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Abstract

Starting from matrices whose columns generate an isotropic subspace
and the work done by Qing-You in [8], important properties of a kind
of random symplectic matrix are presented. We show that:

(1) it can be transformed into Jordan canonical form by a similar
orthogonal transformation,

(2) it has a particular Schur canonical form, and

(3) its condition number is a constant and is the same as that of the
matrix studied in [8], numerical examples are given to confirm our
theoretical results.
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1. Introduction

Let J be a skew-symmetric and invertible matrix. Then a matrix

W e R*M 2N is said to be J-symplectic if WTJW =J. Symplectic
matrices play an important role in many fields of science such as classical
mechanics and mathematics [1, 2]. In mathematics, for example, they are
very often found in the linear control theory for discrete-time systems,
perturbation theory and Hamiltonian dynamical systems, etc. In perturbation
theory and Hamiltonian dynamical systems, these types of matrices are used

to study stability (resp. strong stability) and can be written as:
W=(+uulnw, (1.1)

R2N*2N is a random matrix whose

where W is J-symplectic and U €
columns generate an isotropic subspace (i.e., VU € L, we have U Tiw=o0
and dim(£) < N) [3, 4]. In this paper, we only study some properties of the
random matrix S = 7 - UUT J.

This allows us to propose a generalization of the work of Qing-You (see

[8]) and obtain the following results:
(1) It can be transformed into a special canonical form of Schur.

(2) Its condition number has nothing to do with the orthogonal matrix

U e R?Y*k and is the same as the matrix studied in [8].

Throughout this article, the identity (resp. null) matrix of order 2N is
denoted by I,y (resp. 05p) or just 7 (resp. 0) if the order is clear from

the context. The transpose of a matrix (or vector) U is denoted by U T The

N

direct sum @ A; of matrices 4;, denotes a diagonal matrix whose diagonal
i=1

elements are the matrices 4;, i =1, ..., N. Finally, the symbol A(:, 1: j)
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(resp. A(:, j)) denotes the first j columns of the matrix 4 (resp. the jth

column of the matrix A4).

2. Main Results

Let k=1,.., N and U € RZV*K be a random matrix whose columns

belong to an isotropic subspace. Consider the following matrix S defined by:
S=1-vU"J. 2.1)
Then we have the following results:

Theorem 2.1. S is J-symplectic and has inverse st =r1+uu’y.
Moreover, 1 € o(S) and det(S) = 1.

Proof. (1) Since
sTys =1 -vut g -vu'y)
=(J +Juut (1 -vuty)

=J+Juuty—guuty - guutouuts
=0

— J,
S is J-symplectic. Noting that

+ =1 - + - =1,
su+uvutn=1-vuts+uvuvls-vuTjuuTys =1
=0

we get ST =1 +UUTJ.

(2) We have SU = U - UUTJU = U. So, 1 € o(S).
=0
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On the other hand, det(S) = 1, because:

k k
det(S) = de{H (I —ujul J)J = [ @etz —uulsy = =1. O
j=1 j=1

Theorem 2.2. Let V e R*V* Then
(i) V e ker(S — 1) ifand only if UTJV = 0.
(ii) dim(ker(S — 7)) = 2N — k, where k =1, ..., N.
(iii) (S - 1)V = 0.
(iv) For Y =JV, SY =UUTV +Y, (S=1)Y #0 and (S —1)*Y =0.
(v) All eigenvalues of S are equal to 1.
Proof. (i) As V e ker(S — 1) < UUTJV =0, by multiplying the two

members of UUTJV =0 on the left by U T and by the invertible matrix
WTU)™, we obtain UTJV = 0.
(i1) By the dimension theorem, we have
dim(R?V) = dim(ker(S — 1)) + rg(S — 1)
< 2N = dim(ker(S — 1)) + rg(UUTJ)
= dim(ker(S — 1)) + rg(U)
= dim(ker(S — 1)) + k
= dim(ker(S — I)) = 2N — k.
(ifi) Since (5 - 1)* =UU YU =0, s0 (S - 1)’V = 0¥ = 0.
=0
(iv) We have

sy =(1-vutyygv =gy +uvuly,
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(S-1Y =-vulyw =vuv = o0,
and (S —1)’Y =0.Y = 0.
(v) See in [8]. 0
From property (iv) of Theorem 2.2, we can state the following remark.

Remark 2.1. If 7 € R2¥*F s such that U7V = I, then for Y = JV,
we have SY =Y + U.

Based on this remark, we can generalize Corollary 2 of [8] as follows:

Corollary 2.1. If the matrix U € RNk defined in (2.1) is such that

vul = 1}, then there exists an invertible matrix X € R2V2N guch that
Iy_ 0
xloy o[ faN-2k 2% | 22)
Ok, on—2k Tk
where
T Gk') J i with J b
= - WI s = .
kLT 7o 1
Proof. We know that S = I — UU”J can be written as:
k
T
s=[]u-uuls, (2.3)
j=1

where u j are the columns of matrix U.

