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Abstract

This paper which is a variant [6] studies the Riesz basis property and
the exponential stability of a flexible Euler-Bernoulli beam with
variable coefficients, clamped at one end and submitted at its free end
at two control forces. We begin by establishing the spectral properties
of this dynamical system, which allows us to show that there exists a
sequence of generalized eigenfunctions forming a Riesz basis for the
energy space considered. Consequently, the exponential stability under

some conditions is derived.
1. Introduction

Because of the many technological advances that the world is
experiencing in recent years, mechanical problems with variable coefficients
are nowadays very attractive but difficult to study. Developing an approach
to solve this type of problems often involves the use of partial differential
equations (PDEs), among which hyperbolic PDEs are included. In this work,
we are interested in the motion of a flexible Euler-Bernoulli beam with
variable coefficients clamped at one end and submitted at the other end to
two force controls: the first one in rotational velocity and the second one in
velocity. The motion of the so-called beam is in the framework of hyperbolic
PDEs and the mathematical model describing the motion of such a beam is

given by the following system of equations

M(X) Y (% 1) + (E1(X) Yx (6 1), = 0, 20, 0 < x <1, (1.1)
y(0,t) = yx(0,t) =0, t 20, (1.2)
EI(D) yyy (L, t) = =By (1, t), >0, (1.3)
(BIO) Yxe (s 1) (1) = aye (1, 1), t 20, (1.4)

with the initial conditions

y(%, 0) = yo(x),  ¥t(x, 0) = y1(x). (1.5)
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Let us specify in the system (1.1)-(1.4), y(X, t) represents the transversal

displacement of the beam at the position X and the time t; the variable

coefficients m(-) and EI(:), respectively, the mass density and the flexural
rigidity of the beam, with E the Young’s modulus and | the second moment
of inertia of the beam are non-negative functions and c* on [0,1]. In
addition, we also notice that o and [ are given positive constants. It is

important to note that several authors have had to work on Euler-Bernoulli
beams, in particular [6] who dealt with the system (1.1)-(1.4) with constant
coefficients that means m(-) = EI(-) = 1. It is proved that — (/B + ) is a

vertical asymptote in the complex plane for the spectrum. It is also possible
to mention [5] which studied (1.1)-(1.4) with variable coefficients when

B = 0. For our part, we devote this paper to the study of the Riesz basis
property and the exponential stability of the system (1.1)-(1.4). To do this,

we first establish in Section 2, the well-posedness of (1.1)-(1.4) in the sense
of semi-groups. Then, after having written (1.1)-(1.4) in the form of a Sturn-
Liouville problem, we take inspiration from the works of [3, 4, 7] and
perform two essential transformations which allow us to obtain an eigenvalue
problem in which the term of order 3 no longer appears. This will allow us to
perform the spectral analysis of (1.1)-(1.4). As for Section 3, we establish by
a similar approach to [5] the Riesz basis property of (1.1)-(1.4); this leads us

to study its exponential stability.
2. Spectral Properties of Dynamical System (1.1)-(1.4)

This section is supposed to allow us to establish the spectral properties of
the system (1.1)-(1.4). But first, we start by showing that the considered
system is well posed according to the theory of the semi-group of

contraction.

Let the functional space HZ (0, 1) be defined by

HZ(0,1) = {u e H2(0, 1) : u(0) = u,(0) = 0}
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and consider the Hilbert space H = H%(O, 1)x L2(0, 1) with the inner
product denoted by (-, -),, and defined by

(0 = [ (09008200 + BIO KO TNk @)

with u=(f,9)eH and v=(fy,0,)eH. Denote by |[-[; its

corresponding norm. Now, consider the linear operator A defined on its

domain

D(A)(c H) = {(f, g)7 e (HEO, NN H*0, 1)) x HE(0,1):

EI(1) £7(1) = -Bg'(1), (EIf") (1) = ag(1)} (2.2)

by
T 1 ' T T
Afoo) = (0. - @)L Wto €Dl @)
Then, in the form of an evolutionary problem, (1.1)-(1.4) is written

d
—Y(t) = AY(t
radV) (t) 04

Y(O) = YO (S H,

with Y (t) = (y(, 1), y¢(, t)T forall t > 0.

