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Abstract

In this work, we study a hyperbolic problem with polynomial

nonlinearity and a homogeneous Neumann condition.
1. Introduction

Consider the following problem:

3,0

Fy =f(x,t), xDQ,tD]O,T[,

u" —Au+u

(1.1
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0
a—;(x, t)loq =0, (1.2)

_ou

u(x, 0) = ug(x), u'(x, 0) 3 (x, 0) = uy(x), (1.3)
in a cylinder
Or ={x,t:x0QOR", 0<t<T < o},

where Q is a bounded domain in R" with the differentiable border 0Q, 7

) ) " 0%u 9%y
is the exterior normal to 0Q, u" = — and Au = —-
ot i=1 axl-

Put

H'(Q) = {v/v 0@ 2 or@.i=t.. n}

with the norm

n 3 2 1/2
||v||H1(Q)=[fQ{|v|2+Zla—; H
and
2 — 2 2
181 gy =14 gy * 190 o

where f, up and u; are given functions.

2. Existence of the Solution of the Problem

2.1. Variational formulation

Multiplying equation (1.1) by the function n(x, t) and integrating on

Oy, we obtain
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u'n(x, t)dxdt - Aun(x, t)dxdt
[ 5, s dxar = [ dun )

+ IQT wn(x, t)dxde + -[QT % n(x, t)dxdt

= j £(x. 0)n(x, 1)dxdt. 2.1)
Or

Using integration by parts, the first two integrals of the equality (2.1) give

JQT u'n(x, r)dxdr = jQ UOT u'n(x, t)dtj dx
= IQ u'(x, T)n(x, T)dx - IQ uy (x)n(x, 0)dx

- u N, dxdt,
'[QT 't

Ou

== , t)dxdt
o0, 01 0% 1)

Aun(x, t)dxdt = - Ouln)dxdt +
o, et ) [, Oumyaar + |

= —I (Culn) dxdt.
Or

Then equality (2.1) takes the form:

jQ u'(x, T)N(x, T)dx - jQ u (x)n(x, 0)dx - IQT u, N, dxdt

; u
+ jQT (Duln)dxdt + jQ u’n(x, t)dxdt + IQ 5 n(x, t)dxdt

T T
= J. £ (x, t)n(x, t)dxdt.
Or

Definition. The distributional solution of the problem (1.1)-(1.3), is any

function u(x, 1), equal to uy(x) for r = 0 satisfying the following integral:
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—IQ up (x)n(x, 0)dx - JQT u;Ndxdt + JQT (Duln) dxdt
; u
+ -[QT u”n(x, t)dxdt + -[QT 3 n(x, t)dxdt

= I f(x, )n(x, t)dxdt (2.2)
Or

for all n(x, t) whose trace for ¢ = T is equal to 0.

2.2. A priori estimates of these solutions

Multiplying (1.1) by (';_u and using integration by parts on Q:
t

2
I 6_u6_udx_J‘ Aua—udx+I u3a—udx+I a—Ma—udx
Q 9¢2 ot Q 0t Q o Q 0t Ot

= [ 0 Sa (2.3)

By transforming the first three integrals of (2.3), we obtain

2 2 2 2
AR JEA ) AN ) AR A L.
Q 9s2 ot 2Jaar\ o 20t o 20t or

*(Q)

2.4)

By applying Green’s formula, we have

j 2 O gy = —j Du.D(a—ujdx = —lij (Ou)?dx = —lill Ou |,
Q at Q at 2 at Q 2 at L (Q)

(2.5)

and

I u3a—udx=I a—u.u3dx=lij- u4dx=li||u||44 . (2.6)
Q ot Q ot 4dtdQ 4 ot L*(Q)
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By substituting (2.4)-(2.6) in (2.3), this latter becomes

19 u | O, [ A
20| or 2(Q) 26; (Q) 46t @) Joorar
f—dx

which implies

HojouP L oyp,p +1o, Iy ‘a_

ou

—dx. 2.7
Qfaz X 2.7

Using inequalities of Holder and Young, the second member of (2.7) gives

1/2 2 /2
2 Ou
j f—dx_UQ|f|dx) UQ - dxj
Ou
171200 5 |2
1 2 Ou
sz{ufnﬁ( ok (J- 28)

By using (2.8), (2.7) becomes

L S YT Y L
2_at o L2(Q Lz(Q) 26t Q) ot l2(q)
1] ou |*
<311 Py *| o
2177 (@ ot ll12(q)
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which implies

0
ot

<| /I

ou P
*(Q)

ou |2 ) 1 4 ‘
= +]|0 + = +2
[y 10 gy * 314

2

ot

Ou
5 (2.9)

t LZ(Q).

2(Q) ‘

Integrating (2.9) on (0, 1):
19 ||l du | 2
— ||| == + || Uu
5 gy "1 * ST

< T Ry [ 2]
o rE (@)
which implies
| 0u o+ 2lul 4
2(Q) 2

ds.
2(Q)j

t
2
<
< jo(nf o *
10 [y g * 51

This gives
12() L*( oM

Lz(Q)

ou
ot

a_u 2
ot L2(Q)

L2

au
6t

ou |2

5
-U

! 2
<] OLM Mooy *

6t L2(Q)

du(x, 0) 2
ot 12(Q)

2 1 4
B 25 0 * 510 ||L4(QJ

2
a_u st
t ()
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and
2 2
el #louly g+ Shults g +2f 0|2, as
ot lr2(q) L*(Q) L(Q) 0t 12(q)
(1 By g #1500 s g + Sh00 s )
t ) ou
<15 By [
Finally, we obtain
2 2
el +louly g+ Shults g +2f 0| 2], as
ot lr2(q) L*(Q) L(Q) 0t 12(q)
< o s g *+1 0 s g *+ 20 I
Ou 2