(i) For k =1, S becomes a rank-one perturbation of /. So, according to

Corollary 2 of [8], S has the following Jordan form:

v s 0 N-1
(ZN 2 J: ®nler,
0 L j=1
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1 1
n=l_ |
01

(i) For k =2, S = (I —uyud J)(I — uu{ J) is a rank-one perturbation

where

of I — ululT J. So, from Corollary 2 of [8], we get the following Jordan form:

N-1
(12N—2><2 Oj @ ler
0 T2 j=1 2 b

SO

(iii)) For k£ >3, S becomes a rank-k perturbation of I. Applying

where

Corollary 2 of [8] k-times, the Jordan form of S becomes:

é -k Oon—2k, 2k
jﬂlz ST, = ,

02k, oN—2k Ty

where
T, Gk‘) J ith J bl O
= -, Wi ;= .
k=0 77 o 1

Now, we can state the following theorem:

Theorem 2.3. Let U € R*M* be a matrix whose columns span an

isotropic subspace. Let S = I — vu'y, IfUUT =1, then:

(1) there exists an orthogonal matrix V € R2V2N cuch that

Iy _k Vl}

2.4)
Ok on—k Ik

VTSVz[
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where V| € RNk s ap orthogonal matrix,
2) condy(S) = > +2*/§.

Proof. (1) Suppose v, vy, ..., voy_; to be an orthogonal basis of
ker(S — 1), Vy = JU. Let
V=V, V35 s Van—i> Vol With Vg = [Van 11> -s Vo |-
Then we have
V=V v2s oo VaN—k> VON k415 s VON |

Using Theorem 7 of [8], it is easy to verify that the columns of V are

orthogonal in pairs. So, they form an orthogonal basis of RV, Thus, V is
orthogonal. Since v; € ker(S — 1), 3k; ; € R such that

2N-k
-
i=l1
and
Vj = kljvl + ijV2 + '”+k2N—k,jV2N—k’ \V/] =2N -k + 1, ..., 2N.
Then we have

SV = [SVI, SVz, ceey SVZN—k’ SVo]
= [V, va» wos Van g JU + U] (because UTU = I})

Ly-x N
= [Vl, V25 s VON—k> VAN —k+1> -+ VzN] 0 7
k,2N—-k 1k
Irn_ Vi
:>VTSV=[ 2Nk IJ.

Oron—k Ik
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(2) Since
T Chn W v W] g
S'S=r V
Ok on-k Lk | | Ok, on-k Ik
(15— £
_p| vk
L N nWn+I
(15— Vi
=V ZNTk U1y T (because VV; = 1),
L N 21
we have
Lk N

det(STS — 1) =

w2

= (1 — )\,)2N_k det(IZN_k)det((2 — )\.)Ik — ﬁ VTV)

= (1-n)?NF det((Z —A- ﬁj’kj

k
=(1- x)ZN‘k((z - 7‘2(_1 : M- lj det(/)

= 1=V 2R02 — 3+ 1)k
Hence,
det(STS —A)=0<1-A=0o0r 22 =31 +1=0

3+4/5 3-4/5
or A = .

S A=lor A= 3 5

This implies that

T
condy(S) = ’lmaX(STS) =
)‘min(S S)
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Remark 2.2. The symplectic matrices S and 7 —u juJT J have the same

condition number (see [8]).
3. Numerical Example

In this section, we present numerical examples to confirm our theoretical

results. All experiments are done with MATLAB.R2014a.

Example 3.1. (1) Consider the matrix

=)

I
e O e
S O = O

of rank 2, whose columns generate an isotropic subspace.

e For U =U(;, 1), S has the following Jordan form:

(=R -
O O = =
S = O O
- o O O
Il
— 1
O -
- O
|
@
1
(e R
—_
| I

Its condition number is about 2.6180 and all its eigenvalues are equal
to 1.

eForU=U , the Jordan canonical of .S becomes:

0

of 1 171 1
= ® .

1 {o 1} [0 J

1

Its condition number is also about 2.6180 and all its eigenvalues are

j:

O O =
oS = O O

1
0
0
0

equal to 1.
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(2) In this example, we consider the matrix

[-0.4191 —0.1870  0.5768 |
-0.5076  -0.0260 —0.4870
b -0.3469 -0.3085 0.2541
-0.0189 -0.6515  0.1787
-0.4492 -0.2222  -0.5033
| —0.4941  0.6288 0.2834 |

of rank 3 whose columns belong to an isotropic subspace.

eFor U =U (:, 1), the Jordan canonical form of S is given by:

S O O O O =

=el ool S

S O O = O O

S O = O O O

S = O O O O

— o O O O O
Il
1
o =
—_ O
| I
®
1
o =
— O
| I
®
1
o =
—_
| I—

e With U = U(:, 1 : 2), the Jordan form of S becomes:

S O O O O =

e Finally, for U =

S O O o o =

S O O o = O
S O O = O O

S O O O = =
S O O = O O

S O = = O O
S = O O O O
—_ = O O O O

S O = = O O
S = O O O O
- =0 O O O

U, we have the following Jordan form:
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We also observe that all eigenvalues of S are equal to 1 and its condition

number is about 2.6180 for any perturbation U.
4. Concluding Remarks

In this paper, we proposed a generalization of the result of Qing-You [8].
To realize this work, we used matrices whose columns generate an isotropic

subspace and obtained the following results:

The matrix studied is J-symplectic, and its Jordan form behaved as a
rank-k perturbation of the matrix studied in [8]. It also admits a particular
Schur form and its condition number is identical to that introduced in [8] and
is about 2.6180.

In our future work, we will see how to apply this theory to some
problems in dynamical systems, in physics and economics, particularly, in

the study of population dynamics.
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