Pɺ  is the time 

derivative of matrix P, P′  is transpose of matrix P, and [ ]duPP ,′             

is same as matrix [ ]PP ,′  on the upper triangular elements and all 

elements below the diagonal are zero. We extend results in [2] to the 

case of real banded (band) matrices. If the initial condition, ( ) =0P  

,0P  is a banded matrix having lower bandwidth 0>p  with a        

simple and real spectrum, then ( )tP  converges as ∞→t  to a banded 
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symmetric matrix having bandwidth p, isospectral to .0P  Also, the 

limit point has the same sign pattern in the pth subdiagonal elements 

as in .0P  

1. Introduction 

An isospectral flow is a dynamical system of matrices that preserve the 

eigenvalues of the solution matrix. These flows appear in many applications 

[18, 11]. They are important in the study of direct and inverse eigenvalue 

problems in linear algebra, especially when we are interested in 

reconstructing a matrix with a special structure and a given spectrum 

because the eigenvalues are invariant of trajectories [8, 5]. Numerical 

analysts are interested in the flow because the eigenvalues of a certain matrix 

remain fixed throughout the computation. They widely appear in the field of 

integrable systems [6, 16, 7], the QR algorithm [17], representation theory 

via coadjoint orbits [13], control theory and many other fields [2, 3]. 

An isospectral flow, also known as Lax flow, is the differential equation: 

[ ] ( ) ,0,, 0PPPQP ==ɺ  

where P is a square matrix of order n, Q is a matrix function, and [ ] =:, QP  

.QPPQ −  The existence and uniqueness theorem for ordinary differential 

equations shows that the flow has the unique solution locally if Q has 

elements that are smooth functions of the elements of P. In the case we  

study here, the elements of [ ]duPPQ ,′=  are quadratic polynomials of the 

elements of P. 

A banded matrix is a special type of sparse matrices whose nonzero 

entries are arranged uniformly near the diagonal. Let ( )ijmM =  be a square 

matrix of order n. If 0=ija  whenever pji >−  for the smallest integer            

p, then p is the lower bandwidth of a matrix M [9]. Similarly, the upper 

bandwidth is defined. 

We study the following nonlinear system of ordinary differential 

equations of the form 
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 [[ ] ].,, PPPP du
′=ɺ  (1.1) 

The flow (1.1) leaves the vector space of real banded matrices invariant. If 

the initial condition 0P  is banded matrix having lower bandwidth 2 (so that 

computations and notations follow easily), upper bandwidth 0 (so that the 

eigenvalues of 0P  are the diagonal elements of ),0P  and a simple and real 

spectrum with nonzero second subdiagonal elements, then we prove that 

( )tP  converges as ∞→t  and ( )tP
t +∞→
lim  is a symmetric matrix isospectral 

to .0P  More specifically, ( )tP
t +∞→
lim  is a symmetric pentadiagonal matrix 

isospectral to the initial condition 0P  having the same sign pattern in the 

second subdiagonal elements as in .0P  

2. Notations and Preliminary Results 

We denote the vector space of real banded matrices with lower 

bandwidth 2 by ,+
B  i.e., +∈ BP  iff 0=ijP  for all .2>− ji  The 

notations ul PP ,  and duP  are consistent with the notations in [2]. The given 

matrix 0P  has a simple and real spectrum, which is denoted by .Λ  ΛS  is the 

compact manifold containing all symmetric matrices that are isospectral to 

0P  [3]. Let a subset of ΛS  consisting all pentadiagonal symmetric matrices 

isospectral to 0P  be denoted by .ΛP  The notations 0G  and 0g  are also 

consistent with the notations in [2]. The matrix norm we use in this paper is 

the Frobenius norm defined as ( )PPP ′= tr:  for a matrix P. 

We discuss some important properties of the vector field (1.1): 

(1) The product of a banded matrix having lower bandwidth 2, and             

an upper triangular matrix is a banded matrix having lower bandwidth 2. 