Adding the term | u ”iZ(Q) to the first and second members of (2.10), we

have
9 bl +hely g+l 2l 2
2(Q) 2@ 20 @) or I (@)
<Nl g 1 s g 1880 22 ) * 510 I
I, L"f oo * [ ;(Q)st' o
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Thus
ou |?
el iy g+ 5luls 2
2(Q) HY( L (Q) at I (Q
<l 2 2 Oue 12 1 4
= ” u ||L2(Q) + " U ||L2(Q) + ” up ||L2(Q) + 2 ” up ||L4(Q)
ou |
ds. 2.12
of! Ln FBagy | o LZ(QJ | .12)
For ¢ O [O, T], we have
ou ||? ou ||?
ek, iy g+ Sl 2 | 2]
2(Q) HY( LYQ) ot ll12(q)
<l 2 2 Oue 12 1 4
= ” u ||L2(Q) + " U ||L2(Q) + ” up ||L2(Q) + 2 ” up ||L4(Q)
T 2 Ou
+ dt. 2.13

Putting u(t) = u(x, t), we have

() = | ;g—:(s)ds + u(0),

2
)P =| [ 12 (5)as + u0)
| [ s+ u0)] +| [ 2 (s - )]
0 O0s 0 O0s
and hence
! 2
()2 < z{( D dsj +14(0) @. (2.14)
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Using Holder’s inequality, we obtain

ds < UJ 1 |dsjl/2.[jot

ou

5, N2
E(S) dsJ

t| ou
J.O‘E(x, )

which implies

Oou
E(X’ 1)

(13t o] <) {1

t 2
<
0

2
g—z s)‘ ds]

Ou (s)| ds,

Os

and (2.14) becomes

1| du 2
ule) P < z[rjo 8 )| ds +] o) @ - ) P
t| Qu 2 b
szzjo “0(s)| s+ 2u(0) P,

Consider ¢0[0,1]0[0,7]. Then 1-72>0. Adding the term

2
2(1 - t)f(; (;_u (s)| ds to the second member of (2.14), we get
s
Lu(r) P < z;jt 0 3 g+ 2 u(0) P + 21 —I)J.t au 3 F g
B 0| Os 0| Os

and, finally,

Ou
Os

(s)

()P < z[| u(O)f + [

2
ds}.
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Integrating on Q, for ¢ [J [O, T], we obtain
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2
J |u(t)|2 x<2J. { 0)|2 ta—u(s) ds}dx
Os
<2_J | u |2dx+J.t J aul ds_
RS 0 olJal Os |
_ X . " B}
sz_JQ|u0| a’x+I0 5| @ d;_
which implies
U . (2.15)
10 gy =20 # o | 5]
By using (2.15), (2.13) becomes
ou |? 2
‘W L2(9)+" "H (@) 2” f) " L2 )dt
T 2
<3fug Iy + [ 2|, e
L*(Q) 01 0t li2(q)
2 p—
el gy 1800 Py + 30 s g
ou ||*
dr.
J. [”f”LZ(Q) ‘ ot L2(Q)]
Thus
ou ||? ou ||?
el g *3lults g + 2l |Se), ar
0t ll12(q) HY( L'(Q) 0t ll72(q)
<l 2 2 Oun I 1 4
< 2 ug ||L2(Q) *w ||L2(Q) +[ Dug ||L2(Q) * 5 lluo ||L4(Q)
T du T
kel 2.1
+ 3]0 + J’O | f ||L2(Q)dt (2.16)
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By adding the term || O ”iZ(Q) to the second member, (2.16) becomes

ou |? 2 ou ||?
o R CT A PTIETH E B
2(Q) H(Q) L'(Q) 1 l2(Q)
<2ug %, *w |?,, + 2 Oug |?
” ”0 ||L2(Q) ” Uy ||L2( ) ” ”0 " Z(Q)
#aloll g+ pro® I 1 ey @17
and
ou ||? ou ||*
| R CU A PTIEETI E W
2(Q) HY( L'(Q) 0t ll72(q)
1
<l uo 12 + IR § 4
) P LY P S L e
+3JT“’_“2 +IT||f||2 dr (2.18)
0|l or llz2(q) 0 () '

By adding the term _[ [ u ||2 dt to the second member of (2.17), we

obtain
ou |? 2 1
] g * 3l
2(Q) H(Q) 2 L*(Q)
1
<9 2 + 2 + - 4
10 10y *1 Ea gy * 3150 s g
ou |*

T
+J_
0

dt
0t ll72(q)

T 2 T )
* IO 17 12 gy * J'O lulp gy @19
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Putting

— 2 2
k=20 12y 0+l g

1 4 J‘T 2
= +
o gy * o 11

(2.19) becomes

ou |
]l g 3l
2(Q) HY(Q) 2
T ou |? r.o.»
sk+J’ ou dt+J. lul?, i (2.20)
01 0t l2(q) 0 H'(Q)
and
2 2
o PRI TP ) I P A P
ot LZ(Q) H (Q t LZ(Q) H( L (Q)
T 2 T
<k+| ou ao+ [ ul?,
0l ot li2(q) 0 H'(Q)

Then we have the following relationship:

ou | T ou |
‘_“ el sk ‘_“ j [, di @)
or ll2(q) H(Q) 01l o ll.2(q) H'(Q)
Put
ou |? 2
Elt)=||— + , 1 .
=] N CCD P
Then

T\ Qu
E(f) <k + . E(

m+f|wuzw2

1(Q)

According to Gronwall inequality,
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and hence E(f) < ke’ , or E(t) < ¢ with ¢ = ke’ . Thus

Oou

E 2 <ecp. . T]. ,
0=]%], iy 10 gy S e poon 071
and we have

ou |*

‘at 2oy = :

(Q) with ¢ =¢; + ¢
2
u(x <c
e D g <2

ot

N {a“ 0120, T; I*(Q))
ulx, 1) 0120, T; H'(Q)).

