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of the third mixed problem with central symmetry for the general
homogeneous three-dimensional hyperbolic equation of the second

order with minimal conditions on the initial data.

1. Introduction and Position of the Problem

In the cylinder P =G x[0, T] with G = {x R3/| X|=r <R}, we

consider the following mixed problem:

2u < < au
08 a0k -+ T 0
i= =

+ c(X, t)%u +q(x, t)u = 0, (1.1)

with the initial conditions

u(x, 0) = o( x )

6u(x 0) _ w( X)), (1.2)

and the third type boundary condition

[ o )

where ¢ and  are defined over the entire ball G, % is the derivative at

the point (X, t) along the external normal n of the lateral surface

=0, (1.3)
T

F={xt)eP:|x|=R0<t<T}

of the closed cylinder P.

Because of the central symmetry, the normal derivative is equal to the
0

0 = — with | x| =r.

radial differential operator, i.e., - ar

It is assumed that the coefficients of the equation (1.1) are real and

continuous in the closed cylinder P and that their first derivatives
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0aj(x, t) abj(x,t) ac(x, t) oq(x, t)
5 5 and _—
OX OX OX
words,

are bounded in P . In other

aj, by, ¢, g e C(P),

0aj(x, t) abi(x, t) ac(x,t) 8q(x t)
ox 7 ox 7 0OX and € Lo(P).

(1.4)

The nature of the central symmetry manifests itself in the coefficients of
the equation (1.1) as follows:

aj(x, t) = xja(r, t),
by (x, t) = xib(r, t),
c(x, t) =c(r, 1),
q(x, t) = q(r, t).

(1.5)

The coefficients a;(x, t) and bj(X, t) obey the reconciliation condition

at the origin of the axis of symmetry of the equation (1.1) and the boundary
conditions of the study area (1.3). In other words,

3 3

Zizlai(x= lr =Zizlbi(x, )| =0, 0<t<T
3 3

Zi:lai(x’ t) |‘ x|=0 = Zi:lbi(x’ t)h x|=0 = 0, 0<t<T

with the variables (r, t), the differential properties of the coefficients of the

(1.6)

equation are expressed as follows:

a(r, t), b(r, t), c(r, 1), q(r, t) € C(Q)
oa(r,t) ob(r,t) oc(r,t) aq(r t)

(1.7)

For the homogeneous general hyperbolic equation (1.1), let us pose the

following problem: determine the function u(X, t) belonging to the class

C{zrzo}(ﬁ) which transforms the equation (1.1) into an identity in P\{0}
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x [0, T] checking the initial conditions (1.2) and the boundary condition
(1.3) on the side surface T'.

Based on the requirement on the unknown function u(x, t), lwe give the

following definition.

Definition 1. We call weakened classical solution on the axis r =0
of the mixed problem (1.1), (1.2), (1.3), function u(x,t) e C{zrzo}(ﬁ)

transforming the equation (1.1) into an identity in the cylinder from which
we exclude the axis P\{0} x [0, T] and satisfying the conditions (1.2), (1.3)

in the usual sense.

Such a definition makes it possible to formulate the posed problem for
the equation (1.1) in a more laconic way: find the weakened classical
solution on the axis r = 0 of the mixed problem (1.1), (1.2), (1.3).

This formulation had been adopted by Yashkin and Yurchuk in (see [13])
for a similar problem with a second-order hyperbolic equation not containing
. 3 o%u e o .
the mixed term Zi:l aj(x, t)m In 2020, Siliadin et al. in the work [7],
demonstrated the existence and uniqueness of the classical solution of the
first mixed problem for the equation (1.1) containing this mixed term.

The objective of the present work is to extend the results of the article [7]
on the third mixed problem for the equation (1.1), which is a more general
equation than all those that have been studied previously on this topic. The
novelty of our work lies in the fact that not only do we study the equation

.. . 3 o%u

containing the mixed term Zi:l aj(x, t)m but also and most
importantly, we determine the necessary and sufficient conditions for the
existence of the classical weakened solution on the axis for the third mixed
problem of a three-dimensional hyperbolic equation of the second order with
central symmetry. For this type of problem, this kind of question had never
been asked before. Our work aims at extending and complementing the
results of the work of Yashkin, Yurchuk, Siliadin, Tcharie and others.
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To solve the problem thus posed, we must define the necessary and
sufficient conditions to be imposed on the initial data ¢ and y so that the
solution u(x, t) of the third mixed problem (1.1), (1.2), (1.3) is classical

everywhere but weakened on the axis of symmetry.