This implies that if the initial condition 0P  in (1.1) is a banded matrix with 

lower bandwidth 2, ( )tP  will remain banded matrix with lower bandwidth 2 

for all t. 
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(2) For the flow (1.1), ( )tP  exists for all .0≥t  We can show that P  

is monotonically decreasing along (1.1) if [ ( ) ( )]tPtP ,
′

 is nonzero. 

Consider a function V defined as 

 ( ) ( ).tr::
2

PPPPV ′==  (2.1) 

Note that V is a positive definite function. After differentiating (2.1) 

with respect to (1.1) and simplifying, we get: 

( ) ( ) ( ) ( ) (( ) ) ( ).tr2trtrtrtr PPPPPPPPPPPV ′=′′+′=′+′= ɺɺɺɺɺɺ  

The flow (1.1) gives 

( ) ([[ ] ] ) ([ [ ] ] ).,,tr2,,tr2 PPPPPPPPPV dudu
′′−=′′=ɺ  

Using the fact 

[ ]( ) [ ]( ) [ ]( ),,tr,tr,tr NMPNPMPNM =−=  

we get 

 ( ) ([ ][ ] ).,,tr2 duPPPPPV ′′−=ɺ  (2.2) 

Note that (( ) ) duududu AAAAA +′=  and ( ) 0tr =duu AA  is true for a 

symmetric matrix A. 

Since [ ]PP ,′  is a symmetric matrix, (2.2) gives 

( ) (([ ] ) [ ] ) [ ] .0,2,,tr2
2 ≤′−=′′′−= dududu PPPPPPPVɺ  (2.3) 

Therefore, ( ) 0≤PVɺ  if [ ( ) ( )]dutPtP ,
′

 is nonzero; equivalently, [ ]PP ,′  is 

nonzero. So, ( )PV  is non-increasing along (1.1). This proves that =2
P  

( ) ( ) ( ) 2
0000 tr PPPPVPV =′=≤  and hence ( ) 0PtP ≤  for all .0≥t  

(3) Because ( ) ( ) ( ) 0,tr2 =′= PVPPPV ɺɺɺ  at an equilibrium. From (2.3), 

we get [ ] .0, =′
duPP  Since [ ]PP ,′  is symmetric, [ ] 0, =′ PP  identically. 
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This implies that P is normal. Also, P is symmetric because P has a real and 

simple spectrum [10]. Therefore, equilibria of (1.1) are symmetric matrices. 

A limit set is a set that a dynamical system approaches infinitely often as 

time goes to positive infinity or negative infinity. Let n
p R∈  and tΦ  be a 

flow on .n
R  An omega limit point of the orbit through p is a point n

x R∈  

if there is a non-decreasing sequence of numbers { }jt  such that ∞=
∞→ j

j
tlim  

and ( ) .lim xp
jt

j
=Φ

∞→
 The omega limit set of p is the set of all such omega 

limit points and is denoted by ( )pΩ  [4]. 

The following lemma describes an important property for the vector 

field (1.1) regarding the omega limit set. 

Lemma 2.1. If the initial condition +∈ BP0  has a simple and real 

spectrum Λ  for (1.1), then ( ) .0 Λ⊂Ω SP  More precisely, ( ) .0 Λ⊂Ω PP  

Proof. We observed, in the properties of the flow (1.1) that ( )tP  is 

bounded. Also, if ( )tP  is not an equilibrium, then ( )tP  is strictly 

decreasing. So, there exists a sequence of times { }nt  such that ( ) =
+∞→

tP
t
lim  

( ),0PP Ω∈∞  with ( ) .inf n
n

tPP
N∈

∞ =  Then, ∞P  is an equilibrium [2] 

