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Abstract 

In this paper, the SBA method and VIM are used to obtain an exact 
solution of fractional systems of partial differential equations. To test 
the effectiveness of these methods, three numerical examples were 
solved. The obtained results indicate the identical exact solution for 
each example test. Thus the accuracy of these methods is in a good 
agreement with the exact solution. However, a comparison between 
these methods shows that the SBA method provides more accurate 
results. 
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1. Introduction 

Water which covers around 70% of the earth’s surface, is undoubtedly 
the most abundant resource on our planet. However, nowadays, with the 
ever-increasing development of industry, agriculture and other human 
activities, its diversified pollution is at the root of many health and ecological 
problems. This pollution stems from industrial waste and discharges, the use 
of pesticides and fertilizers (through nitrites, chlorides and phosphates) in 
agriculture, etc. One of the consequences is that, on a global scale, the water 
quality is deteriorating. Another consequence is that the water in rivers and 
streams experiences excessive growth of different types of organisms which 
clogs our waterways, and blocks light from reaching deeper waters. This, in 
turn, proves very harmful to aquatic organisms as it affects the respiration 
ability of fish and other invertebrates that reside in water. In addition, 
pollution in the form of organic material enters waterways in many different 
forms such as sewages, leaves and grass clippings, or runoff from livestock 
feedlots and pastures. When natural bacteria and protozoan in the water 
break down this organic material, they begin to use up the oxygen dissolved 
(OD) in the water. Many types of fish and others aquatic animal species 
cannot survive when levels of dissolved oxygen drop below two to five 
numbers which leads to disruption in the food chain. It is in this context that 
several mathematical models have been developed by researchers to describe 
the process of pollution propagation in surface waters [1]. These include the 
mathematical model of Streeter and Phelps [2], which dates back to 1925 and 
has been modified in various ways [3], followed by models of contaminant 
transport [4, 5], bacterial transport [6], biological demand for dissolved 
oxygen (BOD) versus dissolved oxygen (DO) [7], and models of dissolved 
organic matter (DOM) transport in water (bacteria, contaminants) [8]. For 
this purpose, several numerical methods have been used to solve the PDEs 
and PDE systems associated with the various models, such as the Finite 
Volume Method (FVM) [9], the Crank-Nicolson numerical scheme method 
[10], splitting methods [11], the Euler method [12], the Runge-Kutta method 
[13], etc. In recent decades, in order to gain a better understanding of the 



Exact Solution of Some Fractional Systems … 25 

problem of water pollution, researchers have increasingly turned their 
attention to PDEs and systems of fractional-order PDEs modelling the 
phenomenon [14, 15]. The fractional derivative is well suited to describing 
the water pollution process, which is strongly conditioned by the geometry of 
the problem. In this paper, we are interested in the following mathematical 
model, which describes surface water pollution in terms of BOD and DO 
concentration: 
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where u and v are, respectively, the BOD and DO concentrations. The aim of 
this study is to determine the solution of this fractional system of PDEs in 
order to give real meaning to the model through test problems. We use the 
Some Blaise-Abbo method (SBA method) and the variational iteration 
method (VIM) to solve model (1). These techniques enable us to obtain an 
approximate or exact solution for the considered model. In addition, we 
compare the results obtained from both techniques, demonstrating their 
identical nature. The structure of this paper is organized as follows. In 
Section 2, we revisit fundamental concepts of fractional calculus, outlining 
their key characteristics and the SBA method and the VIM method. Section 3 
discusses the application of the SBA method and the VIM method to three 
problem-tests. Finally, in Section 4, the concluding remarks of the study are 
provided. 

2. Presentation of Resolution Methods 

2.1. Preliminaries 

2.1.1. Definition 1 [16] 

The Mittag-Leffler function is defined by: 
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Properties 
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2.1.2. Definition 2 [16] 

Let [ ]( )., baCf ∈  The operator α
aI  defined on [ ]ba,  by: 
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2.1.3. Definition 3 [16] 

The Caputo-type fractional derivative of order 0>α  of a function 

( )...,2,11 =∈ − mCu m  is given by: 
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where [ ] 1+α=n  is the integer part of the real number. 