2. Necessary and Sufficient Conditions for the Existence of Weakened
Classical Solution on the Axis of the Third Centrally Symmetric Mixed
Problem for Second-order Three-dimensional Homogeneous General
Hyperbolic Equation

We consider in the cylinder P = G x [0, T], the mixed problem (1.1),
(1.2), (1.3). Passing to spherical coordinates, our problem reduces to the
following mixed problem whose equation depends on a single space variable

with Bessel operator in the main part:

o%u o%u o’u 26u ou
—atz + ra(r, t) orot - (arz + ?EJ + rb(r’ t)a
ou
+c(r, t)ﬁ +q(r,t)u=0,(r,t) €Q, (2.1

with the initial conditions

{Mn®=M0

w =y(r), 0<r<R, @2)

and the third type boundary condition

(M + %u(r, t)j

= <t<L
g 0, 0<t<T, (2.3)

r=R

(2.1) is an equation of the one-dimensional hyperbolic type of the second
order without right-hand side.

It is obvious that the problems (1.1), (1.2), (1.3) and (2.1), (2.2), (2.3) are

equivalent everywhere in the defined space except on the axis | x| =r =0,
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because the functional definition of the change in spherical coordinates is

equal to zero in the case of central symmetry, only for r = 0.

Remark 1. If we were looking for the solution of the problem (1.1),

(1.2), (1.3) belonging to the class C{zr:O}(IS) in the sense of Definition 1,

then it would be sufficient to consider one of the following conditions:

lim | x|Au(x, t) =0, (2.4)
| x |0
2
lim | |a—;(x, t) = 0. (2.5)
|x|=>0 ot

For the following, we use the condition (2.4).

If the function u(X, t) is a classical solution (weakened or usual) of the

problem (1.1), (1.2) and

u(x, )| =0, (2.6)

then from the equation (1.1), from the condition (2.6) as well as from the

3
Dbl =0, 0<t<T, (2.7)
i=1

by passing to the limit, we have the conciliation condition

Aulp = 0. (2.8)

According to Definition 1, the solution of the singular problem (2.1),
(2.2), (2.3) precisely the function u(r, t) which transforms the equation (2.1)

into an identity in Q and satisfying (2.2), (2.3) is sought in the class of
functions u(r, t) e C'(Q)NC?((0, R]x[0, T]), for which the following
limiting equalities are true:

2
lim r| (LD 200D ), 2.9)
r—0 or? roor
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Moreover, the solution of the problem (2.1)-(2.3) must respect the
condition (2.8) which for the variables r and t is of the form

2
o [0 u(r h,2ourt))_, 2.11)
SR a2 T e

2
lim @ u(;, Y _, (2.12)
r-R ot

The conditions (2.8), (2.11) and (2.12) are additional reconciliation
conditions.

For the third mixed problem (1.1), (1.2), (1.3), we formulate and prove
the existence theorem of the classical solution in the sense of Definition 1

with the minimal conditions on the initial functions (| x |) and (| x |).

Theorem. For the classical weakened solution u(x, t) on the axis r = 0

of the third mixed problem (1.1), (1.2), (1.3) to exist, there is necessary and
sufficient that the initial functions ¢ and v satisfy the conditions

o(r) e C'o, RIN C2(0, R], lim rAg(r) = 0, lim(d(p( 0,1 (r)) =
r—0 r-R

dr
2.13)
w(r) € Clo. RINC'(0, R]. lim rd\lé—ir) _ 0, rli_rﬁq(dllé(r) (r)j _
(2.14)

when the coefficients of the equation (1.1) satisfy the conditions (1.5) and
(1.6).
Demonstration

e Need

Suppose there is a weakened classical solution u(x, t) on the axis r = 0
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of the problem (1.1), (1.2), (1.3). Then according to (see [13, p. 23]) the
function u(r, t) e C'(Q) N C2((0, R]x[0, T]) checks the problem (2.1),

(2.2), (2.3), the weakened conditions (2.9), (2.10) as well as the conditions of
reconciliation (2.11), (2.12).