The problem (1.1)-(1.4) being equivalent to (2.4), we state the following
fundamental result about well-posedness of (1.1)-(1.4).

Proposition 2.1. Consider the linear operator A defined by (2.2)-(2.3)
in a closed and dense domain. Then A is an infinitesimal generator of a
Cy -semigroup of contraction on 7 denoted as {T(t)};~, and defined by

T(t):etA. Furthermore, A has compact resolvent and 0 e p(.A).
Therefore, the spectrum o(A) of the operator A is formed only by the

isolated eigenvalues.
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Proof. We begin the proof by showing A is an infinitesimal generator

of a Cy -semigroup of contraction on M. To do this, let (f, g)7 e D(A).
Then, by a double integration by parts, we obtain

(AL 9T (1,9 )y = [ EIO(TT09°00 - 17087 Tx))cx

— (o] 9[> + B g’ D).

Therefore, by taking the real part of the above inner product, we get

Re((A(f, 9)7, (, 9)")5) = ~(of g > + B/ g'()]*) < 0.

This shows that the operator A is dissipative. Moreover, by using the Lax-
Milgram Theorem, we prove the m-dissipativity of the operator 4. Thus, by
the Lumer-Phillips Theorem [8, p. 14], we conclude that the operator A is
an infinitesimal generator of a C, -semigroup of contraction on H. Now, we
show that A has compact resolvent and 0 € p(A). Clearly, we have to
show that

vz=(f,9) eH, Fy=(d,y) eD(A):z=Ay.

Indeed, with some computations we show that for all z = (f, g)T € H, the
relation z = Ay implies
v(x) = f(x),

d(x) = joxjos{“(l = Q);((lé)+ By'l) | Ell((;) f; I ; m(t)g(t)dtdn} deds.

Thus, A~! exists and 0 e p(A). Consequently, according to Sobolev

Imbedding Theorem [1, pp. 85-86] the proof is complete. g

Since the problem (1.1)-(1.4) is well-posed in the sense of C-

semigroups of contraction, we now establish its spectral properties. To do
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this, we start by considering A € o(A) and ¥ = (¢, \|1)T = (0, M))T the
eigenfunction of A associated to A. So, we obtain for 0 < x <1, ¢ #0

satisfies the following eigenvalue problem

0900+ 25 5700 + F X w00+ 32 00 = o,

%(0) = ¢'(o> =0
00 =~ 00,

0"() =~ S0 o)

2.5)

Now, in order to simplify computations, we use two essential transformations

like in [7]. Firstly, we apply a transformation in space by a scaling

1 1
f(2) = ¢(x) with z := %Jﬁ(%? d¢, where h = I; (%)4 dc. (2.6)

Once this transformation done, we obtain the following equivalent problem:
f(4)(z) +a(z) f"(z) + b(z) £"(2) + c(2) f'(2) + 22h*f(2) = 0
£(0) = £'(0) = 0,

Q.7
f ”(1) + 4 f ’(1) =0

f m(l) + ay f ”(1) + ay f I(l) + a3 f (1) = O,

where the coefficients a(z), b(z) and c(z) are the same as in [10] with

BA Zxx( ) oh

“ZME 2 and 823 = EI()Z3(1)

Then, we perform a second transformation as was done in [7] in order to

"

remove the third order term a(z) f"(z). To achieve this, we introduce the

invertible state transformation
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12
(@)= e § [ @k fat@), 201 29
which gives the following equivalent eigenvalue problem to (2.7):
0 (@) +b(2)9"(2) + ¢ (2)9'(2) + dy (2)9(2) + $*h*g(2) = 0,
9(0)=g'(0) =0,

(2.9)
g9"(1) + by19'(1) + by29(1) = 0,

9"(1) +y19"(1) + by g(1) + bp39(1) = O,

where the smooth functions by(z), ¢;(z), d;(z) can be found in [10] and the

coefficients byj, (i, J) € {1, 2} x {1, 2, 3} are obtained by some computations.

