
 

Far East Journal of Dynamical Systems 

© 2023 Pushpa Publishing House, Prayagraj, India 

http://www.pphmj.com 

http://dx.doi.org/10.17654/0972111823002 

Volume 36, Number 1, 2023, Pages 29-75 P-ISSN: 0972-1118
 

Received: January 2, 2023;  Accepted: February 11, 2023 

2020 Mathematics Subject Classification: 46N10. 

Keywords and phrases: hyperbolic problem, homogeneous Neumann condition. 

How to cite this article: Challoum Dyaus Elohe Mouanda and Dieudonne Ampini, Existence 

and uniqueness of the solution of a hyperbolic problem with polynomial nonlinearity, Far East 

Journal of Dynamical Systems 36(1) (2023), 29-75. 

http://dx.doi.org/10.17654/0972111823002 

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). 

Published Online: May 6, 2023  

EXISTENCE AND UNIQUENESS OF THE SOLUTION OF 

A HYPERBOLIC PROBLEM WITH POLYNOMIAL 

NONLINEARITY 

 

Abstract 

In this work, we study a hyperbolic problem with polynomial 

nonlinearity and a homogeneous Neumann condition. 

1. Introduction 

Consider the following problem: 
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where f, 0u  and 1u  are given functions. 

2. Existence of the Solution of the Problem 

2.1. Variational formulation 

Multiplying equation (1.1) by the function ( )tx,η  and integrating on 

,TQ  we obtain 
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Using integration by parts, the first two integrals of the equality (2.1) give  
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Then equality (2.1) takes the form: 
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Definition. The distributional solution of the problem (1.1)-(1.3), is any 

function ( ),, txu  equal to ( )xu0  for 0=t  satisfying the following integral: 
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for all ( )tx,η  whose trace for Tt =  is equal to 0. 

2.2. A priori estimates of these solutions 
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By transforming the first three integrals of (2.3), we obtain 
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By applying Green’s formula, we have 
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By substituting (2.4)-(2.6) in (2.3), this latter becomes 
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Using inequalities of Hölder and Young, the second member of (2.7) gives 
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which implies 
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Using Hölder’s inequality, we obtain 
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Integrating on ,Ω  for [ ],,0 Tt ∈  we obtain 
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Putting 

( ) ( ) ( ) ( )
,

2

1
2

0

24
0

2
1

2
0 2421  ΩΩΩΩ

+++=
T

LLLH
dtfuuuk  

(2.19) becomes 

( ) ( ) ( )
42

2

412 2

1

ΩΩΩ
++

∂
∂

LHL

uu
t

u
 

 
( ) ( ) ΩΩ

+
∂
∂+≤

T

H

T

L

dtudt
t

u
k

0

2

0

2

12
 (2.20) 

and 

( ) ( ) ( ) ( ) ( )
42

2
2

2

41212 2

1

ΩΩΩΩΩ
++

∂
∂≤+

∂
∂

LHLHL

uu
t

u
u

t

u
 

( ) ( ) ΩΩ
+

∂
∂+≤

T

H

T

L

dtudt
t

u
k

0

2

0

2

.
12

 

Then we have the following relationship: 

( ) ( ) ( ) ( ) ΩΩΩΩ
+

∂
∂+≤+

∂
∂ T

H

T

LHL

dtudt
t

u
ku

t

u

0

2

0

2
2

2

.
1212

 (2.21) 

Put 

( )
( )

( )
( )

.,
2

2

12 ΩΩ
+

∂
∂=

HL

txu
t

u
tE  

Then 

( ) ( )
( )

( )
( ) ΩΩ

+∂
∂+≤

T

H

T

L

dttxudttx
t

u
ktE

0

2

0

2

.,,
12

 

According to Gronwall inequality,  

( )
( )

,0≤
T dtsE

ketE  
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and hence ( ) ,T
ketE ≤  or ( ) ctE ≤  with .T

kec =  Thus 

( )
( )

( )
( )

ctxu
t

u
tE

HL

≤+
∂
∂=

ΩΩ

2
2

12
,  p.p on [ ].,0 T  , 

and we have 

( )

( )
( )









≤

≤∂
∂

Ω

Ω

2
2

1

2

1

2

, ctxu

c
t

u

H

L  with 21 ccc +=  

( ( ))

( ) ( ( ))





Ω∈

Ω∈∂
∂


∞

∞

.;,0,

;,0

1

2

HTLtxu

LTL
t

u

 

On the other hand, (2.18) gives 

( ) ( ) ( ) ( ) ΩΩΩΩ ∂
∂+++

∂
∂ T

LLHL

ds
t

u
uu

t

u

0

2
42

2

2412
2

2

1
 

( ) ( ) ( )
4

0
2

1
2

0 421 2

1
2

ΩΩΩ
++≤

LLH
uuu  

( ) ( ) ΩΩ
+

∂
∂+

T

L

T

L

dtfdt
t

u

0

2

0

2

.3
22

 