2.1.4. Definition 4 [16] 

The fractional of integration of Caputo derivative for ,1 nn <α<−  

,N∈n  ( ),...,2,1=∈ μ mCu m  ,1−≥μ  is expressed as 
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2.2. SBA method [17-22] 

Consider the following functional system: 
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where ( )⋅= α
t

c
t DL  is invertible in the Adomian sense, i.e., ( ).1 ⋅= α−

tt IL  

Applying 1−
tL  to (5), we obtain the Adomian canonical form: 
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Applying the method of successive approximation to (6), we obtain: 



Charvelin BILOUMBOU NKOUKA et al. 28 

( ) ( ) ( ) ( ( ))

( ( ( ) ( )))

( ) ( ) ( ) ( ( ))

( ( ( ) ( )))⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

≥∀

−

−+=

−

−+=

−−α

αα

−−α

αα

.1,

,,,

,,

,,,

,,

11
2

22

11
1

11

k

txvtxuNI

txvRIfIxhtxv

txvtxuNI

txuRIfIxgtxu

kk
t

k
tt

k

kk
t

k
tt

k

 (7) 

By applying the Adomian algorithm to (7), we obtain 
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We apply the Picard principle to equation (8). Let 0u  and 0v  be such 

that ( ( ) ( )) ( ( ) ( )) .0,,,,,, 00
2

00
1 == txvtxuNtxvtxuN  Thus 

For ,1=k  we get: 
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If the series 
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converges, then 
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For ,2=k  we get 
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Here, we must verify that ( ( ) ( )) ( ( ) ( )) ,0,,,,,, 11
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We reapply the same procedure for 3≥k  so that the solution of system 
(5) is 
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2.3. Variational iteration method (VIM) [23-26] 

We can construct a functional correction for (1) using the following 
variational iteration method 
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where 21, λλ  are Lagrange multipliers, the index n represents the nth 

approximation and ( )nn vu ~,~  considered as a restricted variation, i.e., =δ nu~  

.0~ =δ nv  

To solve the system (6) using the VIM method, we must first determine 
the Lagrange multipliers 21, λλ  which will be identified via integration by 

parts. The successive approximations ( ) ( )( )txvtxu nn ,,,  of the solution 

( )vu,  will be obtained using 21, λλ  and the functions ( ) ( )txvtxu ,,, 00  

which must at least satisfy the initial conditions. 

Consequently, the exact solution will be the limit 
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3. Examples 

3.1. Example 1 

Consider the problem with initial values of the following system of 
Cauchy-type partial differential equations: 
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3.1.1. Resolution using the SBA method 

Consider the state system of (19) 
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We have 
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Applying ( ) ( )⋅=⋅ α−
tIL 1  to (22), we get 
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which is the canonical form of Adomian. 

Applying the method of successive approximations to (24), we get 
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Thus, we obtain the following SBA algorithm 
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The solution to each step is given by 
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At step ,1=k  the algorithm (26) becomes 
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From (29), we apply Picard’s principle. We look for 0u  and 0v  such that 
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For ,0=n  we have 
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Recursively, we have 
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    and    
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 (34) 

The solution of the problem at step 1=k  is 

( ) ( )
( ) ( )
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 (35) 

where ( )αα tE 3  and ( )αα − tE 3  is the Mittag-Leffler functions. 