and hence normal by the properties of the flow. Moreover, a normal matrix  

A is Hermitian if and only if its spectrum lies on the real line [10, 12]. In 

particular, ( ) .0 Λ⊂Ω SP  

The second claim follows from the properties of the flow, i.e., ( ) ⊂Ω 0P  

.+
Λ B∩S  □ 

The following computation helps to understand the evolution of second 

subdiagonal elements of a banded matrix 0P  with lower bandwidth 2, 

subject to the evolution of (1.1). The flow (1.1) gives 



Krishna P. Pokharel 12 

[[ ] ] ([ ] ) ( [ ] ) jjdujjdujjdujj PPPPPPPPPP ,2,2,2,2 ,,,, ++++ ′−′=′=ɺ  

([ ] ) ([ ] ) 
= =

++ ′−′=
n

l

n

l
jlduljjlljdu PPPPPP

1 1
,,2,,2 .,,  

Using the information 0, =jlP  for 2+> jl  and ([ ] ) 0, ,2 =′ + ljduPP  for 

lj >+ 2  in the first sum, we get nonzero terms only if 2+≤ jl  and 

.2 lj ≤+  This gives .2+= jl  A similar argument in the second sum gives 

.jl =  Therefore, 

(([ ] ) ([ ] ) ) .2...,,1,,, ,2,2,2,2 −=′−′= ++++ njPPPPPP jjdujjdujjjj
ɺ  (2.4) 

From (2.4), if ( ) ,0,20 =+ jj
P  then jjP ,2+  stays zero. The existence and 

uniqueness theorem for a system of ordinary differential equations gives that 

( )( ) jjtP ,2+  is nonzero when ( )
jj

P ,20 +  is nonzero. 

We summarize this information in the following lemma: 

Lemma 2.2. Assume that 0P  is a banded matrix with lower bandwidth 

2. Suppose that 0P  evolves according to the flow (1.1). Then, for each 

,2...,,1 −= nj  

(a) if ( )
jj

P ,20 +  is zero, then ( )( ) jjtP ,2+  is zero for all ,0≥t  

(b) if ( )
jj

P ,20 +  is nonzero, then ( )( ) jjtP ,2+  is nonzero for all 0≥t  

and ( ) jjtP ,2+  cannot change sign. 

3. The Omega Limit Set 

In this section, we discuss the omega limit set of the initial data 0P  of 

the flow (1.1). We refer to an initial condition 0P  admissible, if it is a         

lower triangular, banded matrix with lower bandwidth 2, has simple and real 

spectrum ,Λ  and has all second subdiagonal entries to be nonzero. 



A Study of Isospectral Flow on Banded Matrices 13 

Lemma 3.1. There exists no T, an upper triangular matrix, having 

determinant one, belonging to ,0G  such that for an admissible initial 

condition 0P  for the flow (1.1), ( ) .2...,,1,0,2
1

0 −==+
−

njTTP jj  

Proof. We have 

( ) ( ) ( ) 
= =

−
++

− =
n

m

n

l

mjlmljjj TPTTTP

1 1

1
0,2,2

1
0 ;  

since 0,2 =+ ljT  for ,2+< jl  i.e., possible nonzero ljT ,2+  for 2+≥ jl  

and ( ) 01 =−
mjT  for ,jm >  i.e., possible nonzero ( )mjT

1−  for ,jm ≤  the 

sums above can be reduced to 

( ) ( ) 
= +=

−
+

j

m

n

jl

mjlmlj TPT

1 2

1
0,2 .  

Moreover, since 0P  is an admissible initial condition, ( ) 00 =lmP  for ml >  

,2+  in the last sum, the only surviving terms correspond to jm =  and 

.2+= jl  Therefore, 

 ( ) ( ) ( ) ,1
,202,2,2

1
0 jjjjjjjj TPTTTP

−
++++

− =  (3.1) 

for .2...,,1 −= nj  Since 0P  is an admissible initial condition, ( ) ≠+ jj
P ,20  