Adding the term 
( ) Ω

T

L
dtu

0

4
4

 to the second member of (2.18), we obtain 

( ) ( ) ( )
42

2

412 2

1

ΩΩΩ
++

∂
∂

LHL

uu
t

u
 

( ) ( ) ( )
4

0
2

1
2

0 421 2

1
2

ΩΩΩ
++≤

LLH
uuu  

( ) ( ) ( ) ΩΩΩ
++

∂
∂+

T

L

T

L

T

L

dtudtfdt
t

u

0

4

0

2

0

2

.
422
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Putting 

( ) ( ) ( )
4

0
2

1
2

01 421 2

1
2

ΩΩΩ
++=

LLH
uuuk  

( ) ( )
,

0

2

0

2

22  ΩΩ ∂
∂++

T

L

T

L
dt

t

u
f  

the inequality becomes 

( ) ( ) ( ) ( ) ΩΩΩΩ
+≤++

∂
∂ T

LLHL

dtukuu
t

u

0

4
1

42
2

.
2

1
4412

 

We have 

( ) ( ) ( ) ( )
42

2
4

4124 2

1

2

1

ΩΩΩΩ
++

∂
∂≤

LHLL
uu

t

u
u  

( ) Ω
+≤

T

L
dtuk

0

4
1 .

4
 (2.22) 

Then 

( ) ( ) ΩΩ
+≤

T

LL
dtuku

0

4
1

4
442

1
 (2.23) 

( ) ( ) ΩΩ
+≤

T

LL
dtuku

0

4
1

4
44

22  

( ) ( ) ΩΩ
+≤

T

LL
dtuku

0

4
2

4
.2

44
 

Putting ( )
( )

,
4

4 Ω
=

L
utF  we have 

( )
( ) Ω

+≤
T

L
dtuktF

0

4
2 .2

4
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Due to Gronwall inequality, 

( )
( )

,0
2

2
≤

T dtsF
ektF  

and hence ( ) ,2
2

T
ektF ≤  or ( ) 3ctF ≤  with .2

23
T

ekc =   

Noting that 
[ ] ( )

,inf 3
4

,0
4

cu
LTt

≤
Ω∈

 we have 

( ( )).,,0 4 Ω∈ ∞
LTLu  

From the above, it follows that 

( ( ))

( ) ( ( ))






Ω∈

Ω∈
∂
∂

∞

∞

1

2

;,0,

;,0

HTLtxu

LTL
t

u

 and ( ( ))Ω∈ ∞ 4,,0 LTLu  (2.24) 

( ( ))

( ) ( ( )) ( ( ))






ΩΩ∈

Ω∈
∂
∂


∞∞

∞

.,,0;,0,

;,0

41

2

LTLHTLtxu

LTL
t

u

∩

 

Then 

( ( ))

( ) ( ( )) ( )( )






ΩΩ∈

Ω∈
∂
∂

∞

∞

.;,0,

;,0

41

2

LHTLtxu

LTL
t

u

∩

 

Hence, we have the following theorem: 

2.3. Theorem 

Suppose ( ) ( )xutxf 0,,  and ( )xu1  are given functions such that  

( ) ( ),, 2
TQLtxf ∈  

( ) ( ) ( ),41
0 ΩΩ∈ LHxu ∩  

( ) ( ).2
1 Ω∈ Lxu  
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Then problem (1.1)-(1.3) has a solution ( )txu ,  satisfying the following: 

( ( ))

( ) ( ( ) ( ))





ΩΩ∈

Ω∈∂
∂

∞

∞

.;,0,

,;,0

41

2

LHTLtxu

LTL
t

u

∩

 

Proof. For the proof, we use the Faedo-Galerkin method which consists 

of three steps: 

Step 1. Construction of approximate solutions; 

Step 2. A priori estimates of these solutions;  

Step 3. Transition to the boundary.  

Step 1. Construction of approximate solutions  

Put  

{ ( ) ( )}.41 ΩΩ∈= LHuV ∩  

Since the space V is a separable Banach space, it has a basis,              

say, ( ) ,1 miie ≤≤  ;∗∈ Ni  ( ) ,0, =ji ee  ji ≠∀  and ,1=je  ,j∀  where 

functions ( )je   are such that ( ) ,Ve j ∈  j∀  with the homogeneous Neumann 

condition, the operator ∆−  has a sequence of eigenvalues { } 0≥λ ii  whose 

associated functions ( )je  are its own associated functions. 

The problem is therefore to find in any subspace { }mm eeeV ...,,, 21=  

of V an approximate solution ( )tuu mm =  in the form  

( ) ( ) ,

1


=

=
m

i

iimm etutu  
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where imu  is determined by the following conditions: 

( )

( )

( )

( )















Ω∈=|∂
∂

Ω∈=|

∈=|∂
∂

==∂
∂++∆−

∂
∂

=

=

Ω∂

.,

,,

,,0,0

,

10

00

3

2

2

xxu
t

u

xxuu

Tt
n

u

fpf
t

u
uu

t

u

mt
m

mtm

m

mm
m

mm
m

�
 (2.25) 

By putting ( )( ) ,3
mm utug =  for ,Ve j ∈  we obtain  

( ) ( ( )( ) ) ( ( ) ).,,,,,
2

2

jj
m

jmjmj
m etfe

t

u
etugeue

t

u =







∂
∂++∆−










∂
∂

 (2.26) 