On the other hand, (2.18) gives

ou |I? ou |I?
el g * 3l + 2l |Se), as
*(Q) (@) or 12(a)
2 2 1 4
< Auo g+ T2 gy * 5140 I g
T\ du I? T »
+3 — + dt
Jol 5l T By

41

T
Adding the term _[ 0 [ u ||i4 (Q)dt to the second member of (2.18), we obtain

ou |* 2 1 4
= I P P
2(Q) H'(Q) 2 L' (Q)
<ug P, Py, =] ug |
H'(Q) Q) 2 Q)

Nk

ot

2 T 4
i’ 1 By [ Ll g
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Putting
1
b= e |12 + 2 L1 4
1= 2 ug ”HI(Q) [ "LZ(Q) > o "t‘(g)
+IHH e
the inequality becomes
ou || 2 ro 4
el B g * 3l g SE+ [ Ll g
0t ll12(q) H'(Q) L (Q) 0 Q)
We have
1 4
gy =[5y 19y * 2
<k + [ Jult, d 2.22
<k [l g .22)
Then
1, 4 T4
—~ <k + J d 2.23
2||u||L4(Q) 1 0 ||u||L4(Q) 4 ( )

= luly < 2k+2f Jul,
Tadto) B o' 'LYa

= lulf, o <ko+2] Jal,
*Q) = 2 o' '*Q

Putting F(r) = || u "14((2)’ we have

FO) <k +2f ul’

L4(Q)
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Due to Gronwall inequality,

2(LF(s)dr
F(t) < kye 0O

and hence F(r) < kye?!, or F(r) < ¢3 with ¢3 = kye?! .

Noting that inf |u|*, = < ¢3, we have

oo, 7] Q)
w0120, T, LHQ)).

From the above, it follows that

Ou
ot
u(x, ) O L(0, T; HI(Q))

01°(0, T; I*(Q
( (@) and u O L°(0, T, I*(Q))

% b 120, 7: 12(Q))

= {0t
u(x, ) 0 L°(0, T; HY(Q)) N L0, T, IHQ)).

Then
6_u
ot
u(x, 1) 0 L°(0, T; H'(Q)) N L*H(Q)).

0170, T; I3(Q))

Hence, we have the following theorem:

2.3. Theorem

Suppose f(x, t), ug(x) and uy(x) are given functions such that
fe )0 L2(Qr),
uo(x) 0 HY(Q) N I4(Q),

u(x) O ? Q).

43

(2.24)
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Then problem (1.1)-(1.3) has a solution u(x, t) satisfying the following:

%—L; 0120, 7; 12(Q)),

u(x, 1) O L°(0, T; HY(Q) N LHQ)).

Proof. For the proof, we use the Faedo-Galerkin method which consists

of three steps:

Step 1. Construction of approximate solutions;

Step 2. A priori estimates of these solutions;

Step 3. Transition to the boundary.

Step 1. Construction of approximate solutions

Put

v ={u0H'(Q)N Q).

Since the space V is a separable Banach space, it has a basis,
say, (e)i<icm> i N2 (e;, ej) =0, Oi#j and | ej | =1, Oj, where
functions (e;) are such that (e¢;) OV, [0j with the homogeneous Neumann

condition, the operator —A has a sequence of eigenvalues {)\i}izo whose

associated functions (e j) are its own associated functions.

The problem is therefore to find in any subspace V,, ={e;, es, ..., €,,}

of V an approximate solution u,, = u,,(t) in the form

U () = Z”im(t)ei’
i=1
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where u;,, is determined by the following conditions:

2
a—u AI"m +u73;1 aum = fm - (f)’

ot>
Y| = 0 (0(0,7),

(2.25)

Up |t=0 = uOm(x)’ x4dQ,
Oou
57 li=0 = wim (%), x0Q.

By putting g(u,,(t)) = u>,, for e;j OV, we obtain

2
[aa;;m , e,-] (B )+ (2l (O ) + %5

- ejj = (£(1). ¢;). 226)

m

Replacing u,, (1) = Z Uiy, (t)e; in equation (2.25), we obtain

> (e )+ Zlm ~Bepre;) + (8(un(®)). ;)
+ ;g(uim(z)q, e) = (£(). ;).

m 2 m

Z(ei, ej);—zuim(l) + Zuim(l) (Nieir e) + (g(uy, (2)), €;)

i=1 i=1

+ e ) g inle) = (£, ¢))
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m 2 m
Z(ei’ ej):t_zuim(t) + Z(ei’ ej))‘iuim(t) + (g (un (1)), ej)

i=1 i=1
' ;(Ei, ej)%uim(t) = (f (1), ¢;).

The base (¢;) being orthonormal,

1<i<m
1L, if i=j,
0, if i#j.