0 and the matrices T and 1−
T  have a determinant one. Therefore, all 

diagonal entries of T and 1−
T  are nonzero. This proves the claim. □ 

If ( )tP  evolves following (1.1), then for ( ) ( ) ( ) =⊂∈ tPGLtT n ,0 RG  

( ) ( ).1
0 tTPtT

−  Since ( )tP  evolves following (1.1), ( )tT  evolves following 

 [ ] ,0,, maxttTPPT du <≤′=ɺ  (3.2) 

where ( )0T  is the identity matrix. It is important to note the fact that the 
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boundedness of ( )tP  for all 0≥t  does not imply the boundedness of ( )tT  

and ( ) 1−
tT  for all .0≥t  

Considering ( ),tr:
2

TTT ′=  we obtain the following estimates for 

( )tT  and ( )tT
1−  (for detailed computation, see [14]): 

 ( )( ) [ ( ) ( )] ( )( ) +′≤
t

du dsTsPsPtT
0

0ln,ln  (3.3) 

and 

 ( ( ) ) [ ( ) ( )] ( )( ) +′≤− t

du dsTsPsPtT
0

1 .0ln,ln  (3.4) 

Therefore, it is sufficient to prove that the integral on (3.3) (or (3.4)) 

converges as +∞→t  to show ( )tT  and ( )tT
1−  remain bounded for 

all .0≥t  We prove that, along a solution of (1.1) for admissible initial 

condition ,0P  [ ( )]dutPP ,′  converges to zero exponentially fast. To 

achieve this, we show that the compact manifold ΛS  is exponentially 

attracting for the flow (1.1) for admissible initial condition 0P  and hence we 

prove that ΛS  is exponentially stable in linear approximation (see [15] for 

the definition). 

The following result highlights the connection between exponentially 

attracting and exponentially stable in linear approximation. 

Theorem 3.2 [15]. An invariant compact manifold ,M  of ( ),xFx =ɺ  

,, n
Fx R∈  is exponentially attracting iff M  is exponentially stable in 

linear approximation. 

Recall that ΛS  is the manifold M  consisting of a manifold of 

equilibria. To prove ΛS  is exponentially stable in linear approximation, it is 

sufficient to linearize (1.1) at an equilibrium point ,0 Λ∈ SS  and show that 

the normal directions to the tangent space [ ]{ }WWSWTS −=′=Λ :, 00
S  

[1] are decreasing exponentially. 
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Write ( ),00 tPSdS +=  a first order deformation of ,0S  in order to 

linearize the flow (1.1) at a point .0 Λ∈ SS  We use the following result for 

( )tP  obtained in [2] 

( ) [ [ ] [ ]( ) ] [[ ] ].,,,,, 00000 SPPSSPSSPtP dudu
′−=+′=ɺ  (3.5) 

Also, it is shown in [2] that if ( )tP  evolves following the linearization (3.5) 

then its normal component 

 ( )( ) ( ) Λ∈′−=π S
02

1
SN NPPtP  (3.6) 

converges to zero exponentially. Therefore, we concluded that ΛS  is 

exponentially stable on linear approximation because the quadratic form 

( )( )
dt

tPd N
2π

 is negative definite on ΛS0SN  for each ΛΛ∈ SS ,0S  is 

compact and 
( )( )

dt

tPd N
2π

 is continuous. Using these results along with 

Theorem 3.2 along with the definition of exponentially stable in linear 

approximation, we conclude ΛS  is exponentially attracting manifold for the 

flow (1.1). 

The time evolution of ( )( )tPNπ  and [ ( ) ( )]dutPtP ,
′

 are related in 

the linearization. If  ( )( )tPNπ  evolve following (3.5) converges exponentially 

fast to zero, then [ ( ) ( )]dutPtP ,
′

 converges exponentially fast to zero for a 

solution ( )tP  of the flow (1.1) [2]. This proves [ ( ) ( )] dssPsP
t

du
′

0
,  

converges along a solution of (1.1) for +∞→t  for any admissible initial 

condition .0P  

We use the results obtained so far to prove the following theorem: 