Replacing ( ) ( )
=

=
m

i

iimm etutu

1

 in equation (2.25), we obtain  

( ) ( )













∆−















∂
∂


==

m

i

jiimm

m

i

jiim
m eetuueetu

t

u

11
2

2

,,  

( ( )( ) ) ( ) ( ( ) ),,,,

1

j

m

i

jiim
m

jm etfeetu
t

u
etug =















∂
∂++ 

=
 

( ( ) ) ( ) ( ) ( ( )( ) ) 
= =

+∆−+
∂
∂m

i

m

i

jmjiimjiim etugeetueetu
t

1 1
2

2

,,,  

( ( ) ) ( ( ) ),,,

1

j

m

i

jiim etfeetu
t

=∂
∂+

=
 

( ) ( ) ( ) ( ) ( ( )( ) ) 
= =

+λ+
∂
∂m

i

m

i

jmjiiimimji etugeetutu
t

ee

1 1
2

2

,,,  

( ) ( ) ( ( ) ),,,

1

j

m

i

imji etftu
t

ee =∂
∂+

=
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( ) ( ) ( ) ( ) ( ( )( ) ) 
= =

+λ+
∂
∂m

i

m

i

jmimijiimji etugtueetu
t

ee

1 1
2

2

,,,  

( ) ( ) ( ( ) )
=

=
∂
∂+

m

i

jimji etftu
t

ee

1

.,,  

The base ( ) miie ≤≤1  being orthonormal,  

( )




≠
=

=δ=
.if,0

,if,1
,

ji

ji
ee ijji  

Therefore, we have  

( ) ( ) ( ( ( ) ) ( ) ( ( ) ).,,
2

2

jimjmimiim etftu
t

etugtutu
t

=
∂
∂++λ+

∂
∂

 

Put ( ) imim utu
t

′′=
∂
∂

2

2

 and ( ) .imim utu
t

′=∂
∂

 Then 

( ) ( ( ( ) ) ( ( ) )jimjmimiim etfuetugtuu ,, =′++λ+′′  

( ) ( ( ( ) ) ( ( ) ) 0,, =−′++λ+′′ jimjmimiim etfuetugtuu  

( ) ( ( ( ) ( ) ) .0, =−+′+λ+′′ jmimimiim etftugutuu  (2.27) 

Equation (2.26) is a system of non-linear differential equations with the 

following initial conditions:  

( ) ( ) ( ),in,0
41

1

000 ΩΩ→α== 
= ∞→

LHueuuu

m

i
m

iimmmm ∩  (2.28) 

( ) ( ).in,0
2

1

111 Ω→β==′ 
= ∞→

Lueuuu

m

i
m

iimmmm  (2.29) 

Equation (2.26) is a system of non-linear differential equations written in 

the following matrix form: 
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

















′

′
′



















+



















′′

′′
′′



















mm

m

m

mm

m

m

u

u

u

u

u

u

⋮

⋯

⋮⋮⋮⋮

⋯

⋯

⋮

⋯

⋮⋮⋮⋮

⋯

⋯

2

1

2

1

100

010

001

100

010

001

 

( ) ( )( ))(
( ) ( )( ))(

( ) ( )( ))(

,

0

0

0

,

,

,

00

00

00

2

2

1

2

1

2

1



















=



















−

−
−

+





































λ

λ
λ

+
⋮⋮⋮

⋯

⋮⋮⋮⋮

⋯

⋯

etftug

etftug

etftug

u

u

u

m

m

m

mm

m

m

m

 

( ) ( ) ( ) ,0=++′+′′ mmmm BtXAtXItXI  

where  

,

100

010

001



















=

⋯

⋮⋮⋮⋮

⋯

⋯

mI    ,

00

00

00

2

1



















λ

λ
λ

=

m

mA

⋯

⋮⋮⋮⋮

⋯

⋯

 

( ) ( )( )(
( ) ( )( )(

( ) ( )( )(

,

,

,

,

2

2

1



















−

−
−

=

etftug

etftug

etftug

B

m

m

m

m
⋮

   ( ) ,
2

1



















=

mm

m

m

u

u

u

tX
⋮

 

( )


















′′

′′
′′

=′′

mm

m

m

u

u

u

tX
⋮

2

1

   and   ( ) .
2

1



















′

′
′

=′

mm

m

m

u

u

u

tX
⋮

 

As ,01det ≠=mA  the matrix mA  is invertible. Therefore, the system has a 

unique solution defined in the interval [ ].,0 mt  

Step 2. A priori estimates of these solutions  

Multiplying equation (2.30) with index j by ( )tu jm′  and summing up in j, 

we have 
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( ) ( ( )) ( ( )( ) ( )) ( )





 ′

∂
∂+′+′∆−









′

∂
∂

tu
t

u
tutugtuutu

t

u
jm

m
jmmjmmjm

m ,,,,
2

2

 

( ( ) ( )),, tutf jm′=  









∂
∂

∂
∂+








∂
∂+








∂
∂∆−










∂
∂

∂
∂

t

u

t

u

t

u
u

t

u
u

t

u

t

u mmm
m

m
m

mm ,,,, 2

2

2

 

( ) ., 







∂
∂=

t

u
tf m  (2.30) 

According to Green’s formula and using Hölder and Young’s 

inequalities, we obtain 

( ) ( ) ( ) ( )

2
42

2

2422 2

1

2

1

ΩΩΩΩ ∂
∂+













∂
∂+∇∂

∂+∂
∂

∂
∂

L

m

L
m

L
m

L

m

t

u
u

t
u

tt

u

t
 

( ) ( )
.

