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Abstract 

Let d0  and I  be the fractional integral operator of order   

and we consider dR  the Euclidean space of dimension d. In this 

paper, we aim to prove some boundedness properties of commutator 

 Ib,  generated by the fractional integral operator I  and a suitable 

function b on variable exponent spaces. Roughly speaking, we prove 
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that the commutator  Ib,  is extendable to a bounded linear  

operator from Hardy-amalgam spaces with variable exponents denoted 

   dqp R,
H  to variable exponent amalgam spaces      dpp lL R,  

under appropriate conditions on the exponent  .p  

0. Introduction 

Let d be a positive integer, dR  be the d-dimensional Euclidean space 

endowed with the Euclidean norm and the Lebesgue measure denoted by dx. 

Let us consider the fractional integral operator  dI  0  of order   

defined by 

   
 




d d
yx

yf
xfI

R
,:  

where  dqLf R  and   .;1max


 d
qp  For a locally integrable 

function b, the commutator generated by I  is defined by 

           .:, xfbIxfIxbxfIb    

We indicate that commutators of classical operators of harmonic 

analysis play a basic role in various topics of analysis and PDE; see for 

instance, [27] and [28], and the references therein. More especially, 

commutators are very useful when studying problems in relation with 

regularity of solutions of elliptic partial differential equations of second 

order, e.g., [4] and [5]. 

In this paper, we deal with norm inequality of the commutators. Let us 

make a historical remark of the boundedness of the commutators for the 

convenience of the reader. We point out that norm inequalities of the 

commutators generated by the fractional integral operator also known as 

Riesz potential operator have been extensively studied in the setting of 

Lebesgue spaces   .;1 pLp  Since then, these studies have undergone 



Norm Inequality of Commutator Generated by the Fractional … 63 

several directions and developments. Thus, in [3], Chanillo introduced the 

commutator  Ib,  and proved that it is bounded from  npL R  to  nqL R  

with 
npq




11
 and 

n
p


1  if .BMOb                    

In the same vein, Bui in [2] obtained the boundedness of  Ib,  from 

 nqL R  to  nqL R  with 
npq




11
 and 




n
p1  when  . BMOb  

Paluszynski gave the same proof in [26] but considering that b belongs to the 

Campanato space ,10,   where 
npq




11
 and  p1  

.


n
 Furthermore, in the framework of these developments, Lu et al. in 

[23] considered the boundedness of  Ib,  on the classical Hardy spaces 

when  .10  b  In their research, they proved that if 

1


p
n

n
 and ,

11

npq


  then  Ib,  maps  npH R  

continuously into  .npL R  Moreover, at the endpoint ,



n

n
p  they also 

showed that  Ib,  maps  npH R  continuously into weak  .nn

n

L R  

Moving in the same direction, recently, Di Fazio and Ragusa [10] proved 

that if b is in  ,nBMO R  then the commutator  Ib,  is bounded from the 

classical Morrey space  npL R,  to  ,, nqL R  and conversely, under  

some restricted condition on ,  if the commutator  Ib,  is bounded          

from  npL R,  to  ,, nqL R  then  .nBMOb R  Subsequently, studies 

concerning the boundedness of commutators associated with the Riesz 

potential were extended to Orlicz spaces by Fu et al. [19] and Guliyev et al. 

[20]. Thus, in the framework of these extensions to other spaces, Wang et al. 

proved in [35] that the commutator  Ib,  is bounded from 
  nq

L R1            
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to 
  nq

L R2  with     nxqxq




21

11
 and    nq RB1  with 

.1 
 n

q  Beside, Wang proved in [34] the continuity of the commutator 

 Ib,  on Herz-type Hardy spaces with variable exponent. Thus, many 

researches undertaken in classical harmonic analysis have been intended to 

norm inequalities involving certain integral operators in weighted amalgam 

spaces. See [17, 18, 29]. We can therefore see that there is a great deal of 

literature on norm inequalities of commutators associated with some 

classical operators such as Riesz potential, maximal operator and Calderon-

Zygmund operators, etc. We would like to mention that this research is the 

continuation of our two previous works in which we characterized the 

Hardy-amalgam spaces with variable exponents 
  qp ,

H  by the mean of their 

atomic decomposition. Then, in the second work, that is the second paper, 

we proved the stability of the fractional integral operator I  on these spaces. 