Thus, as u(r, t) e C{@) N C?((0, R x[0, T]), is solution of mixed
problem (2.1), (2.2), (2.3), it follows immediately from the relations (2.2)
that the initial functions ¢ and y have the following differential properties:

o(r) e C'o, RIN C2(0, R], (2.15)
y(r) e clo, RJN Ccl(o, R]. (2.16)

From equality (2.3), we have

it e 0 Lur o] = i (904 L
0= lim 11m[ar (r. 1)+ Tur, t)}_gﬂ( % (r)+r(p(r)).

r-Rt—0

From (2.11), we can write

0 hm[ézu(r, ), 2au(r, t)J

r—R or? r or

2
lim Lim ocu(r, t) +gau(r, t)
r—>Rt>T\  ar? roor

. [dch(r) L2 d«p(r)j

r—R| dr? rodr

lim Ag(r)
r-R

= Ag(R).

The results lim rAe(r)=0 and lim rd\y_(r)

r—0 r—0

= (0 are respectively

obtained by rewriting the weakened conditions (2.9) and (2.10).
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It follows that the initial functions ¢ and W are respectively the
elements of the class of functions C'[0, R]NC2(0, R] and C[0, R]N

CI(O, R] and we have the reconciliation balance conditions on the axis
r=20,

2
lim r| 9700, 2d0() | _ ¢y p D00 _
r>0 \ dr? rodr r—0

Passing to the limit when t — 0, of the boundary condition (2.3), we

obtain
0= lim lim [6“” ) —u(r t))
r>Rt—0\ OF
= lim(dcp(r) +— (p(r))
r—RrL dr
: ey 2 . ou au
Like u(r,t)e C(Q)NC((0, R]x[0,T]), the functions A
82_u & are continuous in the rectangle (0, R]x [0, T]. Therefore, the
orot’ otor ’ P ’
o%u
mixed derivatives are equal on the segment r =R, 0 <t <T, ie., Fret
2
%. Then the limit when t — 0 taken in the differentiation according to t

of the boundary condition (2.3) gives

1 ou B dy 1
0= lim lim| <1 s 2yl LU, t)} m%( W (1) + rw(r)).

Thus, the initial functions @(r) and w(r) satisfy all the requirements
of (2.13) and (2.14). In other words, it has been shown that the conditions

(2.13) and (2.14) are necessary conditions for the existence of the

weakened classical solution on the axis r = 0 of the mixed problem (1.1),
(1.2), (1.3). O
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¢ Sufficiency
The change of variables
v(r, t) = ru(r, t) (2.17)

of the unknown function u of the mixed problem (2.1), (2.2), (2.3) gives the
auxiliary problem not containing the singularity with the boundary condition
of the first type on the limit r = 0 and the boundary condition of the second
type on the boundary r = R. This is the problem

_9v o 0%V ov ov
.,%/(r, t) = 8t_2 — 8? + A(r, I)M + B(r, t)ﬁ + C(r, t)a

+D(r,t)v=0, (r,t)eQ=]0,R[x]0,T[ (2.18)
with the initial conditions
v(r, 0) = o(r), %(r, 0)=W(r), 0<r<R, 2.19)
and the boundary conditions of the first and second kind respectively
ov
v(0, t) =0, ﬁ(R’ t)=0, 0<t<T. (2.20)

In the problem (2.18)-(2.20), we designated the functions A(r, t),
B(r, t), C(r,t) and D(r, t) by
A(r, t) = ra(r, t),
B(r, t) = rb(r, t),

(2.21)
C(ra t) = C(r9 t) - a(r, t),
D(r, t) = q(r, t) — b(r, t).
The initial functions ® and ¥ are defined by
D(r) = ro(r),
(2.22)
Y(r)=ry(r), 0<r<R.
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The first equality of the boundary conditions (2.20) follows from the
form of the change of variables (2.17) and from the fact that u(r,t) is

assumed to be bounded at the point r = 0. The second equality of the
boundary conditions (2.20) follows from the form of the change (2.17) and
from the boundary condition of the third type (2.3).