2

1
2

2

22












∂
∂+≤

ΩΩ L

m

L
m t

u
f  

Then, we have 

( ) ( ) ( ) ( )

2
42

2

2422
2

2

1

ΩΩΩΩ ∂
∂+












+∇+

∂
∂

∂
∂

L

m

L
m

L
m

L

m

t

u
uu

t

u

t
 

( )
( ) ( )

2
2

22
ΩΩ ∂

∂+≤
L

m

L
m

t

u
fp  

and 

( ) ( ) ( ) ( )

2
42

2

2422
2

2

1

ΩΩΩΩ ∂
∂+












+∇+

∂
∂

∂
∂

L

m

L
m

L
m

L

m

t

u
uu

t

u

t
 

( ) ( )

2
2

22
ΩΩ ∂

∂+≤
L

m

L t

u
f  

because ( )
( ) ( )

.
22

22 ΩΩ
≤

LL
m ffp  
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Integrating on ( ),,0 T  we have 

( ) ( ) ( ) 










+∇+

∂
∂

∂
∂

ΩΩΩ

t

L
m

L
m

L

m dsuu
t

u

s0

42
2

422 2

1
 

( ) Ω∂
∂+

t

L

m ds
t

u

0

2

2
2  

( ) ( ) 










∂
∂+≤

ΩΩ

t

L

m

L
ds

t

u
f

0

2
2

.
22

 

Furthermore, we have  

( ) ( ) ( ) ( ) ΩΩΩΩ ∂
∂++∇+

∂
∂ t

L

m

L
m

L
m

L

m ds
t

u
uu

t

u

0

2
42

2

2422
2

2

1
 

( ) ( ) ( ) 









+∇+

∂
∂−

ΩΩΩ

4
0

2
0

2
0

422 2

1

L
m

L
m

L

m uu
t

u
 

( ) ( ) 










∂
∂+≤

ΩΩ

t

L

m

L
ds

t

u
f

0

2
2

22
 

with ,1
0

m
m u

t

u =
∂

∂
 and 

( ) ( ) ( ) ( ) ΩΩΩΩ ∂
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Adding 
( )

,
2

2 ΩL
mu  member to member of the inequality (2.30), we obtain 
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This gives us 
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For all [ ],,0 Tt ∈  we have 
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Putting ( ) ( ),, txutu mm =  

( ) ( ) ( ) ( ) ,0
0 0

0  +∂
∂=+∂

∂=
t t

m
m

m
m

m udss
s

u
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u
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because ( ) mm uu 00 =  from (2.27). Taking modulus, we have 
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
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
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From Hölder’s inequality, we have 
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s
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Finally, we obtain 
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Integrating on ,Ω  for [ ],,0 Tt ∈  we have 
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By using the (2.33), (2.32) becomes 
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By adding the term 
( )

2
0 2 Ω

∇
L

mu  to the second member of (2.34), we 

obtain 
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By adding the term 
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T

H
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2
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 to the second member of (2.35), we 

obtain 
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Putting 
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Setting ( )
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tI  we have 
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which implies 
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Adding the term 
( ) Ω

T

L
m dtu

0

4
4

 to the second member of (2.35), we 

obtain 
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Putting 

( ) ( ) ( )
2

1
0

2
2

05 221
2

ΩΩΩ
+

∂
∂+=  L

m

T

L

m

H
m udt

t

u
uk  

( ) ( )
,

2

1

0

24
0 24  ΩΩ

++
T

LL
m dtfu  

(2.41) becomes 

( ) ( ) ( ) ( )
,

2

1

0

4
5

42
2

4412
dtukuu

t

u T

L
m

L
m

H
m

L

m  ΩΩΩΩ
+≤++

∂
∂

 

( ) ( ) ( ) ( )
42

2
4

4124 2

1

2

1

ΩΩΩΩ
++

∂
∂≤

L
m

H
m

L

m

L
m uu

t

u
u  

( )
dtuk

T

L
m Ω

+≤
0

4
5 4

 

( ) ( ) ΩΩ
+≤

T

L
m

L
m dtuku

0

4
5

4
442

1
 

( ) ( ) ΩΩ
+≤

T

L
m

L
m dtuku

0

4
5

4
44

22  

( ) ( ) ΩΩ
+≤

T

L
m

L
m dtuku

0

4
6

4
.2

44
 (2.43) 



Challoum Dyaus Elohe Mouanda and Dieudonne Ampini 56 

According to Gronwall’s inequality, we have 
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 it follows that 
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According to (2.40) and (2.43), we have 
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When ,∞→m  mu  is still a bounded set of ( ( ) ( ))ΩΩ∞ 41;,0 LHTL ∩  and 

t
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∂
∂

 of ( ( )).;,0 2 Ω∞
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Step 3. Transition to the boundary  
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LHTL ∩  so it is 
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So 
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From the problem (1.1)-(1.3), 
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As 3
mu  is bounded in ( ( )),;,0 3
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2.3.1. Lemma 
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n
x ,R  and h be two functions of 

( ),Ωq
L  ,1 ∞<< q  such that 

( ) hhch qL →≤ ξΩξ ,  p.p in .Ω  

Then hh →ξ  in 
q

L  weak. 