Furthermore, we specify that the goal of this research is onefold. To this end, 

our task here is to show that the commutator of ,I   Ib,  which is known 

to be bounded on some generalized spaces such as weighted Herz spaces 

with variable exponent [21], weighted amalgam spaces [33] etc., is also 

bounded on Hardy-amalgam spaces with variable exponents under suitable 

conditions. In other words, we show that if  ,dBMOb R  then the 

commutator  Ib,  has the same boundedness as the fractional integral 

operator obtained in [32]. Next, it is worth mentioning that to investigate the 

boundedness of linear operators in Hardy type spaces on ,dR  one usually 

appeals to atomic or molecular characterizations of these spaces. The 

characterizations suppose that a function or a distribution in Hardy type 

spaces can be written as a linear combination of functions of atoms               

or molecules. So working similarly, we indicate that to establish the 

boundedness of the commutators associated with the Riesz potential 

operator, the authors either used results deduced from the behaviour on 

atoms or molecules. However, in this manuscript, we are going to study the 
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continuous mapping properties of the commutator  Ib,  via a direct proof 

based on the molecular decomposition of the Hardy-amalgam spaces with 

variable exponents which is previously obtained in [30]. Now, we give some 

conventions. To this end, let d be a positive integer and ,dR  the d-

dimensional Euclidean space. Next, let us consider  dRS  with support 

on  1,0B  such that  d dx
R

,1  where  1,0B  is the unit open ball 

centered at 0,  dRS  is the space of complex-valued functions indefinitely 

differentiable and rapidly decreasing on dR  and  dRS  stands for the 

space of tempered distributions on dR  and is by definition the topological 

dual of the space  dRS  equipped with the pointwise convergence 

topology. For all ,0t  t  represents the dilated function and is defined as 

  ,




 

t

x
tx d

t  

with x in .dR  We point out that throughout the entire manuscript, the letter 

C is used for a positive constant that is independent of the main parameters 

but whose value can change from one occurrence to another. We specify that 

when a constant for example C depends on some basic parameters ...,,,   

we will denote it by the expression  ....,, C  Moreover, E  stands for 

the Lebesgue measure and E  denotes the characteristic function for a 

measure set .dE R  We mean a cube whose edges are parallel to the 

coordinate axes: 

   
d

j rjj xxQ
1

,;  

with .0r  Furthermore, we consider that all cubes used in this research are 

closed unless it is specified otherwise and Q  represents the set of all cubes 

belonging to .dR  Equivalently, we define the Hardy-amalgam spaces with 
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variable exponents with balls instead of cubes. For a function ,: CR df  

the symbol  fsupp  means the support of f, and for nonnegative f and g, 

gf   means .fgf ≲≲  

1. Function Spaces with Variable Exponents 

1.1. Some background on variable Lebesgue spaces 

Variable exponent Lebesgue spaces are a generalization of the classical 

 npL R  spaces, in which the constant exponent p is replaced by an exponent 

function    ,,0:  np R  namely, they consist of all functions f such 

that 

    
n

dxxf
xp

R
.  

The space   npL R  is the set of all measurable functions f on nR  for 

which the quasi-norm   npLf R  is finite. These spaces were introduced 

by Birnbaum-Orlicz [1] and Orlicz [25], and were widely used in the study 

of harmonic analysis as well as partial differential equations; see for 

example [6, 7, 12, 13, 15]. But, for a systematic research about the variable 

exponent Lebesgue spaces, we refer the reader to [6, 14]. Recently, Nakai 

and Sawano [24] extended the theory of variable Lebesgue spaces via the 

study of the Hardy spaces with variable exponents on ,nR  and Sawano in 

[29] further gave more applications of these variable exponent Hardy spaces. 