From the equalities (2.22), it follows from the conditions (2.13) and
(2.14) that the initial functions ® and ¥ according to the article [4] have
the properties following:

210, _d’®0) _,  d(R) _
® e C2[0; R], ®(0) = e 0, —5 =0, (2.23)
¥ ecllo; R, Ww(0)= de—(rm = 0. (2.24)

Based on (1.4), we can also assume that the functions

OA OA
Aa Ba Ca D: a: E
are continuous in Q = [0, R]x [0, T], the functions

0’A B oC D
otz or’ or’ or

are bounded in Q and satisfy the conditions for reconciling the coefficients

_ 6A(R, t) B
A 225)
B(0, 1) = % _ o,

which follows from (1.6).

In the work [7], it was demonstrated that with the conditions verified and
imposed on the coefficients of the equation (2.18), as well as on the initial

functions @ and YW, it exists a unique classical solution of the mixed
problem (2.18), (2.19), (2.20) of the form
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v(r, t) = D(hy (g, (r, 1), 0)); @ (hy(gy(r, t), 0))

5 A
hy (g2 (r.1).0) ¥(€) + = (€, 0)¢'(§)
* %I hlz(gir(,t)t,)o?) 22 2 dg
V7 6 0)+1

| pteh(@00e  EE o)
‘o _[ ; J' 5 Y gede (2.26)

h ,t), A2
1(91(r.1),€) ’AT(@ O+l

with

N (A AT v ~
X |:E+ [74‘ T + IJE - DV. (227)

In (2.26), ®, ¥ designate the respective extensions of the functions ®

and ¥ of the segment [0, R] on real axis R in the following way: first, we
do an odd extension of these functions from [0, R] on [-R, 0] and then

periodically with period 2R on real axis R.

In the formula (2.27), we have designated by V, A, the respective

extensions with respect to r of the functions v, A of Q over R x [0, T].
It follows from the conditions (2.23), (2.24) (see [13, p. 32]) that

® e C*(R) and ¥ e C'(R), (2.28)
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d’®(R) _
dr2

O(R) = P(R). (2.29)

We designate by C and D, the even extensions following the argument
rof Q on R x [0, T] respectively of the functions C and D first on [-R, 0],
then periodically after period 2R on R. By B, the extension of the
coefficient B obtained in the following way: we first extend the coefficient
b(r, t) following r in an even way of [0, R] on [-R, 0], then periodically
after period 2R following r of [-R, R]x [0, T] on R x [0, T] and we note
this extension b. Similarly ¥ is the extension of r. This function
B = Fb(r, t) is piecewise continuous on R x [0, T] and admits a derivative

along r continues bit by biton R x [0, T].

Also from (2.25), we have (see [13, p. 32]):

B(r,t) =0, for r = R; (2.30)
B(r, t) = 68(82’ D _0forr=R. (2.31)
oA oC oD

So it is clear that A, B,C and D € C(R x [0, T]) and A A ar

are bounded in R x [0, T]. Likewise, ® € C*(R), ¥ e C'(R). Thus, using
the change of variables (2.17), we obtain that the mixed problem (2.1), (2.2),

(2.3) admits a solution of the form

~ ~ H,(r,t)
B(H,(r, t))2+r @(Hy(r, 1) +% J‘ 2 se)de

u(r, t) = H(r)

1 t H2(f,t—‘t)~ P
" ﬁjOJH](m_T) F(e, 1)dedr e C2((0, RIx[0, T]),  (2.32)

with
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Hl(r’ t) = hl(gl(r’ t)’ 0)7

HZ(r’ t) = h2(gg(r, t), 0),
B(2)+ 5 (& 0)B(E)

1) = = (2.33)
- (& 0)+1
F(E,
}F(éa T)Z Kz (E.~ T)
- &)+l
and
OHy _oHy
o or
x %2
—622 =§+,/AT+1, (2.34)
oHy _A_ A
ot 2 4

From the nature of the extensions of the coefficients of the equation
(2.18), of the initial functions and the relations (2.33), we deduce that

{IE(&, 1) e C(R x [0, T]), (2.35)
(R, 1) = 0.

We show that the function u(r, t) defined by the formula (2.32) is a

weakened classical solution on the axis r = 0 of the problem (2.1), (2.2),
(2.3),1.e,

u(r, t) e C@Q) N C*((0, R x [0, T])

transforming the equation (2.1) into an identity satisfying the initial
conditions (2.2), the boundary conditions (2.3), the conciliation conditions
(2.11) and (2.12) as well as the weakened conditions (2.9), (2.10).