(e e)) = 5, ={

Therefore, we have

9° 9
™ i (1) * Nty (1) + (80, (1), €) + =103 (1) = (£ (0). &)
’ 0
Put at—zuim(t) = uj,, and E”im(t) = u;,,. Then

Ui + Nt () + (8 (1), €) + i, = (£ (1), €;)
= iy + Mt (1) + (8l (1), €) + 1y = (1), €)= 0
= u;'m + )\iuim(t) + u;m + (g(um(t) - f(t)’ ej) =0. (2'27)

Equation (2.26) is a system of non-linear differential equations with the

following initial conditions:

m
y(0) = thgys g = ) Uime;  — 1y in H'(QNLHQ),  (2.28)

; m— o
i=1

- 00

m
Uy, (0) =ty gy = ZBimei e in L*(Q). (2.29)
i=1

Equation (2.26) is a system of non-linear differential equations written in

the following matrix form:
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I 0 - 0\ u, I 0 - 0wy,
0 1 01| us,, N 0 1 - 0]l uy,
0 0 - 1)\upm 0 O 1)\ tyym
A0 0\ (1) ((glun(t) = f()e))) (0O
L0 M 0 || uom | | (&l () = £ (1), 2)) | _| O
0 0 Aon Nt ) (g (£) = (). €2))) N0

1,X"(t)+1,X'(t)+A,X()+B, =0,

where
1 0 0 A0 0
1m=0 1 o’Ang A, o’
0 0 1 0 0 A
8w (r) = f(1), 1) Uy
5 | @ re)| |
(g(un(r) = £(2), e2) Upm
Uiy Ul
X"(r) = ”2'" and X'(r) = ”2m .

n

]
umm umm

As det A, =1 # 0, the matrix A,, is invertible. Therefore, the system has a

unique solution defined in the interval [0, t,,].
Step 2. A priori estimates of these solutions

Multiplying equation (2.30) with index j by u']m (t) and summing up in j,

we have
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2
(a . u',-m(r)j = (B 1)+ (el O 650 0) + [ %52 1)

azum Ouy, | ou,, 2 Ou, Ou,, Ou,,
( Py Tj (A”m’TjJr(um’ or j+( or ° ot j
0
- (f( ), S j (230)

According to Green’s formula and using Holder and Young’s

inequalities, we obtain

0 || Ou,, 0 Ou,,
{at L e T v .
DT L2
m Lz(Q) ot LZ(Q)
Then, we have
L P P WP o |
orll o 2(Q) tm 2(Q) m Q) o l12(q)
[ 2
LG L
and
3 || du, | du,, |
1| B I T A A O
or |l or l2(q) (Q) L’(Q) o ll12(q)
Ou,y,
1 Py ) o L

because | p,,(f) ||i2(Q) <|f "iz @)
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Integrating on (0, T), we have
foal
00s|

f |5

t
Sh@f@(

Furthermore, we have

|
-U
sﬁUf@(

... Ou
with —% =y, and
t

ou,,

+ || Ou
m | Oy

2(Q) 2@

1 4
— d
2 ” Uy ||L4(Q):| §

2

~

ds
()

au
or

ds.
2(Q)J

ou,,

ot + ” DI"m "22 _” Uy ”

12(Q) L7(Q) L4(Q)

L2 (Q)

auom 2
ot |2 (Q)

ﬂm%A;) WOM@@J

au J s
*(Q)

at

ou,, 2

2
ou,, +| O
o ll12(Q)

iy 10m Fzigy * 51 m Faigy * 2], ds

(i 122 g+ Bt I g+ 3 o s g

gy I =Hom T2 ) T 3 HH0m lpa )
t 5 2

- IOLH M) +‘ LZ(QJdS

<ttt By, [ Ttigm |2, -+ = ttgm
" 112(Q) 2@ 2" T Q)

J [II f ”Lz(Q) ‘ Lz(Q)]ds' (2.31)

ou,,
ot

[
ot
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Adding | u,, ||i2 @’ member to member of the inequality (2.30), we obtain

< u

Oty
ot

TR
iy Ty 10 g+ 3l 201

2
(@)

SN

This gives us

< u

+ 2 L0 2 L1 4
it 2 g 1 o I3 g+ 5 0 I g

[
ot

2
ds.
Lz(Q)j

ou,, 2

2
| Py

2(Q) ON

1 4
7 ” U "L4(Q)

2
(@)

! 2
dl O[H Moy *

For all + [0, T], we have

2 2
<[t gy * 1 g +1 Do I

o (19 B+ 2o

Putting u,,(t) = u,,(x, t),

+ 2 L0 2 L1 4
it 2 g 1 o I3+ 5 1 t0m I g

2
st. (232)
(@)

ou,,

ot

ou,,
ot

oy |?
ot 2(Q)

ds

2
O P Y LI

|| uom I

I (Q) (@)

Oum

ot

2
st. (2.33)
*(Q)

! Ou ! Ou
n0) = [ 1% 5) s+ 10,0) = [ 55 +
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because u,,(0) = u,, from (2.27). Taking modulus, we have

taum 2 taum ?
|um(t)| = Ow(s)ds"'uOm = |um(t)| = OT(S)dS"-uOm >
2 2
! Ou ! Ou
() < | [ S (s)ds g | +| [ S ()ds ~ gy
[ 2
! Ou,, 2
<2 UOT(S)CZS + |ug, |]
B 2
t| Ou 2
<2 UO a—;"(s) dsJ +| ugy, | ]
From Holder’s inequality, we have
1/2 2 \W/2
I du t I Ou
JO a—;"(x, t)|ds < Uo|l|ds] [IO a—;"(s) dsj ,
2 2 2
I\ du,, t !\ ou,, !\ ou,,
UO T(x, 1) dsJ < (JO ds] E{J.O W(S) dsj < tj.o W(S) ds.
Thus
| Ou 2
|y () [P < 2{1_[0 a—;"(s) ds} + | gy [*
t| Ou 2 2
sztjo S (s)| ds + 2 gy