Theorem 3.3. Let the solution of the flow (1.1) starting from                         

an admissible initial condition 0P  be ( ).tP  Then, ( )tP
t +∞→
lim  converges 



Krishna P. Pokharel 16 

exponentially fast to ΛP  with the same sign pattern for second subdiagonal 

elements as in .0P  

Proof. Using the inequalities (3.3) and (3.4) and the fact [ ( ) ,
′

tP  

( )]dutP  is converging exponentially fast to zero, we see the boundedness 

of ( )tT  and ( ) .1
tT

−  Therefore, the eigenvalues of ( )tT  and ( )tT
1−  are 

bounded and bounded away from zero. Lemma 3.1 implies that ( )tP  can not 

converge to the set of diagonal matrices for .+∞→t  In particular, 

( ) jjt tP ,2lim ++∞→  is nonzero for .2...,,1 −= nj  Therefore, ( )tP  

converges to ΛP  by Lemmas 2.1 and 2.2 implying that the second 

subdiagonal elements of ( )tP  cannot change sign. This proves that ( )tP  has 

to converge to ΛP  with the same sign pattern for the second subdiagonal 

elements as .0P  □ 

Finally, we will show that the omega limit set for an admissible initial 

condition is a single point. 

Theorem 3.4. Let an admissible initial condition for the flow (1.1) be 

.0P  Then 

(a) ( )0PΩ  is a singleton set, and the only element is a pentadiagonal 

symmetric matrix isospectral to .0P  

(b) ( )0PΩ  has the same sign pattern in the second subdiagonal elements 

as the second subdiagonal elements of .0P  

Proof. In this theorem, we only need to prove that ( )0PΩ  is a singleton. 

The submultiplicative property of the norm implies 

[[ ( ) ( )] ( )]
′

+∞→

t

du
t

dssPsPsP
0

,,lim  

[ ( ) ( )] ( )
′≤

+∞→

t

du
t

dssPsPsP
0

.,lim2  
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Due to the second point of properties of the flow, P  can be bounded by a 

constant α and using the convergence of [ ( ) ( )]dutPtP ,
′

 for +∞→t  

along a solution of (1.1), we get 

[ ( ) ( )] ( )
′

+∞→

t

du
t

dssPsPsP
0

,lim  

[ ( ) ( )] +∞<′α≤
+∞→

t

du
t

dssPsP
0

.,lim  

The convergence of [ ( ) ( )] ( )
′

+∞→
t

dut dssPsPsP
0

,lim  implies the 

length of the solution curve is finite. This is enough to conclude ( )0PΩ  is a 

singleton. □ 

4. Simulations and Applications 

In this section, we illustrate the convergence properties of the flow  

using some simulations. We use MatLabTM ODE solvers ode15s for the 

simulations. We also show that by choosing arbitrary numbers different from 

zero in the second subdiagonal in the initial condition, we can generate an 

arbitrary number in the second subdiagonal that follows the sign pattern as 

the initial condition. 

Suppose that 0P  is a square matrix of order 7 with spectrum ( ) =σ 0P  

{ }7,6,5,4,3,2,1 −−  having the diagonal entries [ ]7,6,5,4,3,2,1 −−  and 

arbitrary chosen first subdiagonal and nonzero second subdiagonal elements. 

Then 

.

71010000

06101000

00510300

00041050

00003104

00000210

0000001

0





























−
−−

−
−−−

−
−

=P  
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Using the flow under study, the corresponding omega limit point under 

the numerical approximation is 

( ) .

5086.25191.10616.00000.00000.00000.00000.0

5191.15483.14453.41253.00000.00000.00000.0

0616.04453.46737.03154.32872.00000.00000.0

0000.01253.03154.34257.14945.35683.00000.0

0000.00000.02872.04945.32371.08420.31503.0

0000.00000.00000.05683.08420.37339.00801.1

0000.00000.00000.00000.01503.00801.12202.2

0





























−
−

−−−−
−−

−−−
−−−

−

=Ω P  

The spectrum 

( )( ) { }.0013.3,9985.1,9993.0,9997.4,0004.7,9990.3,0001.60 −−=Ωσ P  

Comparing it to the spectrum of ,0P  the spectrum of ( )0PΩ  is within the 

third decimal place, and the sign pattern of the second subdiagonal elements 

is reproduced faithfully. 