At step 2=k  the algorithm (26) becomes 
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Under-mentioned, we calculate 
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and 

( ( ) ( )) ( ) ( )

( ( )) ( ( ))

( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

=

−=

−−=
∂

−∂
+=

∂
∂+=

α
α

α
α

α
α

−
α

α

.0

22

3322

332

,,2,,,
2

2

1
111

2

tEtE
x

tEetEe

x
txvtxutxvtxuN

x
x

 (37) 

The algorithm (36) becomes 
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The algorithm at step 2=k  is the same as the algorithm at step .1=k  So, 
we have 
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Recursively, we have 
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 (40) 

The solution of the problem is 
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where ( )⋅αE  is the Mittag-Leffler function with one parameter .α  

The solution of the problem for 1=α  is 
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3.1.2. Solving with the variational iteration method 

The correction functional applied to the system (19) is expressed as 
follows: 
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 (43) 

To estimate the values of the Lagrange multipliers, we use the 
approximation of the following functional correction 
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where .1 mm ≤α<−  

To determine the Lagrange multipliers, we multiply two sides of the 
equations of the previous system by the corrector such that 0~ =δ nu  and 

.0~ =δ nv  Thus, we have: 
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Subsequently, we have 
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We know that ,10 ≤α<  which implies that ,1=m  
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Integrating the above system by parts with respect to the variable t, we 
have: 
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The existence of extremum conditions for ( )txun ,1+  and ( )txvn ,1+  

implies that ( ) 0,1 =δ + txun  and ( ) ,0,1 =δ + txvn  it follows: 
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 (49) 

This gives us: 
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 (50) 

Substituting the Lagrange multipliers ( )tx,1λ  and ( )tx,2λ  by their 

respective values in the system (43), we obtain the following system: 
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From (51), we can obtain nuu ...;;1  and nvv ...;;1  as follows: 
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 (52) 

or 
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This gives us 
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Thus, the solution of (19) is given as follows: 
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The solution of the example for 1=α  is 
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3.1.3. Partial conclusion 

Both solutions are similar. 

3.2. Example 2 

Consider the problem with initial values of the following system of 
Cauchy-type partial differential equations: 
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where ( )⋅≤α<≥ α
t

cDt ,11,0  is the derivative in Caputo sense, ( )⋅α
tI  is the 

integral in the Riemann-Liouville sense. 
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3.2.1. Resolution using the SBA method 

Consider the state system of (57) 
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where 
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Applying the Riemann-Liouville integral ( )⋅α
tI  to (58), we have 
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This gives the following canonical form 
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either 
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Applying the method of successive approximations, we obtain 
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 (63) 

The solution at each stage is 
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Substituting (64) and (65) into (63), we obtain the following SBA algorithm 
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 (66) 

At step ,1=k  we have 
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From (67), we apply Picard’s principle, we look for 0u  and 0v  such that 

( ( ) ( )) ( ( ) ( )) .0,,,,,, 00
2

00
1 == txvtxuNtxvtxuN  

Choosing ( ) ( ) ,0,, 00 == txvtxu  the algorithm (67) becomes 
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 (68) 

This gives us 
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The solution of the problem at step 1=k  is 
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where ( )αα − tE 4  is the Mittag-Leffler function. 
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At step ,2=k  we have 
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Thus, we calculate ( ( ) ( ))txvtxuN ,,, 11
1  and ( ( ) ( ))txvtxuN ,,, 11

2  
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The algorithm (71) becomes 
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 (74) 

The algorithm at step 2=k  is the same as the algorithm at step .1=k  So, 
we have 
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Recursively, we have 
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The solution of the problem is 
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The solution of the problem for 1=α  is 
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3.2.2. Solving with the variational iteration method 

The correction functionals for (57) is written as follows: 
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 (79) 

To estimate the values of the Lagrange multipliers, we use the 
approximation of the following correction functional 
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 (80) 

where .1 mm ≤α<−  

The stationary conditions are given by 
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So that 

( ) ( ) .1,, 21 −=λ=λ txtx  (82) 

Substituting these values of the Lagrange multipliers into the functionals 
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(79) gives the iteration formulas 
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 (83) 

The zeroth approximations ( ) xtxu 2sin,0 =  and ( ) xtxv 2sin,0 =  are 

selected using the given initial conditions. Therefore, we obtain the following 
successive approximations 
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 (84) 

This gives 
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The solution is formulated as follows: 