Let ¢0[0,1]0[0,7]. Then 1-¢>0. Adding the term

2
2(1 1) _[ (t) ag—m (s)| ds to the second member, we have
s
2 2
2 | Ou 2 t Ou
(1) [* < ztjo S (s) | ds + 2| ug,, [* + 201 —z)jo S (s)| ds.
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2

ds |.
2

ds |dx

o
g

Finally, we obtain

1 Ou,,
0| Os

PHOIE z@ uom | + |

Integrating on Q, for ¢ 0 [0, T], we have

[ luent)Pax < 2IQ{|uOm SRINEI6

A

2 "J‘
dx +
[ o I ax .O(Q

r T Oou
szj 2 0x + I m
Q|1"0m| X -O(Q ot

ou,,

Os

IN
)

Y 2.34
+ —_ 1. .
w0 gy 5 20 By * [ |55 @3
By using the (2.33), (2.32) becomes
ou,, 2 1 4 ‘
—* - +2 dt
%5y 1 oy * ey * 20 | 55
<oy gy 30 [ 2]l
-2 () ol o l2(q) Iml12(q)
+| O 2.
| St 123 g+ 5 0m IEs g+ [ 17 o 239)

By adding the term || Ouy,, ”iZ(Q) to the second member of (2.34), we

obtain
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2

P T P
or l2(q) H(@Q) 2 Q)
T 2
< Augn |y, + [ | 2]
gl @) Jo | or 2(Q)
2 1 4
— . 2.36
i By g * 3l 0m Vg * [0 1 ot 236)

T
By adding the term .[0" Up, ||21(Q)dt to the second member of (2.35), we

T ou
2
< Auon [y * o | o

obtain

ou,, 2 2
2@ e I || t @

2

dt + 2
L2(Q) ” Uim ||L2(Q)

1 4 L
oo B g * o 1 gt [ i P gt 237

Putting

1 4
=2 2 + 2 + = J‘ >
k3 ” Uom ”HI(Q) " Ul ”Lz(Q) 2 ” Uom ||L4 Q " f ||L2(Q)

(2.36) becomes
aum 1 4
%5y 1 By 31 s
T 2 T
kg [ N2l [
0 ot LZ(Q) 0 H (Q)
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2

Ou 2
I
t (Q) H(Q)
T 2 T
<k + Oty i+ [ N2 (2.38)
ol ot ll22(q) 0 H'(Q)
: du,, [* 2
Setting 1,,(7) = | =2 + , weh
cting 1,(0)=| o]+l g vehave

L) < ks + | OT 1 (s)ds.

T
ds
According to Gronwall’s inequality, 1,,(f) < k3ejo g, and hence 1,,(t) < k4

with ky = kse” .

Then we obtain

ou,, 2 2
Oy, llu < Ky, (2.39)
%5y 1y <
2
‘ag;n 2oy A
(Q) with k4 = ¢4 + cs, (2.40)
2
i By < €5
which implies
aum ) 2
2 0OL7(0, T; L~(Q
03120, 7; 1(@)), o

u, O L°(0, T; H(Q)).

T
Adding the term J0|| Uy, ||i4(Q)dt to the second member of (2.35), we

obtain
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K T T,
2@ el )
< Yugn +IT6”—’"2 at 4 I
ST e) o | ar 2 "2
+l|| o |I* J £ ITIIu I*, . (2.42)
2 LZ(Q) o "™*aQ)
Putting
T\ Ou
=2 2 + —m
b5 = Ao gy * | gy 1 B
T
2
shuon s+ [ 17 o g
(2.41) becomes
aI’tm 2 2
—= +
|25 1 By * 31 sy 5+ it B
a Ouy, 2 2
Sl PO L Sl g
<t [ i I

T
4
2" Uy ||L4(Q) k5 +J. ” Uy, ||L4(Q) dt

T
< 2k +2j 4
= | u 5+2) ||L4(Q

4
m ||L4(Q)

T
o Sket 2[ N2 2.43
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According to Gronwall’s inequality, we have

2f Tar
e 0

>

4

or || u < ¢ with ¢ = kge?! .

4
m ||L4(Q)

Noting that inf | u,, ||4

4, S Cg, it follows that
([0, 7] L'(Q)

u, 0L°0, T, L}Q)).
According to (2.40) and (2.43), we have

<3g_;1 01200, T: 12(Q)),

u, 0170, T; H(Q) N Q).

(2.44)

(2.45)

When m — oo, u,, is still a bounded set of L”(0, T; Hl(Q) N L4(Q)) and

";‘_m of 1°(0, T: 12(Q)).
t

Step 3. Transition to the boundary

The sequence (U,) is bounded in L”(0, T; Hl(Q) N L4(Q)), so it is

bounded in 12(0, T; H'(Q) N L}(Q)). Since L°(0, T; H'(Q) N I}(Q)) isa

separable Banach space, there is a subsequence (”E) extracted from (U,,)

such that
O .o Loyl 4
ug = u in L°(0, T; H (Q)N L*(Q))
0
Qe Do 410, T; 12(Q)).

ot ot

(2.46)
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So

ug - u in L°(0, T; H(Q)N L}(Q))

Y (2.47)
SE -5 in (0,7 Q)

From the problem (1.1)-(1.3),

% - Du + o’ +% =f
:%=Au—u3—%+f.
As
A:HY(Q) - HY Q)= A0 L(HY(Q), HH(Q)),
we have
wO L0, T; H(Q)) = Au D L°(0, T; H'(Q)).
Also,

4
WP O I°(0, T; L3(Q)),

which implies

0%u
2

5 0120, T; H(Q) U L2(0, T; I2(Q))
t

4
U L0, T; L3 (Q)) U I2(0, T; I2(Q)).

4
Zi;’ 0200, 7 H™H(Q) U IX(Q) U L3 (@) U (0. T3 IX(Q)).
t

In particular,

5 4
‘;_;‘ 0 12(0, T; H~ Q) U L3 (Q)).
t
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4 4
As ), is bounded in L*(0, T; L3(Q)), ug 2 win L2(0, T; L3(Q)).