We would like to indicate that before establishing our result, we need to 

state some basic definitions and conventions as we are working in variable 

exponent analysis. Thus, for a measurable subset ,dR  we set as usual 

   xpp x 
  inf:  

and 

   .sup: xpp x 
   
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Moreover, let     ,0: dp R  be a measurable function with 

  pp0  and P  be the set of all measurable functions   :p  

  ,1dR  such that .1   pp  Let B  stand for the set of 

   dp RP  such that the Hardy-Littlewood maximal operator M  is 

bounded on 
 

.pL  

An important subset of B  is the class of globally log-Hölder continuous 

functions ,LHp   with .1   pp  Let us recall that the measurable 

function  p  is said to belong to  ,dLH R  if  p  fulfills the following 

conditions: 

     yx

C
ypxp





ln

 when 
2

1
 yx  

and 

     ex

C
ypxp




ln
 when .xy   

On the other hand, the variable exponent Hardy spaces theory was 

introduced independently by Nakai and Sawano in [24] and by Cruz-Uribe 

and Wang in [8]. After that, they characterized   np R
H  spaces via the 

atomic decomposition. Furthermore, as an application, they used the so-

called atomic decomposition to establish the boundedness of some classical 

linear operators such as: the singular integral operators, Riesz potential 

operators, etc. 

1.2. On Hardy-amalgam spaces with variable exponents 

Here, for the convenience of the reader, we recall the definition of the 

Hardy-amalgam spaces with variable exponents. 

Definition 1. Let     ,0: dp R  be a measurable function with 

  pp0  and .1  q  Moreover, we assume that  p  fulfills 

the local log-Hölder continuity and decay conditions. Thus, following the 
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maximal function approach, the Hardy-amalgam space with variable 

exponent 
  qp ,

H  is defined on dR  as the set of all tempered distributions 

 df RS  for which the quasi-norm is given by 

         dqpdqp Lff RR ,,   M
H

 

is finite, where M  is the maximal function and is defined as 

  .sup: 0 ff tt  M  

Now, let us introduce the concept of an atom for 
  qp ,

H  spaces. 

Definition 2. Consider a measurable function  p  satisfying the 

globally log-Hölder continuous conditions and let us have a fixed positive 

integer s such that 

     .1: dsdpsss p  
 Z  

Thus, a measurable function a is called   sqp ,, -atom on dR  for 

  qp ,
H  if there exists a cube Q fulfilling the following conditions: 

  (i)   Qsupp a  for some .dQ R  

 (ii) 
 


pQ

q

q

Q
1

a  (boundedness condition). 

(iii)   
d dxxx
R

0a  for all multi-indexes d
 Z  with s  

(cancellation condition). 

Now, as we are handling variable exponent spaces, there is a very useful 

result which must be quoted. This important result concerns the boundedness 

of the Hardy-Littlewood maximal operator .M  Let us recall that given a 

locally integrable function f, the centered Hardy-Littlewood maximal 

function of f,  fM  is defined as follows: 
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     
 




rxB

B

dyyf
rxB

xf

xB

d ,
,

,

1
sup:

∋
R

M  

where  dlocLf R,1  and the supremum is taken over all balls  rxB ,  and 

 rxB ,  denotes the volume of  ., rxB  

Diarra proved the following result in [11, Proposition 5.2]. 

Proposition 1. Let   LHp   and .1  q  Then for all 

 ,,1 dlocLf R  

      ,,, qpqp fCf  M  

where C is a positive constant independent of f. 