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )⎪

⎪

⎩

⎪
⎪

⎨

⎧

−=
⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛

+αΓ
−

==

−=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+αΓ
−

==

α
α

∞+

=

α

∞+→

α
α

+∞

=

α

∞+→

∑

∑

,2sin42sin1
4,lim,

2sin42sin1
4,lim,

0

0

xtExk
ttxvtxv

xtExk
ttxutxu

k

k
n

n

k

k
n

n
(86) 

where ( )αα − tE 4  is the Mittag-Leffler function with one parameter .α  

The solution of the problem for 1=α  is 

( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

=−=

=−=

−

−

.2sin42sin,

2sin42sin,
4

1

4
1

xetxEtxv

xetxEtxu
t

t
 (87) 

3.2.3. Partial conclusion 

Both solutions are similar. 

3.3. Example 3 

Consider the problem with initial values of the following system of 
Cauchy-type partial differential equations: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

( )⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=

=

−⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂

∂
=

−
∂

∂
∂

∂
+

∂

∂
=

α

α

,0,

0,

,,,,

,,,,,,

2
2

2

2
2

2

x

x

t
c

t
c

exv

exu

txux
txv

x
txvtxvD

txvtxux
txv

x
txu

x
txutxuD

 (88) 

where 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≥

∈

≤α<

0

10

t

x R  

and 0≥t  and .R∈x  
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3.3.1. Solution using the SBA method 

Consider the state system of (88) 

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )⎪
⎪
⎩

⎪⎪
⎨

⎧

+
∂

∂
=

+
∂

∂
=

α

α

,,,,,,

,,,,,

22

2

12

2

txvtxuN
x

txvtxvD

txvtxuN
x

txutxuD

t
c

t
c

 (89) 

where 

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )⎪
⎩

⎪
⎨

⎧

−⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

=

−
∂

∂
∂

∂
=

.,,,,,

,,,,,,,

2
2

2

1

txux
txvtxvtxuN

txvtxux
txv

x
txutxvtxuN

 (90) 

Applying the Riemann-Liouville integral ( )⋅α
tI  member by member to 

(89), we obtain the following canonical form 

( ) ( ) ( ) ( ) ( )( )( )

( ) ( ) ( ) ( ) ( )( )( )⎪
⎪

⎩

⎪
⎪
⎨

⎧

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+=

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+=

αα

αα

txvtxuNI
x

txvIxvtxv

txvtxuNI
x

txuIxutxu

tt

tt

,,,,0,,

,,,,0,,

22

2

12

2

 (91) 

⇔  

( ) ( ) ( ) ( )( )( )

( ) ( ) ( ) ( )( )( )⎪
⎪

⎩

⎪
⎪
⎨

⎧

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+=

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+=

αα

αα

.,,,,,

,,,,,

22

2

12

2

txvtxuNI
x

txvIetxv

txvtxuNI
x

txuIetxu

tt
x

tt
x

 (92) 

Applying the successive approximation method to (92), we obtain 

( ) ( )

( ( ( ) ( )))

( ) ( )

( ( ( ) ( )))⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

≥∀

+

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+=

+

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+=

−−α

α

−−α

α

.1,

,,,

,,

,,,

,,

11
2

2

2

11
1

2

2

k

txvtxuNI
x

txvIetxv

txvtxuNI
x

txuIetxu

kk
t

k
t

xk

kk
t

k
t

xk

 (93) 
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The solution to each step is: 

( ) ( )

( ) ( )⎪
⎪

⎩

⎪
⎪

⎨

⎧

=

=

=

∑

∑
∞

=

∞

= ....,3,2,1,

,,

,,

0

0 k

txvtxv

txutxu

n

k
n

k

n

k
n

k

 (94) 

Substituting (94) into (93) gives the following SBA algorithm: 

( ) ( ( ( ) ( )))

( ) ( )

( ) ( ( ( ) ( )))

( ) ( )
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

≥∀

⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
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⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
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α
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α
+
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,,,,

0,,,

,,,,

2

2
1
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2

2
1
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10

k

n
x

txvItxv

txvtxuNIetxv

n
x

txuItxu

txvtxuNIetxu

k
n

t
k
n
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t

xk

k
n

t
k
n

kk
t

xk

 (95) 