2.3.1. Lemma
Let Q be a bounded open set of R, hs and h be two functions of
L1(Q), 1< g < o, such that
| hg ”Lq(Q) <c, hg » hppin Q.
Then hg — h in L weak.

We will apply this lemma with

This means that

he — win L°(0, T; L3(Q)).

Therefore, according to Lemma 2.3.1, w = h = u>. Hence

glug) =i — glu) =1,

On the other hand, we have f,, = p,,(f), and
I 2@y =1 Pm(F)2(q) <1 f l2(q)- fm is bounded in L*(0r).

Extract a subsequence f; from f,, suchthat f — f in 12(07). Now, we

show that u satisfies all the conditions of (2.24). First, note that for a fixed j,

we have

Oou

—E,ejJ=(fE,ej). (2.48)

2
{a 5 ] - (Bug. ;) + (3 (1)) ¢;) ( >

01>
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Passing to the limit, (2.47) becomes

(G er) - @ e+ (5res )+ (6 ) = (1))

FACAR

Since V,, isdensein V, for v OV, ej - v when j — oo, we obtain

%(g—j, v) - (Au, v) + (%, V) + (), v) = (f, v),

[ﬁ vJ - (Au, v) + [g—b;, Vj +(g(), v) = (f.v),

o2
0%u Ou _
(at_z_Au +E+g(“), VJ =(f,v).

Hence

Now, we check that %(x, 0) = uy(x) and u(x, 0) = ug(x).

59

Let 6(x,7)OL°(0, T; HY(Q) N L*(Q)), such that 6(x,T)=0 and

8(x, 0) # 0.

As (uom(x))le is bounded in Hl(Q)ﬂ L4(Q), we can extract a
subsequence (ugg (x))gs; Of (uom(x)),5; such that ugg(x) — up(x) in

HY(Q)NL*(Q). In the same way, (u1,(x)),,»1 is bounded in *(Q), and

thus we can extract a subsequence (ujg(x))gs; Of (u1,(x)),,5; such that

ulz(x) - uy(x) in LZ(Q).

Multiplying the first equation in (2.24) by 6(x, #) and integrating on

(0, T), we have



60 Challoum Dyaus Elohe Mouanda and Dieudonne Ampini

T 32
I0 aaruz

T Qu,,

T
" Q(x, t)dt - .[o Au,,0(x, t)dt

T
+ .[0 6_e(x’ t)dt + IO g(u,,)0(x, t)dt

t

=ITf O(x, t)dt
o T

Using integration by parts, we obtain

ot 0 Ot

T T du,,
+IO g(u,,)0(x, 1)dt +IO S g, 1)

=ITf 0(x, t)dt
o ST

ou,, Ou
—M0(x, T) - —"6(x, 0) -
2o 0(x. 7) - S (. 0) |

T gu
0

T T
+ [ g6 ar+ [ ag—;”e(x, )i

T T 0
_Jo . (x, t)dt - Io Au,,0(x, t)dt
T T du,,
+j g(u,,)8(x, 1)dt +IO S g, 1)

=ij 0(x. r)dr + 2 g(x, 0)
o "M ot T

m g
ot (x

T T T
[au—’" 0(x, t)} - I Oty O'(x, t)dt - I Au,,0(x, t)dt
0 0

T
t)dt - Io Au,,0(x, t)dt
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m being fixed. For m = &, we have
T auE , T
_Io Te(x, t)dt - Io AugB(x, 1)dt
7 gt yar + [ 2 o, )
u X, I X,
o SV 0 Ot

T Ou
— &
= .[o feO(x, 1)dr + 5 8(x, 0).

Passing to the limit, we have

T Qu (7
IO Ee(x, t)dt .[0 Dub(x, t)dt

T T
+ [ gl ar+ [ Z—L;G(x, )i

. 61

= [ 7ot ar + 2 6. 0) (2.49)
0 ’ ot ’

On the other hand, considering the equation:

0%u Ou _
0 AM*‘@*‘&’(M)—f,

and using the same calculations, we obtain

T Qu (7
IO Ee(x, t)dt .[0 Dub(x, t)dt

+ jOT 2()8(x, 1) + IOTZ—”e(x, ) dr

t

= IOT 7.8(x, 1)dr + u; (x)8(x, 0). (2.50)

Differentiating (2.49) and (2.50), we have

% (x, 0)8(x, 0) = uy (x)8(x, 0) = 0,
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(% (x, 0) - ul(X)) 6(x, 0) = 0,

% (x, 0) = uy(x), because 6(x, 0) # 0.

Now, we verify that u(x, 0) = ug(x).