Another basic generalization of the above Proposition 1 and Fefferman-

Stein’s maximum inequality [16, Theorem 1] is the following lemma: 

Lemma 1 [22, Proposition 11.8]. Let    dp RP  be a measurable 

function satisfying   pp1  and .1  q  Moreover,  p  

satisfies the log-Hölder continuity conditions. Therefore, for  v1  and 

for all sequences   1jjf  of measurable functions, 

  

           dqpdqp lL

v

j

v
j

lL

v

j

v
j ff

RR ,

1

1

,

1

1




































M  

with the implicit constants independent of   .1jjf  

Next, we recall the atomic decomposition result obtained and proved in 

[31]. 
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Theorem 1. Let     ,0: dp R  such that   LHp   and  p0  

 p  and .1  q  Assume that    ,, dqpf R H   ZL  and 

 dq
compL R  be the set of all  dqL R  functions with compact support. Then 

there exist a family of   1, jjj Qa  in   sp ,, A  and a sequence of 

nonnegative scalars   
  R1jj  such that 

 
 









































qp

j Q
pQ

j

j
j

,

1

1
 

and 
 

1
:

j jjf a  in    dqp R,
H  and in the topology of  .dRS  

Moreover, the series 
 

1
:

j jjf a  converges to f in    dqp R,
H  and 

satisfies 

 
 

  qp
j

j

fC

qp

j Q
pQ

j
,

,

1

1







































 H

 

for some    p,1min;0  and 0C  independent of f. 

Remark. Furthermore, we say that a tempered distribution   qpf , H  

if and only if there exists a family of measurable functions (atoms)   0jja  

each of which is supported in a cube jQ  and a family of scalars   0 jj  

such that   
0

:
j jjf a  in the sense of distributions in the topology of 

 dRS  and 
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  
 





































 

qp
j

Q
LQ

j

jdp
j

,

1

1 R

 

for any fixed q0  depending on the family of atoms. 

Moreover, 

 
   

 




































  



qp

j Q
LQ

j

jdp
j

qpf

,

1

1
,

R
H

 

and in particular, 

  qpf ,
H

 

  
 

,:inf
0

,

1

1




















































  











 j jj

qp

j Q
LQ

j
f

jdp
j

a

R

 

where the infimum is taken over all possible representations of f. 

Corollary. Given ,1  q  let us consider  p  which satisfies log-

Hölder continuous conditions and a positive integer s such that 

     .1: dsdpsss p  
 Z  

Next, let us also consider 
  sqp

fin
,,

H  the subspace of all the finite linear 

combinations of   sqp ,, -atoms such that 
    .,,, qpsqp

fin
  HH  Then 
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(i) For every 
 

,
,, sqp

fin


H  we set 

  sqp
fin

f ,,
H

 

  
  


















































  











 0

,

1

1
:inf

j jj

qp

j Q
LQ

j
f

jdp
j

a

R

 

for some   ,,1min;0  p  where the infimum is taken over all the 

possible representations of f. Thus,   sqp
fin

,,
H

 defines a quasi-norm on 

  sqp
fin

,,
H  spaces. 

(ii) Besides, the subspace 
  sqp

fin
,,

H  is dense in 
  qp ,

H  spaces for the 

quasi-norm   ., qp 
H

 

Proof. We give the proof of item (ii) of the corollary because this point 

helps us to establish the result of our work. 

(ii) Given ,1  q  it is obvious to see that 
    .,,, qpsqp

fin
  HH  

Moreover, taking ,1≫q  i.e., picking q sufficiently very large, we see that 

  sqp
fin

,,
H  is dense in 

  qp ,
H  for the quasi-norm   qp ,

H
 by the above 

remark. 

We also need the definition of a molecule for 
  qp ,

H  spaces. 

Definition 3. Assume that   LHp   and 10   pp   q  

and consider a fixed positive integer s such that 

     .1 dsdpsss p  
 Z  
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Thus, a measurable function M  is a   ,, qp   s-molecule centered at a cube 

Q on dR  in 
  qp ,

H  spaces if and only if it satisfies the following 

conditions: 

  (i)  
1

1


 pQqq QM  if .2 Qdx   

 (ii)  
   

322

1
1











 





sd
Q

pQ Ql

xx
xM  for every ,2 Qdx   

where Qx  and  Ql  denote the center and the side length of Q, respectively. 