At step ,1=k  we have 

( ) ( ( ( ) ( )))

( ) ( )

( ) ( ( ( ) ( )))

( ) ( )
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
=
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⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
=
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α
+

α

α
+

α

.0,,,

,,,,

0,,,

,,,,

2

12
1

1

00
2

1
0

2

12
1

1

00
1

1
0

n
x

txvItxv

txvtxuNIetxv

n
x

txuItxu

txvtxuNIetxu

n
tn

t
x

n
tn

t
x

 (96) 

From (96), we apply Picard’s principle. We look for 0u  and 0v  such 

that ( ( ) ( )) ( ( ) ( )) .0,,,,,, 00
2

00
1 == txvtxuNtxvtxuN  Choosing ( )txu ,0  

( ) ,0,0 == txv  the algorithm (96) becomes 
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( )

( ) ( )

( )

( ) ( )
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
=

=

⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
=

=

α
+

α
+

.0,,,

,

0,,,

,

2

12
1

1

1
0

2

12
1

1

1
0

n
x

txvItxv

etxv

n
x

txuItxu

etxu

n
tn

x

n
tn

x

 (97) 

This gives us 

( )

( ) ( )
( )

( )

( ) ( )
( )⎪

⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

⎪⎩

⎪
⎨
⎧

≥∀
+αΓ

=

=

⎪⎩

⎪
⎨
⎧

≥∀
+αΓ

=

=

α

α

.1,1,

,

1,1,

,

1

1
0

1

1
0

nen
ttxv

etxv
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ttxu

etxu

x
n

n

x

x
n

n

x

 (98) 

The solution to the problem at step 1=k  is 

( ) ( )
( ) ( )

( ) ( )
( ) ( )⎪

⎪

⎩

⎪
⎪

⎨

⎧

=
⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛

+αΓ
=

=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+αΓ
=

α
α

∞

=

α

α
α

∞

=

α

∑

∑

.1,

1,

0

1

0

1

tEen
tetxv

tEen
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x

n

n
x

x

n

n
x

 (99) 

At step ,2=k  we have 

( ) ( ( ( ) ( )))

( ) ( )

( ) ( ( ( ) ( )))

( ) ( )
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
=
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⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
=
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α
+

α

α
+

α
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,,,,
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,,,,

2
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2

1

11
2

2
0

2
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2

1

11
1

2
0

n
x

txvItxv

txvtxuNIetxv

n
x

txuItxu

txvtxuNIetxu

n
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t
x

n
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t
x

 (100) 
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Below we calculate ( ( ) ( ))txvtxuN ,,, 11
1  and ( ( ) ( ))txvtxuN ,,, 11

2  

( ( ) ( )) ( ( )) ( ( ))

( ( )) ( ( ))

( ) ( )

( ( ) ( )) ( ( )) ( ( ))

( ) ( )

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

=

−=
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⎟
⎠

⎞
⎜
⎜
⎝

⎛
∂

∂
=

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=−=

−
∂

∂
∂

∂
=

α
α

α
α

α
α

α
α

α
α

α
α

α
α

α
α

α
α

α
α
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0

,,,
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2
2
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2

2222
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1

tEetEe

tEex
tEetxvtxuN

tEetEe

tEetEe
x

tEe
x

tEetxvtxuN

xx

x
x

xx

xx

xx

 (101) 

So at step ,2=k  we have 

( )

( ) ( )

( )

( ) ( )
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
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=

⎪
⎩

⎪
⎨

⎧

≥∀⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
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=

α
+

α
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2
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2
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2
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1

2
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n
x

txvItxv

etxv

n
x

txuItxu

etxu

n
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x

n
tn

x

 (102) 

We obtain the same algorithm as in step ,1=k  which gives 

( )

( ) ( )
( )

( )