Multiplying the first equation in (2.24) by 6(x, t) and integrating by
parts on (0, T'), we have

T 0%, T
.[0 o 0(x, t)dt .[o Au,,0(x, t)dt

T du,, T
+j0 S o, 1) +IO g(u,,)0(x, 1)dt

=ITf O(x, t)dt
o ST

Using integration by parts, we obtain

J’T 0%u,,

T
> o 0(x, 1)dr — jo D, B(x, t)dt + u, 8(x, T) - u,, (x, 0)8(x, 0)

- 8, 1) dt + [ " w00, 1)dr
0 0

—ITf 0(x, t)dt
= 0 m X, s

T 0%, T
IO 52 0(x, t)dt IO Au,,0(x, t)dt

- B, 1) dt + f " )00, 1)dr
0 0

= .[()T fnB(x, )dt + u,,(x, 0)6(x, 0),
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m being fixed. For m = §, we have

T 0%u
&
O(x, t)dt - NAusO(x, t)dt
o 5200 [ w1

- " g8 (. 1)t + [ " olug)B(x. 1)di
0 0

T
= [ fe8x. 1)t + ug(x. 0)6(x. 0).
Passing to the limit, we have

T A2
I a—e(xtdt—J. Dub(x, t)dt
0 92

T , T
—jo u® (x, 1)dt +jo (u)8(x, 1) dr

= I OT 78(x, 1)dr + u(x, 0)8(x, 0). 2.51)

On the other hand, considering the equation

0%u Oou _
a2 AM"’E"’g(”)—f,

and using the same calculations, we obtain

T A2
I a—e(xtdt—J. Dub(x, t)dt
0 92

T ’ T
—jo w8 (x, 1)dr +j0 g()8(x, 1)dr

= L)T 76(x, 1)dt + ug(x)8(x, 0). (2.52)
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Differentiating (2.51) and (2.52), we obtain

u(x, 0)0(x, 0) = ugy(x)6(x, 0) =0,

(u(x, 0) = up(x))6(x, 0) =0,

u(x, 0) = up(x), because 6(x, 0) # 0.
Hence, u is the solution of the problem (1.1)-(1.3).

3. Uniqueness of the solution

3.1. Theorem

Letuand vO L*(0, T; Hl(Q) nrt (Q)) be two solutions of the problem
(1.1)-(1.3) under the assumptions of Theorem 2.1. Then the solution of the

problem obtained in the theorem is unique.

Proof. Put w = u — v. Then, we have

02w Oou

m_Z_AW+E+g(u)_g(V) =0,

ow

e =0, t O 0,7),

3r 100 ©.7) (3.1)
wp (x) = ug(x) = vo(x), x0Q,

wy(x) = uy(x) = vy (x), x0Q.

Let s (0, T). Consider the auxiliary function defined on Q x]0, T [:

N

o, 1) = —J. w(o)do if 0<t<s, (32)

t
0 if s<t<T.

Then % = w(x, t) = w(¢), and

wi(e 1) = | ;w(c)dc, so that @(x, 1) = @ (x, 1) = @y (x, s) if £ < s.
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Multiplying the first equation in (3.1) by @(x, t) = @(t) and integrating on

] 0, s [, we have

0 or
S ow s _
+ [ S+ [ (alu) - s()ole)dr =0,
s 62W s s ow
Ioat—ch(t)dt J. Aw(t)dt +I Ecp(t)dt
N
= [ (s0) - gl otr)ar. (33)
Integrating by parts the first and last terms of the first member of (3.3), we
obtain
ow ow s Ow 0@
- > > - 5 0 5 0 - N A dt
ot (. $)glx. o) ot (x. 0)¢t. 0) 0 0t Ot

- I;AW(P(t)dt +w(x, s)@lx, 5) = w(x, 0)¢(x, 0) - .[osw(t) % a

N

= [, (&) = gl otr)ar (34)

ox, s) = —j "w(o)do =0,

N

_Ow _[*ow 09
2 (x. 0)glx, 0) jo D ar

N

- [ swetryar = (. 0)gtx 0) - | W(z)% "

= [ (s0) - )alo)ar
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Integrating on Q, we obtain

_I (x 0)@(x, 0)dx — I J.O%v; g(tpdtd I IAu(p(t )dtdx
—I (xO(p(dex—II a(p()dtd

I I 1)) olr) drdx. (3.5)
On the one hand,

_ %Vt" (x, 0)@(x, 0)dx = —jQ wy (x)@(x, 0)dx

[, (=) = (). 0)as
with @(x, 0) = w;(x, 0) = wy(x, s);

(e 5) = [ "u(0)do and w(x, 0) = [ ;w(c)do -0

= - Q% (v 0)(x, 0)dx = [ () = m(Dm(x. )ax. (36)

Repeating the same for

—JQ w(x, 0)@(x, 0)dx,

we obtain

—IQ w(x, 0)@(x, 0)dx = J.Q (g (x) = vo(x)) wy (x, s)dx. (3.7
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SR

JoJo & G = [of 5 (-] oo
> Lo = [ 1) ey
I Ioaav;g(zp =%Ig[w2(x,r)]5dx

_1 _
= EJQ [w?(x, s) = w?(x, 0)]dx
with w(x, 0) = wy(x) = ug(x) = vp(x)

= [ (70000 g0 = [P 5) - (o) - o)

Ow 0@ 1 2
:,,j j drdx = ||w(x s)|

_1 _ 2
0 0r 0r 2 " 210 =) . G8)

Q)

Similarly, for

JQ I()s w(t) % dtdx,
we obtain
I I (z) ) grax = J j wldtdx = I||w||2 : (3.9)

According to Green’s formula,

JQ I (:Aw(p(t)a’tdx = JQ I OSDw.Dq)dtdx = JQ I OSDW.D(—'[: w(c)doj didx

N IQ I;chp(z)dzdx J' J' Dw( J' )dojdtdx
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S
ox, 1) = —j w(0)do if 1 < s;
t

oq(x, 1) _ _0
ot ot

-
= On(r) = D{%(— [ (o)dcﬂ =ai( of dcj
(_J-s

G )doj = (e, 1) = w()