In order to solve the eigenvalue problem (2.9), we follow an idea
developed in [3, 4, 7]. So, in the sector S; defined by

T Y
S = eC:.:—< < =
1 {Z : sargz < },

we consider o = ((- 1)j +i)N2, j=1,2 with 03 = -, and o, = -0
the roots of the characteristic equation 0 +1=0 satisfying

Re(pw;) < Re(pm, ) < Re(pms) < Re(poy), Vp e S;. (2.10)

Assuming that A = p2 /h2, we notice that

Re(po;) = - p|sin(argp +%) < —%| pl<0

@.11)
Re(pw,) =|p| cos(argp + %) <0,

which implies

V2
|eP®2| <1 and |eP®l| = 0| e 2

el when |p| — oo. (2.12)
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Now, we recall Theorem 2.4 of [7] which we write down in the form of

Lemma 2.2. It is useful for establishing the spectral properties of (2.9).

Lemma 2.2. For |p| large enough, there are four linearly independent

solutions g (z), k =1, 2, 3, 4 of the equation
(4) p , 214 _
9'"(2) +bi(2)9"(z) + ¢1(2)9'(2) + d(z)9(z) + X°h"g(z) = 0
such thatfor | =0, 1, 2, 3,
9\(2) = (poy ) P 1], (2.13)

where [1]=1+O(p™).

Therefore, the asymptotic expressions for the boundary conditions of the

eigenvalue problem (2.9) for large enough |p| are the following for

k=123, 4:
U4(gk, p) = 9k (0, p) = [11, (2.14)
Us(gk. p) = 9k(0, p) = (poxy )[1], (2.15)
Uz(9k. p) = 9k (L p) + by19k (L, p) + b9k (1, p)
= kp e k1], (2.16)
U1(9k. p) = 9k (L, p) + b1 9k (L, p) + by gk (L, p) + B39k (L, p)
= (poy )’ eP k1], 2.17)

B

where k = —
z,(1)EI(1)h

Since the characteristic determinant of (2.9) is given by
A(p) = (Ui(gk, p))i=4,3,2,1,k=1,2,3,4’ (218)

by substituting (2.14)-(2.17) into (2.18) and some computations made give
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2pwy _ 0y — W -1y _ i -1
e o T oy +0(p )=-1+0(p ). (2.19)

Ignoring the higher order terms in (2.19), we obtain the following equation:

e2P®2 = _j,

whose solutions Py are given by

By = %(k —%)n(l +i), k=1,2, ... (2.20)

Let pk be the solutions of (2.19). Applying Rouché’s Theorem as in [7,
p. 70], we get

where N is a sufficiently large positive integer.

Furthermore, by applying Lemma 3.1 from [7], we can write gl((”)(z),

n=0,1, 2 as follows:

[1] [1] ePke2[1] ePkeI1]

olePkZ[1] @JePk®2?[1] @fePk@2(-2)[]  hePk1(-2)y]
0" (2)= pf det
O] 0] oyl ~oll]

0Pl fl] 03 2[]  —w3l] —oi[1]

Hence, the solution gy associated to (2.9) admits the following asymptotic

function

gk(z) =201 +1) cos(k - %)nz - sin(k - %)nz B e—(k—%)nz s O(k_l),

2.21)
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1
k-1 \r
pEzgﬁ(z) =2(1-1) sin(k - %)nz - cos(k - %)nz +e ( 4)15 + (’)(k_l).

(2.22)

Moreover,
1
/ —| k== |nz
Pglg{((z) =22 sin(k —%)nz - cos(k —%)nz +e ( 4) n (’)(k_l).

(2.23)

Consequently, we can notice that pi>gi(z) = O(k™"). In addition, if we
consider (2.6) and (2.12), we get the asymptotic expansion of (Ay, ¢y ).
Finally, we can conclude this section by stating the following proposition

which summarizes the spectral properties of the problem (1.1)-(1.4).