In [7], it was shown that v € C*(Q) and that u = % according to (2.17),

we have for r = 0, u(r, t) e C>((0, R] x [0, T]).
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We now study the regularity of the solution u(r,t) defined by the

formula (2.32) when r — 0,

D(H,(r, 1) + B(H, (r, t))
2r

lim u(r, t) = lim
r—0 r—0

1 pHant)
#lim o HEE

) 1 ¢teHa(rt-1)~
lim — F(E, t)dEdr.
" ril}) 2r JOIHl(r,t—r) (é T) ST

By applying the Hospital theorem, while taking into account the

procedure for extending the functions ® and ¥, we have

. 1 [dD(Hy(r, 1)) dD(H(r, 1)
rh_r)r})u(r, t)_rli%z{ dHQ%r, 0 dHl%ra t) }

+ 1im 3 ((Ha(r, 1) = ZH(r, D)
r—0

+ lim %I;[F(Hz(r, t— 1), 1) — F(Hy (1, t = 1), 1))t

r—0

. 1dD(Hy(r, 1)) .. 1 d®(H(r, 1)
= lim - — 57 + lim - —F—F
r—02 dH,(r, t) r02 dH(r, t)

+ %{%(H ,(0, 1) = %(H, (0, 1))}
" %J;[F(HZ(O’ t=1). 1)~ F(H;(0, t—1), lde  (2.36)

since at the end of the extension procedure of the function @, it is odd

according to the first argument r (see Chapter 2 Section 4.2; [12, pp. 32-33]).

As the first and the second terms of the right-hand side of the equality
(2.36) belong to Cl((j ) according to (2.23), the second term also belongs to
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Cl(a ) according to (2.23) and (2.24) and the third term belongs to Cl(a ),

we deduce that u(r, t) belongs to C'(Q) N C2((0, R]x [0, T]). From the

formula (2.32), we proceed to the calculations in turn of the terms a2 % ,

o’u ol o2u
, and and we get
ot? = orot o2

o 2au 1 2 dch(Hz(r,t))+dch(Hl(r,t))
or? ror o3

Tor dH2(r, ) dH2(r, 1)

dy(H,(r, t)) dy%(H(r, t))
+r2( )ész(r, t) B ﬁHlir, t) j

+r? %L:(TF(HQ(r, t—1), 1) — F(H,(r, t — 1), r))dr}. (2.37)

Basing on the formula (2.25), we notice that in the neighborhoods

(r - 0) and (r — R), the characteristic equations

ﬂ—A+ 1+—2

dt 2 42 (238)
ﬁ:é_ 1+ —

dt 2

of the equation (2.18) take the following simplified form:

dr
dt ~ : 2.39
dr » (2.39)
a
We can deduce from it that
Ho(r,t)=r+t
Hi(r,t)=r—t

(2.40)
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and when we find ourselves in the neighborhoods (r — 0) and (r — R),

(2.37) becomes

2u 20u 1 |(d%D(r+t)  d2D(r-t)
+ = +
or2 ror 2r

o a2t dr+t)?  d(r—t?

dy(r+t) dy(r-t)
+( dﬁr ++t) B dx(r—t))

; gj; (F(r + (t = 1), 1) = F(r - (t 1), r))dr}. (2.41)

According to the nature of the extensions of the functions ® and ¥ (see

25 ~
Chapter 2 Section 4.2; [12, pp. 32-33]), %;(i) is odd, d’é—g’) is even and

ox is even with respect to the variable &,

oG

Passing to the limit when r —> R, we have

. d%u 24u
lim — +=— =
roRor: ror

0. (2.42)
Which verifies the condition (2.11).
Also from equality (2.41), we have
u 20u)  1|(d*D(r+t) d*d(r-t)
r —2 + _6_ = = 5 + )
or- ror d(r +1) d(r—t)

2

dy(r+t) dy(r-t)
+(d)%r+t) B dx(r—t))

; gj;(ﬁ(r F(t—1), 1) - F(r—(t—1), r))dr}. (2.43)

Passing to the limit when r — 0 in (2.43), we get
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(2% 2au)_1((d*B(t)  d*B(-t)), (dx(+D)  d(-D)
rlil})r[all * r 6|’J B 2{[ d(t)2 * d(—t)z +( d(+t) d(—t))

t GF((t -1), 1) aﬁ‘(_(t —1), 1) B
+ Io( ot - ‘E) N 6(—(t _ ‘E)) Jd'fi| =0. (2.44)

This proves that the condition (2.9) is verified.