(iii)   
d dxxx
R

0M  for every multi-indexes   of a nonnegative 

integer whose length is less than or equal to s. 

If we set   sqpo ,,M  to be the set of all pairs  ,, QM  therefore, 

the above definition implies that      .,,,, sqpsqp o  MA  

Now, we come to the core of our research. 

2. Norm Inequalities for Commutators Associated with the 

Fractional Integral Operator 

Let d0  and I  be the fractional integral operator also called the 

Riesz potential and b a suitable function on the variable exponent space. 

Then the commutator of I  and b is the linear operator  bI ,  defined by 

              xfbIxfIxbxfIb  :,  

for all .dx R  This formula makes sense when b is a locally integrable 

function on .dR  We recall for the convenience of the reader that in [25], 

Orlicz proved the boundedness of the commutator  bI ,  from  dpL R             

to  dqL R  under conditions 
dpq




11
 and 




d
p1  whenever 

 .dBMOb R  Next, let us give the definition of the space  .dBMO R  
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Then, a locally integrable function b is said to belong to  ,dBMO R  1d  

if it satisfies the following: 

        

 rxB

rxBrBMO dybybrxBb
ballB ,

,
1

0 ,,sup:
:

 

where the supremum is taken over all balls in dR  and 

     
 

rxB
rxB dyyb

rxB
b

,
, .

,

1
 

Remark. The above definition holds if we replace the ball by a cube Q. 

We have the following result. 

Theorem 2. Let s be an integer such that 

  pss  with      dsdpssp  
 1min Z  

and    .dp RP  Consider  dsr
comp R
,

L  to stand for the subspace of r
L -

functions with compact support such that .1  r  We assume that  p  

satisfies 
d

pp


 0  as well as log-Hölder continuity and decay 

conditions. Thus, for  dsr
compf R,
L  and  ,dBMOb R  the commutator 

 Ib,  generated by the fractional integral operator of order   maps 

   dqp R,
H  continuously into      dpp lL R,  spaces. In other words, for 

every  ,, dsr
compf RL  

           ,, ,, dqpdpp fCbI lL RR   H
 

where C is a positive constant independent of f. 

Proof. Consider  p  satisfying the globally log-Hölder continuous 

conditions mentioned above and fixed positive integer s such that 

     .1: dsdpsss p  
 Z  
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Also, consider the subspace 
  sqp

fin
,,

H -atoms. It is well known that 

    .,, qpqp
fin

  HH  We pick up 
 

.
, qp

finf
 H  Therefore, there exist a 

family of   sqp ,, -atoms   0jja  and a sequence of nonnegative scalars 

  
  R0jj  such that   

0
.:

j jjf a  Now, we set jj QdQ 2
~

  with 

jx  and jl  stand for the center and the side-length of ,jQ  respectively. We 

indicate that the proof is partially similar to the proof of Theorem 3.3 (see 

[19]). So, 

            
0

~,,
j Qjj xIbxfIb

j
a  

       
0

~
\

,
j Qjj xIb

j
dR

a  for all .dx R  (1) 

It follows that, for all ,dx R  we get 

              
0

~,,
j Qjj xxIbxfIb

j
a  

         
0

~
\

.,
j Qjj xxIb

j
dR

a  (2) 

Next, by taking the    pp lL , -quasi-norm of both the sides, we obtain 

           


 
0

~
, ,,

j

Qjjqp xxIbfbI
j

a  

      

  qpj
Qjj xxIb

j
d

,0

~
\

,


 

R
a  

      

  qpj

Qjj xxIb
j

,0

~,


  a  

      

 

.,

,0

~
\

qpj
Qjj xxIb

j
d


 

R
a  
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Then, since  dBMOb R  and ,1  q  we have for some   

 p,1min  and also for :
~

jQx   

        





  qjqjq

Qj qbCbIbI
j

aaa ,,,, ~  

which leads to the following: 

    

  qpj

Qjj xIb
j

,0

~,


  a  

    
 









 

1

,0

~,
qpj

Qjj
j

Ib a  

 
   









 















1

,0

,,

qpj

Q
pQ

j

j
j

qbC  

by the virtue of the proof of theorem (see [32, proof of Theorem 3.3]). 