We will apply this lemma with 

.
3

4
, == ξξ quh  

This means that 

wh →ξ  in ( ( )).;,0 3

4

Ω∞
LTL  

Therefore, according to Lemma 2.3.1, .3
uhw ==  Hence 

( ) ( ) .33
uuguug =→= ξξ  

On the other hand, we have ( ),fpf mm =  and 

( ) ( ) ( ) ( ),222 ΩΩΩ ≤= LLmLm ffpf  mf  is bounded in ( ).2
TQL  

Extract a subsequence ξf  from mf  such that ff →ξ  in ( ).2
TQL  Now, we 

show that u satisfies all the conditions of (2.24). First, note that for a fixed j, 

we have 

( ) ( ( ( )) ) ( ).,,,,,
2

2

jjjjj efe
t

u
etugeue

t

u
ξ

ξ
ξξ

ξ =








∂
∂

++∆−














∂

∂
 (2.48) 



Existence and Uniqueness of the Solution of a Hyperbolic Problem … 59 

Passing to the limit, (2.47) becomes 
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Let ( ) ( ( ) ( )),;,0, 41 ΩΩ∈θ ∞
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As ( )( ) 10 ≥mm xu  is bounded in ( ) ( ),41 ΩΩ LH ∩  we can extract a 

subsequence ( ( )) 10 ≥ξξ xu  of ( ( )) 10 ≥mm xu  such that ( ) ( )xuxu 00 →ξ  in 
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Multiplying the first equation in (2.24) by ( )tx,θ  and integrating on 

( ),,0 T  we have 
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( ) ( ) θ∆−θ
∂

∂ T

m

T
m dttxudttx

t

u

00 2

2

,,  

( ) ( ) ( ) θ+θ
∂

∂+
T

m

T
m dttxugdttx
t

u

00
,,   

( ) θ=
T

m dttxf
0

.,  

Using integration by parts, we obtain 

( ) ( ) ( ) θ∆−θ′
∂

∂−



 θ

∂
∂ T

m

T
m

T
m dttxudttx

t

u
tx

t

u

000

,,,  

( ) ( ) ( ) θ
∂

∂+θ+
T

m
T

m dttx
t

u
dttxug

00
,,  

( ) θ=
T

m dttxf
0

,,  

( ) ( ) ( ) ( ) θ∆−θ′
∂

∂−θ
∂

∂−θ
∂

∂ T

m

T
mmm dttxudttx
t

u
x

t

u
Tx

t

u

00
,,0,,  

( ) ( ) ( ) θ
∂

∂+θ+
T

m
T

m dttx
t

u
dttxug

00
,,  

( ) θ=
T

m dttxf
0

,,  

( ) ( ) θ∆−θ′
∂

∂−
T

m

T
m dttxudttx
t

u

00
,,  

( ) ( ) ( ) θ
∂

∂+θ+
T

m
T

m dttx
t

u
dttxug

00
,,  

( ) ( ) θ
∂

∂+θ=
T

m
m x

t

u
dttxf

0
,0,,  
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m being fixed. For ,ξ=m  we have 

( ) ( ) θ∆−θ′
∂

∂
− ξ

ξ TT
dttxudttx

t

u

00
,,  

( ) ( ) ( ) θ
∂

∂
+θ+ ξ

ξ
TT

dttx
t

u
dttxug

00
,,  

( ) ( ) θ
∂

∂
+θ= ξ

ξ
T

x
t

u
dttxf

0
.0,,  

Passing to the limit, we have 

( ) ( ) θ∆−θ′
∂
∂−

TT
dttxudttx

t

u

00
,,  

( ) ( ) ( ) θ
∂
∂+θ+

TT
dttx

t

u
dttxug

00
,,  

( ) ( ) θ
∂
∂+θ=

T
x

t

u
dttxf

0
.0,,.  (2.49) 

On the other hand, considering the equation:  

( ) ,
2

2

fug
t

u
u

t

u =+∂
∂+∆−

∂
∂

 

and using the same calculations, we obtain 

( ) ( ) θ∆−θ′
∂
∂−

TT
dttxudttx

t

u

00
,,  

( ) ( ) ( ) θ
∂
∂+θ+

TT
dttx

t

u
dttxug

00
,,  

( ) ( ) ( ) θ+θ=
T

xxudttxf
0

1 .0,,.  (2.50) 