Also basing on (2.40), in the neighborhoods r -0 and r > R, we
obtain the equality

2u 1 i d?®(r+t)  d*d(r - t) _(d&)(r+t)+ d&)(r—t)j
orot -~ or2 | L d(r+t)?  d(r—t)> dir+t)  d(r-t)

oo R D) G+ 9 -7 - 1)

+ r%jg(ﬁ’(r +(t-1), ) -F(r-(t-1), 1)dt

- ; (F(r+ (t - 1), 1) — F(r = (t - 7). t))dr}. (2.45)

Using Taylor’s formula with remainder in Peano form of functions that

lie in terms of this last equality (i.e., g(£rt) = g(£t) + ?:Ig((vLitt)) r+ O(r)j, we

have

i 2u .. 1| [d?D(r+t) d*D(r-t)
mr———=lim—|r -
r—0 Ot r02r| { d(r+t)>  d(r—t)?

~ [o@(t) d*B(t) _ dd(-t) _ d’D(-t)

i e Ty r+0(r)J

dy(r+t) dy(r-t)
+r( dX(r+t) * dx(r—t)j
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((t)+ 97O 5 - (( ))r+0(r))

AF(r + (t — 1), T aF(r — (t — 1), ’E)
”Io[ ar+(t-v)  ar—(t- r))}

- Ot (F((t - ), 1) - F(-(t - ), 7))

toF((t — 1), 1) tOF(—(t — 1), 1)
+ rj'owd jomdr + O(r)}. (2.46)

From where

Which proves the equality (2.10).

On the other hand, from the formula

&u :L[[H I\_ZJ( 2®(H2(r 1) , d%B(H,(r, t))J
o2 2r 4 dH3(r, t) dHZ(r, t)

C AL+ f\_z(d%(Hz(n 1) d2B(H,(r, t))J
41 dH3(r, 1) dH2(r, )

N E(d%(Hz(f, ) dy(H(r, t)))
2 dH,(r, t) dHy(r, t)

/ dy(Hy(r, t)) dyx(H(r, t)
+ 1+T( )d(sz(r t) + )dCHIEr, t) )

* %j:[F(Hz(r, t-1), 1) - F(H(r, t - 7), T)]Olr}, (2.47)
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it follows that in the neighborhoods (r — 0) and (r — R), we obtain

0° 1|(d?*® d2®(r — d7 d(r —
at_g_fﬁ O(r+1)  d*d(r t)}( Ur+1)  dy(r t))

B dir+t)?  d(r-t)y? dir+t) = d(r-t)

+ %j'ot (F(r+(t-1), 1) - F(r - (t-1), r))dr}. (2.48)

From the formulas (2.41) and (2.48), we can deduce that in the
neighborhoods (r — 0) and (r — R),

Fu (P 2
az \orz ror

J:%Eﬁ@ma—r» 1) - F(r - (t- ). e

_ gj;(fﬁ‘(r F(t—1) 1) - F(r— (- 1), t))dt}

Which then gives

. (2.49)

’u (8%u 20u) F(r, 1)
—_ —_— J’_ —_— —
a? lor? ror r

Therefore, using the limit when r — R, we have

2 2 &
o°u (Gu 26—UJ=Iim IF(r,t)'

roR T

Iim — - lim| —+ =
r->R ot2 r—oRlor2 ror

Thus, according to the equality (2.42) on the one hand, the equalities
(2.27) and (2.33) on the other hand, the formula (2.12) follows.

Similarly, passing to the limit when r — 0, we have

2 2 ~
fim r 28 gim o CY 29 g R, 1),
r>0 a2 ro0 \gr2 ror r—0

From the equalities (2.27) and (2.33), we obtain the formula (2.5). O

Which proves the theorem.
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In our future work, we will prove the existence of the classical weakened

solution on the axis of the third centrally symmetric mixed problem for the

second-order general hyperbolic equation with right-hand side.
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