Now, it remains to prove the boundedness of the following expression, 

that is, 

      


 
0

~
\

.,

j
Qjj xxIb

j
dR

a  

In order to reach this goal, let us set   .,1max


 d
qp  Thus, the 

fractional integral operator is then defined as follows: 

   
  




d d
yx

dyyf
xfI

R
,:  
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where  .dqLf R  In addition, let us write this fractional integral operator 

as a linear operator with standard kernel  yxK ,  having certain regularity 

such that 

     
  d

dyyfyxKxfI
R

,,  

where  



d

yx
yxK

1
,  for all .yx   

Next, as in the case of the Calderon-Zygmund singular operator, the 

standard kernel  yxK ,  is a continuous function defined on the set 

  yxyx dd  RR,  which satisfies the following estimates: 

  (i)   0,,   ByxByxK d  if .yx   

 (ii)     0,0,,, 








B

yx

zy
BzxKyxK

d
 if  yx  

zy 2  and 

(iii)     0,0,,, 








B

yx

wx
BywKyxK

d
 if  yx  

.2 wx   

Thus, from the item (ii), for ,0,0  B  

22 




zy

yx
zyyx  

2





yx

xx

j

j
 

.2




j

j

xx

yx
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Therefore, if ,2



j

j

xx

yx
 then we obtain 

   










d
j

j
j

xx

yx
ByxKxxK 2,,  

   









d
j

j
j

xx

yx
AyxKxxK ,,  for .0A  (3) 

On the other hand, we have for   :dBMOb R  

       ybbQbQxbybxb jj   

       ybbQbQxbybxb jj   

       ybbQbQxbybxb jj   

    .jj bQybbQxb   

Thus, for a fixed ,
~

jQx   we obtain 

           xbxbIxIb jj aa  ,  

          
jQ

jj dyyybxbyxKxxKA a,,  

      







jQ
jd

j

j
dyyybxb

xx

l
A .a  (3) 

But,         .jj bQybbQxbybxb   So, it follows that 

    xIb ja,  

        







jQ
jjjd

j

j
dyybQybbQxb

xx

l
a  



Norm Inequality of Commutator Generated by the Fractional … 79 

and this implies that 

    xIb ja,  

      







jQ
jjd

j

j
dyybQxb

xx

l
A a  

      







jQ
jjd

j

j
dyybQyb

xx

l
A a  

     







jQ
jjd

j

j
dyybQxb

xx

l
A a  

      







jQ
jjd

j

j
dyybQyb

xx

l
A .a  

Notice that if b is a locally integrable function belonging to  dBMO R  

space, then there exists d0  such that 

  ,












 


j

j

Q

Q

j l

xx
CbQxb  

for all ,
~

jQx   where C is a positive constant independent of x and ,jQ  see 

[9, proof of Proposition 13]. It follows that 

      







jQ

jd
j

j
j dyy

xx

l
AxIb aa 1,  

      







jQ
jjd

j

j
dyybQyb

xx

l
A ,1 a  

with .01 A  We also have 

      


j
j

d
Q

pQ
q

jqjj Qdyy ,
1

1

Raa  
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by Definition 2 and for any  .,1 q  Hence 

      
 



jQ
jjd

j

j
dyybQyb

xx

l
A a1  

 .
1

1

1









 pQqjBMOd
j

j

j
Qb

xx

l
A  

From now, we follow the method used in [31]. However, before moving 

with the rest of the proof, we obtain 

    
 



 


pQ

q
j

d
j

j
j

j

Q

xx

l
AxIb

1

1, a  

 
.