Differentiating (2.49) and (2.50), we have 

( ) ( ) ( ) ( ) ,00,0,0, 1 =θ−θ
∂
∂

xxuxx
t

u
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( ) ( ) ( ) ,00,0, 1 =θ





 −

∂
∂

xxux
t

u
 

( ) ( ),0, 1 xux
t

u =
∂
∂

 because ( ) .00, ≠θ x  

Now, we verify that ( ) ( ).0, 0 xuxu =  

Multiplying the first equation in (2.24) by ( )tx,θ  and integrating by 

parts on ( ),,0 T  we have 

( ) ( ) θ∆−θ
∂

∂ T

m

T
m dttxudttx

t

u

00 2

2

,,  

( ) ( ) ( ) θ+θ
∂

∂+
T

m

T
m dttxugdttx
t

u

00
,,  

( ) θ=
T

m dttxf
0

.,  

Using integration by parts, we obtain 

( ) ( ) ( ) ( ) ( ) θ−θ+θ∆−θ
∂

∂ T

mmm

T
m xxuTxudttxudttx

t

u

00 2

2

0,0,,,,  

( ) ( ) ( ) θ+θ′−
T

m

T

m dttxugdttxu
00

,,  

( ) θ=
T

m dttxf
0

,,  

( ) ( ) θ∆−θ
∂

∂ T

m

T
m dttxudttx

t

u

00 2

2

,,  

( ) ( ) ( ) θ+θ′−
T

m

T

m dttxugdttxu
00

,,  

( ) ( ) ( ) θ+θ=
T

mm xxudttxf
0

,0,0,,  
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m being fixed. For ,ξ=m  we have  

( ) ( ) θ∆−θ
∂

∂
ξ

ξ TT
dttxudttx

t

u

00 2

2

,,  

( ) ( ) ( ) θ+θ′− ξξ
TT

dttxugdttxu
00

,,  

( ) ( ) ( ) θ+θ= ξξ
T

xxudttxf
0

.0,0,,  

Passing to the limit, we have 

( ) ( ) θ∆−θ
∂
∂ TT

dttxudttx
t

u

00 2

2

,,  

( ) ( ) ( ) θ+θ′−
TT

dttxugdttxu
00

,,  

( ) ( ) ( ) θ+θ=
T

xxudttxf
0

.0,0,,  (2.51) 

On the other hand, considering the equation 

( ) ,
2

2

fug
t

u
u

t

u =+∂
∂+∆−

∂
∂

 

and using the same calculations, we obtain 

( ) ( ) θ∆−θ
∂
∂ TT

dttxudttx
t

u

00 2

2

,,  

( ) ( ) ( ) θ+θ′−
TT

dttxugdttxu
00

,,.  

( ) ( ) ( ) θ+θ=
T

xxudttxf
0

0 .0,,  (2.52) 
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Differentiating (2.51) and (2.52), we obtain  

( ) ( ) ( ) ( ) ,00,0,0, 0 =θ−θ xxuxxu  

( ) ( )( ) ( ) ,00,0, 0 =θ− xxuxu  

( ) ( ),0, 0 xuxu =  because ( ) .00, ≠θ x  

Hence, u is the solution of the problem (1.1)-(1.3). 

3. Uniqueness of the solution 

3.1. Theorem 

Let u and ( ( ) ( ))ΩΩ∈ ∞ 41;,0 LHTLv ∩  be two solutions of the problem 

(1.1)-(1.3) under the assumptions of Theorem 2.1. Then the solution of the 

problem obtained in the theorem is unique. 

Proof. Put .vuw −=  Then, we have 

( ) ( )

( )

( ) ( ) ( )

( ) ( ) ( )















Ω∈−=

Ω∈−=

∈=|∂
∂

=−+∂
∂+∆−

∂
∂

Ω∂

.,

,,

,,0,0

,0

111

000

2

2

xxvxuxw

xxvxuxw

Tt
n

w

vgug
t

u
w

t

w

�
 (3.1) 

Let ( ).,0 Ts ∈  Consider the auxiliary function defined on ] [:,0 T×Ω  

 ( ) ( )







≤<

≤<σσ−=φ 
.if0

,0if
,

Tts

stdw
tx

s

t  (3.2) 

Then 
( ) ( ) ( ),,

,
twtxw

t

tx ==
∂

φ∂
 and 

( ) ( ) σσ=
t

dwtxw
0

1 ,,  so that ( ) ( ) ( )sxtxtx ,,, 11 φ−φ=φ  if .st ≤  
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Multiplying the first equation in (3.1) by ( ) ( )ttx φ=φ ,  and integrating on 

] [,,0 s  we have 

( ) ( ) φ∆−φ
∂
∂ ss

dttwdtt
t

w

00 2

2

 

( ) ( ) ( )( ) ( ) =φ−+φ
∂
∂+

ss
dttvgugdtt

t

w

00
,0  

( ) ( ) ( ) φ
∂
∂+φ∆−φ

∂
∂ sss

dtt
t

w
dttwdtt

t

w

000 2

2

 

( ) ( )( ) ( ) φ−=
s

dttugvg
0

.  (3.3) 