Proposition 2.3. Let A be the operator defined by (2.2)-(2.3). Then,

(i) there is a family of eigenvalues (1, E) of A which satisfies

) 1/4
oy = %(k - %)n(l Li)+ 0k,

(2.24)

where k — oo is a sufficiently large integer. Moreover, the eigenvalues Ay

are geometrically simple when k is a sufficiently large integer;

(i) there is a solution ¢, to (2.5) corresponding to Ay having the

following asymptotic expansion

eﬂga@)d%k(x) =201+ i)[cos(k - %)nz - Sin(k - %)nz - e_(k_‘l‘jan +0(k™),

(2.25)



Riesz Basis Property and Exponential Stability ... 87
1
—| k——|nz
MOk (%) = 2(1 - i)G(x)[sin(k - %)nz - cos(k - %)nz —e ( 4j 1+ ok™),

(2.26)

1 1z
m(x) jie—ﬂoa(@dc

where 0(x) = (EI )

3. Riesz Basis Property and Exponential Stability
of the Dynamical System (1.1)-(1.4)

In this last section, our aim is to establish the Riesz basis property and
the exponential stability of the system (1.1)-(1.4). To achieve this, we will
refer to Theorem 3.3 [5]. So, considering (1.1)-(1.4) with a = 3 = 0, we get

the following uncontrolled system:

m(X) Vit (X, ) + (EH(X) Yyx (X, 1)y =0, t>0,0 < x <1, 3.1

y(Oa t) = yX(O’ t) = yXX(la t) = (EIyXX)X(L t) = O’ t> 0’ (32)

whose associated operator B : D(B)(c H) — H is such that
T 1 2y T
B(f. )7 = (9.~ (B ) . W(F. o) & D(B).

D(B)={(f,9)" e (HEO, DNH* 0, D)x HE(0,1): £7(1) = "(1) = 0}.
(3.3)

The operator B is skew-adjoint and has compact resolvent on H. Moreover,
since Proposition 2.3 is still valid when a =3 = 0, we have the following

counterpart for the operator B.

Lemma 3.1. Let the operator B be defined by (3.3) and vy, € o(B) of
sufficiently large modulus. Then, each Vko is geometrically simple and
hence algebraically simple and the eigenvalues (ka,%) and the
associated eigenfunctions {(VE;(DKW @y, ) U {their conjugates}} of B have

the following asymptotic expansion
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1cz d - k—l b3
e4I°a@ Qq)ko(x): 2(1 +i) CoS(k —%jm—sin(k—%jnz —e ( 4) ’ +0(k™),

(3.4)

v;;®i20 (x)=2(1- i)9(X)(sin(k - %) nzZ - cos(k - %)nz + e_(k_%jan +O(k™).

(3.5)

Now, note that according to a well-known result in functional analysis,
since B is a skew-adjoint discrete operator in H, the set of all w-linearly

independent eigenfunctions of B forms an orthogonal basis for H. In

addition since (®y,, vk, Pk,) defined by (3.4)-(3.5) are approximately
normalized, {(®y,, vk, Pk, )} U {their conjugates} forms an orthogonal

Riesz basis for H. Therefore, considering (2.25), (2.26), (3.4) and (3.5), we
deduce that there exists N > 0 such that

Dl 0l dr) = (Vi P i) [ = D OK?) <
k>N k>N

the same result being obtained by reasoning with the conjugates. Thus, the
hypotheses of Theorem 3.3 [5] are satisfied. Hence, the theorem below.

Theorem 3.2. Consider the operator A defined by (2.2)-(2.3). Then

(i) There is a sequence of generalized eigenfunctions of .4 which forms
a Riesz basis for the energy space H.

(ii) The eigenvalues (X, ﬁ) of A have the asymptotic expansion
(2.24).

(iii) All 1 € o(A) of sufficiently large modulus is algebraically simple.

Therefore, A generates a C -semi-group e“! and w(A) = S(A), where
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is the growth order of e! and S(A) = sup{Re MA € o(A)} is the spectral
bound of A.

It remains to prove the exponential stability of the system (1.1)-(1.4) to
close this paper. Referring to the third point of Theorem 3.2, we have
o(A) = S(A); then it follows that the system (1.1)-(1.4) is exponentially

stable if and only if there exists ®y > 0 such that Re(A) < —m, for all
L eo(A).