( ) ( )
( )⎪

⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

⎪⎩

⎪
⎨
⎧

≥∀
+αΓ

=

=

⎪⎩

⎪
⎨
⎧

≥∀
+αΓ

=

=

α

α

.1,1,

,
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,

2

2
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2

2
0
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ttxv

etxv
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ttxu

etxu

x
n

n

x

x
n

n

x

 (103) 
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The solution to the problem at step 2=k  is 

( ) ( )
( ) ( )

( ) ( )
( ) ( )⎪

⎪

⎩

⎪
⎪

⎨

⎧

=
⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛

+αΓ
=

=
⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛

+αΓ
=

α
α

∞

=

α

α
α

∞

=

α

∑

∑
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0

2

0

2

tEen
tetxv
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tetxu

x

n

n
x

x

n

n
x

 (104) 

Then, for all 3=k  by recurrence we can obtain for each step the solution 

( ) ( )
( ) ( )

( ) ( )
( ) ( )⎪

⎪

⎩

⎪
⎪

⎨

⎧

=
⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛

+αΓ
=

=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+αΓ
=

α
α

∞

=

α

α
α

∞

=

α

∑

∑
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1,

0

0

tEen
tetxv

tEen
tetxu

x

n

n
xk

x

n

n
xk

 (105) 

The solution of the problem is 

( ) ( ) ( )

( ) ( ) ( )⎪
⎩

⎪
⎨

⎧

==

==

α
α

∞+→

α
α

∞+→

,,lim,

,lim,

tEetxvtxv

tEetxutxu

x

k

k

x

k

k

 (106) 

where ( )αα tE  is the Mittag-Leffler function. 

The solution of the problem for 1=α  is 

( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

==

==

+

+

.,

,

1

1
txx

txx

etEetxv

etEetxu
 (107) 

3.3.2. Solving with the variational iteration method 

According to the theory of the variational iteration method for fractional-
order partial differential equations, the correction functional associated with 
the system (88) is given by the following system: 
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( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( ( ))
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⎪
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⎩

⎪⎪
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⎪
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⎥
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⎜
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∂
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∂

∂
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⎜
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 (108) 

To estimate the values of the Lagrange multipliers, we use the 
approximation of the following correction functional 

( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
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⎜
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 (109) 

where .1 mm ≤α<−  

The stationary conditions are given by 

( )( )
( )

( )( )
( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨
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=
∂
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⎪⎩

⎪
⎨
⎧

=
∂

λ∂
=λ+

.0,
0,1

0,
0,1

2

2

1
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s
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 (110) 

So that 

( ) ( ) .1,, 21 −=λ=λ txtx  (111) 

Substituting these values of the Lagrange multipliers into (108) gives the 
iteration formulas 
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( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
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⎪
⎪
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⎠
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 (112) 

The zeroth approximations ( ) xetxu =,0  and ( ) xetxv =,0  are selected 

by using the given initial conditions. Therefore, we obtain the following 
successive approximations 
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This gives us 
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The solution is given in the form below: 
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The solution of the problem for 1=α  is 
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3.3.3. Partial conclusion 

Both methods: SBA and VIM give the same solution. 

4. Conclusion 

The main aim of this article is to carry out a comparative study between 
the Somé Blaise Abbo (SBA) method and the variational iteration method 
(VIM). 

In this study, the SBA method provides the components of the exact 
solution when these components follow the summation given in (10) and 
(14). However, the variational iteration method (VIM) gives several 
successive approximations using the iteration of the correction functional. In 
addition, the SBA method, which is based on the construction of a solution at 
each step in the form of a series, approximates the exact solution of the given 
problem. The terms of this series are determined using an iterative scheme 
known as the SBA algorithm. In contrast, the variational iteration method 
(VIM) requires the evaluation of the Lagrange multiplier .λ  In the examples 
presented in this article, a closed-form solution is obtained using each of the 
methods. In sum, these three examples, illustrate well the power and 
efficiency of both methods, for both methods are so powerful and efficient 
that they yield more accurate approximations and closed-form solutions if 
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they exist. We can see from these three examples that the two methods give 
us similar results. 
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