S

t

Ow(o) dc} ,

we finally have

[ I;Dwmcpdzdx =[] J% (— | : Ow(o) dcj (— | : Ow(o) doj drdx
__J' J'O - U jzdtdx

1
- _5j9| Owy (x, s) [P dx

s 1 2
Owldtdx = ——|| O , . (3.10
= [ o J Db = = Ol )7, o (3110
Using (3.6)-(3.10), (3.5) becomes

J o 00 =@ (s =3 wle )+ 500 =30 oy

(@)

=1 g+ [ o) = vo() () + S Bl ) 2,

I I ) olr) drdx. G.11)
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We have the following relationship:

Integrating on (0, s),

[ 80 = glwar = [ (2 ~u)ar

00~ et

- ‘ I;(v3 —u3)t)dt

< L:I(v3 - )| @(r) |dr
< [, 1) = g o)

s
SIO||V|—|M||||V|2+|V||M|+|u|2|||<P(t)|df
or
v+ vllul+lull <|v P+ vle]+ |l
Suppose that | u | < |v|. Then |u || v] <|v|*. Hence
(VP vl + [ <3v

Then we obtain

[ 1 (6 0) = gl 1 0te) e <3 1w =1 v P ()

= [ 1(s0) = gl o) dr < 3[ ]| ) |ar

with [ v[> O L°(0, T; L*(Q)), wO L?(0, T; I*(Q)) and

O L (0, T; L1(Q)).
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By integrating on Q, we have

IQ (J‘gl (g(v) - g(w)) || olr) |dtjdx < 3J’Q UO] wiv Pl o) |dtjdx. (3.12)

Applying Holder’s inequality, (3.12) becomes

IQ U;' ((v) = g(u)) [ olr) |dtjdx

| —

<3( [ 1wPa) UQIIVIZI"dXﬁUQIW)quXﬁ

<3[ Iwlzllv Pl oyl #0) s gy

where
LI
2 n gq
As
Qx, 1) = wi(x, 1) = wi(x, ),
we have

I, ) 1aqy = [ wilx. £) = wix, 5) [ 19(q)
< wilx )l gy * I wilx $)la(q)-
Since H'(Q) O 19(Q), there exists ¢; > 0, such as
loCx. 1) 19 (q) < crl @x 1) [ 1 (q)

< erllmle Ol Hlmle ). G13)
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By using (3.13), (3.12) becomes

IQ U;' (8(v) = g()) ] (P(l)|dt]dx

= CS_[(;[” w2l v Pl * U 1) ) * 1wl s) g q))lde

Note also that
2 2
vl gy < colllv Pl @)

and
vOL20,7: H(Q) = || v [ I () < €0 p-pon Q,

2
=1Vl ) < ar

Then we have

Jal [0 = el )
< anf 1wl * (e ) gty * . 5) y1q))ds
< e[ Il gl . 0 g1
+an [ 1wl milx ) 1o
= [ ol [21060) - ol a0 )
< ciaf Wl wie 1) 1 gy

+ el m(x. 9) 1) I Iwlz g (3.14)
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Applying Young’s inequality, (3.14) becomes

JQ U(:l (e(v) = ()| alr) |dljdx

< aaf [ 21l g * e il )y ot
€
Fenl STl o) By o+ [l s ]

= [l [0 - et 1 )t o

s enf (550 )1 agy * 2 e O

€ 2
+ —T , . 3.15
5 ciaf wi(x, s) ||H1(Q) (3.15)

By using (3.15), (3.11) becomes

[ @) =@ =3l )P+ 5luol) =) P

Q) (Q)

1 2
+ — | Ow(x,
ot )

oy * [ o () = vom(xyax = [, ar

SClZI;K;+_j|| iz * 3l 01 (9)}

€ 2
+ ETCu” wi(x, s) ||H1(Q)

1 1
= =2 ) Py g+ 3 Lo(a) =) By g+ 5 1 Ole )

2 € 1 2 1 2
< ol gy +iaf, [(2 2gj”W”L2(Q)+E" i (x, l)||H1(Q)}dt
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(201 (x) = 1 () wy () dx

€ 2 J'
+ =T -
> 6‘12|| Wl(x’ S) ||H1(Q) 0

- f o (#0(x) = vo () wi (¥)a. (3.16)

Applying Holder’s inequality to the second member of (3.16), we have

e Py g *0(e) = (P o)+l 0ws )E
scnf (20 e 2 il g+ )R g

reealn (e )2 o =2 () w0 s g Dt )

=2 o) =vo (5 o I (e (3.17)

Reducing (3.17) by appropriate expressions on both sides, we have

) s 1 2 l 2
R | e L R AN

+eTeyy| wi(x, 5) |2

||H1(Q). (3.18)

By adding the term || wy(x, s) 2 to the first and second members of

”HI(Q)
(3.18), we obtain

w92,

HY(Q)

| wix, s)|?

()

1
<cnf |(srir 2wl gy el R g b

+ €Tyl wi (x, ) ||21(Q) + cp3] wi(x, s) ||21

Q)
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senf| [+ L 2wy * T O g

2
+ (sTclz + 013)" Wl(x’ 5) "Hl(Q)'

By choosing € > 0 infinitely small (€ <<<1) such that

1 2
€e+—+— =const >0
€ C12
and
1- (8TC12 + C13) =const > 0
with
2
I g =t )1 g
we have
2
wl(x, s w s
It ) g+l )2,

< const‘[(; [” w(x, 1) "iz(Q) + | wy(x, 1) ||21(Q)}dt.

According to Gronwall inequality, we have
w=0eu-v=0
= u =

Hence, problem (1.1)-(1.3) has a unique solution.

(3.19)
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