Now, we present the transient behavior of the second subdiagonal 

elements for a square matrix of order 5. Suppose that 0P  has spectrum 

( ) { }5,4,5,3,10 −−=σ P  with arbitrary chosen first subdiagonal and nonzero 

second subdiagonal elements [ ].5,5,3 −−−  Then 

.

51500

04150

00553

00033

00001

0























−−−
−−−

−=P  

The corresponding omega limit point under the numerical approximation 

is 

( ) .

6015.13448.08841.30000.00000.0

3448.06109.25660.19223.20000.0

8841.35660.10811.00567.14363.0

0000.09223.20567.12611.22228.1

0000.00000.04363.02228.18702.1

0























−−−
−−−−

−−−
−

−−−

=Ω P  
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The spectrum ( )( ) { }.9997.4,0001.4,9999.0,0000.3,0000.50 −−=Ωσ P  We 

can see that the sign pattern of the second subdiagonal entries has 

reproduced faithfully. We show the trajectories of the second subdiagonal 

elements as functions of time to get an idea about their transient behavior. 

Figure 1 displays the transient behavior of the second subdiagonal element 

along (1.1). 

 

Figure 1. Transient behavior of the second subdiagonal elements. 

In the following example, 0P  has been chosen in a more general form          

of a banded matrix with lower bandwidth p with a given sign pattern in the       

pth subdiagonal entries to reproduce a symmetric ( )12 +p -diagonal matrix 

preserving the sign pattern in the pth subdiagonal entries as in :0P  

,

241010101000

101610101020

1010151010108

0101040101010

001010301010

00010102010

0000101010

0





























−−
−−−

−−
−−−

−−−−
−−−−

−−

=P  
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where 

( ) { }.8080.17,5865.6,8020.26,8910.1,0423.38,7190.23,6288.480 −−−=σ P  

The corresponding omega limit point under the numerical approximation is 

( ) ,

5693.236524.12357.32840.43284.50000.00000.0

6524.14163.86080.36116.79681.77925.30000.0

2357.36080.39688.148742.48564.23912.134857.9

2840.46116.78742.49472.395877.07612.132284.7

3284.59681.78564.25877.08806.293082.60849.10

0000.07925.33912.137612.133082.67562.145889.5

0000.00000.04857.92284.70849.105889.51316.7

0





























−−
−−−

−−−
−−−

−−−−−−
−−−−−−

−−−−

=Ω P  

where 

( )( ) { }.8083.17,8021.26,5864.6,8909.1,0423.38,7192.23,6289.480 −−−=Ωσ P  

Figure 2 displays the transient behavior of the fourth subdiagonal element 

along (1.1). 

 

Figure 2. Transient behavior of the fourth subdiagonal elements. 

As an application, the flow provides a solution to the inverse eigenvalue 

problem for pentadiagonal matrices with a simple and real spectrum and             

a given sign pattern for the nonzero second subdiagonal elements. More 

specifically, we can solve the following inverse problem: 
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Given a simple and real spectrum { }nλλ ...,,1  and an assigned sign 

pattern of 2−n  ordered elements, reconstruct a real pentadiagonal 

symmetric square matrix of order n with the given spectrum and the sign 

pattern for second subdiagonal elements. 

It is worth mentioning that the flow (1.1) is the solution to an optimal 

control problem over the infinite time horizon. 

Theorem 4.1 [2]. Let ( )tA  be a smooth function in the Lie algebra               

of upper triangular matrices. The optimal value function of the following 

control problem on the infinite time horizon 

(([ ] ) ([ ] )) ( )
∞+

′+′′′
0

,tr,,trmin dsAAPPPP dudu
A

 subject to [ ],, PAP =ɺ  (4.1) 

is given by ( )PP′tr  and the flow (1.1) is the solution of (4.1), i.e., the optimal 

feedback is given by [ ] ., duPPA ′=  
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