Integrating by parts the first and last terms of the first member of (3.3), we 

obtain 

( ) ( ) ( ) ( )  ∂
φ∂

∂
∂−φ

∂
∂−φ

∂
∂ s

dt
tt

w
xx

t

w
sxsx

t

w

0
0,0,,,  

( ) ( ) ( ) ( ) ( ) ( ) ( )
 ∂

φ∂−φ−φ+φ∆−
ss

dt
t

t
twxxwsxsxwdttw

00
0,0,,,  

( ) ( )( ) ( ) φ−=
s

dttugvg
0

 (3.4) 

or 

( ) ( ) =σσ−=φ
s

s
dwsx ,0,  

( ) ( )  ∂
φ∂

∂
∂−φ∂

∂−
s

dt
tt

w
xx

t

w

0
0,0,  

( ) ( ) ( ) ( ) ( )
 ∂

φ∂−φ−φ∆−
ss

dt
t

t
twxxwdttw

00
0,0,  

( ) ( )( ) ( ) φ−=
s

dttugvg
0

.  
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Integrating on ,Ω  we obtain 

( ) ( ) ( )   ΩΩΩ
φ∆−∂

φ∂
∂
∂−φ∂

∂−
ss

dtdxtudtdx
tt

w
dxxx

t

w

00
0,0,  

( ) ( ) ( ) ( )
  ΩΩ ∂

φ∂−φ−
s

dtdx
t

t
twdxxxw

0
0,0,  

( ) ( )( ) ( ) Ω
φ−=

s
dtdxtugvg

0
.  (3.5) 

On the one hand, 

( ) ( ) ( ) ( ) Ω Ω
φ−=φ∂

∂− dxxxwdxxx
t

w
0,0,0, 1  

( ) ( )( ) ( )Ω
φ−−= dxxxvxu 0,11  

with ( ) ( ) ( );,0,0, 11 sxwxwx −=φ  

( ) ( ) σσ=
s

dusxw
0

1 ,  and ( ) ( ) =σσ=
0

0
1 00, dwxw  

( ) ( ) ( ) ( )( ) ( ) Ω Ω
−=φ

∂
∂− .,0,0, 111 dxsxwxvxudxxx

t

w
 (3.6) 

Repeating the same for 

( ) ( )Ω
φ− ,0,0, dxxxw  

we obtain 

( ) ( ) ( ) ( )( ) ( ) Ω Ω
−=φ− .,0,0, 100 dxsxwxvxudxxxw  (3.7) 
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On the other hand, 

( )    ΩΩ







 σσ−∂
∂

∂
∂=∂

φ∂
∂
∂ s s

t

s
dtdxdxw

tt

w
dtdx

tt

w

00
,  

( )    ΩΩ







 σσ∂
∂−∂

∂=∂
φ∂

∂
∂


s s

t

s
dtdxdw

tt

w
dtdx

tt

w

00
 

[ ( )]  ΩΩ
=

∂
φ∂

∂
∂

 dxtxwdtdx
tt

w s
s

0
2

0
,

2

1
 

[ ( ) ( )]Ω
−= dxxwsxw 0,,

2

1 22  

with ( ) ( ) ( ) ( )xvxuxwxw 0000, −==  

[ ( ) ( ) ( )( ) ]  ΩΩ
−−=∂

φ∂
∂
∂

 dxxvxusxwdtdx
tt

ws
2

00
2

0
,

2

1
 

( )
( )

( ) ( )
( )

.
2

1
,

2

1 2
00

2

0
22 ΩΩΩ

−−=
∂
φ∂

∂
∂

   LL

s
xvxusxwdtdx

tt

w
 (3.8) 

Similarly, for 

( ) ( )
,

0 Ω ∂
φ∂s

dtdx
t

t
tw  

we obtain 

( ) ( )
( )   ΩΩΩ

==
∂
φ∂ s

L

ss
dtwdtdxwdtdx

t

t
tw

0

2

0

2

0
.

2
 (3.9) 

According to Green’s formula, 

( ) ( )     ΩΩΩ







 σσ−∇∇=φ∇∇=φ∆
s s

t

ss
dtdxdwwdtdxwdtdxtw

000
..  

( ) ( )    ΩΩ







 σσ∇−∇=φ∆
s s

t

s
dtdxdwwdtdxtw

00
..  
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As 

( ) ( ) σσ−=φ
s

t
dwtx,  if ;st ≤  

( ) ( ) ( ) ( )twtxwdw
tt

tx s

t
==







 σσ−∂
∂=∂

φ∂
 ,

,
 

( ) ( ) ( ) 






 σσ∇−∂
∂=












 σσ−∂
∂∇=∇ 

s

t

s

t
dw

t
dw

t
tw  

( ) ,






 σσ∇−∂
∂= 

s

t
dw

t
 

we finally have 

( ) ( )    ΩΩ







 σσ∇−






 σσ∇−
∂
∂=φ∇∇

s s

t

s

t

s
dtdxdwdw

t
dtdxw

00
 

( )  Ω







 σσ∇
∂
∂=

s s

t
dtdxdw

t0

2

2

1
 

( )Ω ∇−= dxsxw
2

1 ,
2

1
 

( )
( )