Lemma 3.3. Let A, be defined by (2.24). Then, there exists ®y > 0
such that

lim Re(Ly) = -0y < 0,
kK —o0
where

1
(a N m(l)EI(l))e—g E(aLe
wy = : B i . (3.6)
Jo m(x)e_zjoa(g) “dx

Proof. Let (A, ¢) = (A, ¢ ) # 0 satisfying forall 0 < x <1,

M) (X) + (EN(X)E (X)) =0,

where ¢y is given by (2.25). Multiplying the above equation by E(x) and

integrating over (0, 1) with respect to X, we have

A J;m(x)| o () [2dx + J;(EI (X)% (x)) O (X)dx = 0.

Then, performing a double integration by parts, we have

1 1
2 MO0l k00 P [ E100] 6% 00120k + g 9 O + Bri| ek (D = 0.
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Writing Ay in algebraic form and considering the fact that Im(L, ) # 0, the

above relationship gives us
1
2Re(h) | m0O| 6 ()P = (e (D) + B 6k D) ).

Now, it is quite simple to show that
ok = BTEI) 2ok (D).
So, we get
2Re(40) [ 0] 0 00) P = (ol ) + BB, 0)P). 37)
Now, using (2.25)-(2.26), we have

11
1 d
kK—o0

11
fim (E1(0/3'6¢ OF) = 16m@)E1e 20",

and according to Riemann-Lebesgue Lemma

1z
.l 2 of! 5 ya6)ds
kll_r)ICI)OJ.O m(x)| di (X)|“dx = 8_[0 m(x)e dx.

Passing to the limit in (3.7), we obtain

11
(01 N m(l)EI(l))e—g 0 &E)dg
I(1im Re(Ay) = — B . <0. O
—>®0 L z d
I;m(x)e 2102© dx

The ultimate result of this paper is recorded in the following theorem.

Theorem 3.4. Let the system (1.1)-(1.4) be exponentially stable for all
o >0 and B > 0. Then, there exist strictly positive constants M and ® such

that the energy E(t) of the system (1.1)-(1.4) satisfies
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1
E(t) = %J.O{m(x) yE (%, t) + EL(X) Y2 (x, t)}dx < Me ®'E(0), Vt >0, (3.8)

for any initial condition (y(x, 0), y;(X, 0) eH.

Proof. By Lemma 3.3 and the fact that o(.A) = S(A), it only remains to
prove that Re(L) < 0 for any A € o(.A). Since the operator A is dissipative,
Re(A) <0 for any A e o(A). So, we assume that Re(L)=0; in other

words, take A = it, where t € R*, an eigenvalue of the operator A on the

imaginary axis and consider its corresponding eigenfunction ¥ := (¢, \|/)T .
Then y = A¢. Therefore,

0 = Re((A¥, ¥)5,) = ~(o] w()[* + B[ v'() [*),
0 = ¥ [, Re(r) = Re((AF, ¥),,) = ~(a| w()[* + Bl ') [*).
Since oo > 0 and B > 0,

y'(1)=0 and wy(l)=0.

Thus ¢(1) = 0. So we end up with the fact that ¢ satisfies the following

differential equation:
A2m(x)(x) + (El(x)q)”(x))" =0, 0<x<l,

¢(0) = ¢'(0) = ¢(1) = ¢'(1) = ¢"(1) = $"(1) = 0

which we solve with the help of Rolle’s Theorem. We show successively that

(3.9)

zero is the unique solution of (3.9) [5]. Thus, there is no eigenvalue on the

imaginary axis. Therefore, Re(Ah) < 0. Referring to Theorem 3.2, since
o(A) = S(A), we conclude that the system (1.1)-(1.4) is exponentially
stable. U

Remark 3.5. We note that when the problem (1.1)-(1.4) is considered
with constant coefficients, i.e., for m(-) = EI(-) = 1, then we effectively find

the result of [6], that is,
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lim Re(hy ) = (o + 1/p)

which makes — (o +1/B) a vertical asymptote for the spectrum of the

operator A in the complex plane.
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