.,
2

1 2
1

0
2 ΩΩ

∇−=φ∇∇   L

s
sxwdtdxw  (3.10) 

Using (3.6)-(3.10), (3.5) becomes 

( ) ( )( ) ( ) ( )
( )

( ) ( )
( )

2
00

2
111 22 2

1
,

2

1

ΩΩΩ
−+−− LL

xvxusxwdxxwxvxu  

( )
( ) ( )( ) ( ) ( )

( )
2

100
0

2
22

,
2

1

ΩΩΩ
∇+−+−  L

s

L
sxwdxxwxvxudtw  

( ) ( )( ) ( ) Ω
φ−=

s
dtdxtugvg

0
.  (3.11) 
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We have the following relationship: 

( ) ( ) .33
uvugvg −=−  

Integrating on ( ),,0 s  

( ) ( ) ( )  −=−
s s

dtuvdtugvg
0 0

33 ,  

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) φ|−|≤φ−=φ−
sss

dttuvdttuvdttugvg
0

33

0

33

0
 

( ) ( )( ) ( ) φ−≤
s

dttugvg
0

 

( ) φ++−≤
s

dttuuvvuv
0

22
 

or 

.
2222

uuvvuuvv ++≤++  

Suppose that .vu ≤  Then .
2

vvu ≤  Hence 

.3
222

vuuvv ≤++  

Then we obtain 

( ) ( )( ) ( ) ( ) φ−≤φ−
ss

dttvuvdttugvg
0

2

0
3  

( ) ( )( ) ( ) ( ) φ≤φ−
ss

dttvwdttugvg
0

2

0
3  

with ( ( )),;,0
2 Ω∈ ∞ n

LTLv  ( ( ))Ω∈ ∞ 2;,0 LTLw  and 

( ( )).;,0 Ω∈φ ∞ q
LTL  
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By integrating on ,Ω  we have 

( ) ( )( ) ( ) ( )   ΩΩ







 φ≤






 φ− .3
0

2

0
dxdttvwdxdttugvg

ss
 (3.12) 

Applying Hölder’s inequality, (3.12) becomes 

( ) ( )( ) ( ) Ω







 φ− dxdttugvg
s

0
 

( )























 φ














≤  ΩΩΩ

qqnn
dxtdxvdxw

11

22

1

2
3  

( ) ( ) ( ) ( ) ΩΩΩ φ≤
s

LLL
dttvw qn

0

2
,3 2  

where 

.1
11

2

1 =++
qn

 

As  

( ) ( ) ( ),,,, 11 sxwtxwtx −=φ  

we have 

( ) ( ) ( ) ( ) ( )ΩΩ −=φ qq LL sxwtxwtx ,,, 11  

 ( ) ( ) ( ) ( ).,, 11 ΩΩ +≤ qq LL sxwtxw  

Since ( ) ( ),1 Ω⊂Ω q
LH  there exists ,07 >c  such as 

( ) ( ) ( ) ( )ΩΩ φ≤φ 1,, 7 HL txctx q  

( ( ) ( ) ( ) ( ) ).,, 11 117 ΩΩ +≤ HH sxwtxwc  (3.13) 
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By using (3.13), (3.12) becomes 

( ) ( )( ) ( ) Ω







 φ− dxdttugvg
s

0
 

[ ( ) ( ) ( ( ) ( ) ( ) ( ) )] ΩΩΩΩ +×≤
s

HHLL
dtsxwtxwvwc n

0
11

2
8 .,, 112  

Note also that 

( ) ( )ΩΩ ≤ 1
2

9
2

HL
vcv n  

and  

( ( )) ( ) 10
21

1;,0 cvHTLv
H

≤Ω∈ Ω
∞  p.p on ,Ω  

( ) .11
2

cv nL
≤ Ω  

Then we have 

( ) ( )( ) ( ) Ω






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s
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s
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dtsxwtxwwc

0
1112 112 ,,  

( ) ( ) ( ) ΩΩ≤
s

HL
dttxwwc

0
112 12 ,  

( ) ( ) ( ) ΩΩ+
s

HL
dtsxwwc

0
112 12 ,  
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






 φ− dxdttugvg
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( ) ( ) ( ) ΩΩ≤
s
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0
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( ) ( ) ( ) ΩΩ+
s
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dtwsxwc

0
112 ., 21  (3.14) 
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Applying Young’s inequality, (3.14) becomes 

( ) ( )( ) ( ) Ω

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

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
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112 1 Ω
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sxwTc  (3.15) 

By using (3.15), (3.11) becomes 
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Applying Hölder’s inequality to the second member of (3.16), we have 
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Reducing (3.17) by appropriate expressions on both sides, we have 
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By adding the term ( )
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sxw  to the first and second members of 

(3.18), we obtain 
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By choosing 0>ε  infinitely small ( )1<<<ε  such that 
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According to Gronwall inequality, we have 

00 =−⇔= vuw  

.vu =⇔  

Hence, problem (1.1)-(1.3) has a unique solution. 
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