1

1









pQ

q
j

BMOd
j

j

j

Q
b

xx

l
A  

But 

     d

d

Qd
j

j
xC

xx

l

j










M1  

and 

     .2 d

d

Qd
j

j
xC

xx

l

j










M  

Therefore, 

    
    

 



 




pQ

d

d

Q
q

jj
j

j
x

QCAxIb
M1

11, a  

    

 
BMO

pQ

d

d

Q
q

j b
x

QCA
j

j










M1

21  

    

 

    

 

















pQ

d

d

Q

pQ

d

d

Q

j

j

j

j
x

A
x

A
MM

43  
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by considering .1≫q  Next, by taking  ,p  q-quasi-norm, we obtain 

      

  qpj
Qjj xxIb

j
d

,0

~
\

,


 

R
a  

    

 
  qp

j pQ

d

d

Q

j
j

j
x

A

,
0

3


 



 




M

 

    

 
  qp

j pQ

d

d

Q

j
j

j
x

A

,
0

4


 



 




M

 

   









 















1

,0

5
qpj

Q
pQ

j

j
j

A  

for some   ,,1min;0  p  by Lemma 1. Hence, the inequality (1) gives 

         


 
0

~,,

j

Qjj xIbxfIb
j

a  

    


 
0

~ ,,

j
Qjj xIb c

j
a  

for .dx R  Taking the  ,p  q-quasi-norm, we find 

  

  qpj

Qjj
j

Ib

,0

~,


  a  

  
   









 















1

,0

,,,

qpj

Q
pQ

j

j
j

bqpC  
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  
   









 















1

,0

5 ,,,

qpj

Q
pQ

j

j
j

bqpA  

  
   









 















1

,0

,,,

qpj

Q
pQ

j

j
j

bqpC  

by Lemma 1 and for some   belonging to   .,1min;0 p  Whence, we 

arrive at 

       qp
fin

fAfIb qp
,5,,  H

 

  qpfA ,5 
H

 

since the subspace 
   dqp

fin R,
H  is dense in    dqp R,

H  spaces, we finally 

obtain the result of the proof, that is, 

            ,, ,, dqpd fCfIb qp RR  H
 

where 5A  and C are, respectively, positive constants independent of f. 

Acknowledgements 

The author would like to express heartfelt thanks to the anonymous 

referees for their careful reading and valuable comments which improved 

significantly the paper and made it more readable. 

References 

 [1] Z. Birnbaum and W. Orlicz, Uber die Verallgemeinerung des Begriffes der 

Zueinander Konjugierten Potenzen, Studia Math. 3 (1931), 1-67. 

 [2] T. A. Bui, Weighted estimates for some singular integrals related to Schrödinger 

operators, Bull. Sci. Math. 138 (2014), 270-292. 



Norm Inequality of Commutator Generated by the Fractional … 83 

 [3] S. Chanillo, A note on commutator, Indiana Univ. Math. J. 31 (1982), 7-16. 

 [4] F. Chiarenza, M. Frasca and P. Longo, Interior pW ,2 -estimates for 

nondivergence elliptic equations with discontinuous coefficients, Ric. Mat.              

40 (1991), 149-168. 

 [5] F. Chiarenza, M. Frasca and P. Longo, pW ,2 -solvability of Dirichlet problem for 

nondivergence elliptic equations with VMO coefficients, Trans. Amer. Math. Soc. 

336 (1993), 841-853. 

 [6] D. V. Cruz-Uribe and A. Fiorenza, Variable Lebesgue spaces, Foundations          

and Harmonic Analysis, Applied and Numerical Harmonic Analysis, 

Birkhauser/Springer, Heidelberg, 2013. 

 [7] D. Cruz-Uribe, A. Fiorenza, J. M. Martell and C. Perez, The boundedness of 

classical operators on variable pL  spaces, Ann. Acad. Fenn. Math. 31(1) (2006), 

239-264. 

 [8] D. Cruz-Uribe and D. Wang, Variable Hardy spaces, Indiana Univ. Math. J.    

63(2) (2014), 447-493. 

 [9] M. A. Dakoury and J. Feuto, Norm inequality for intrinsic square functions in a 

generalized Hardy-Morrey space, Open Access Library Journal 9 (2022), Article 

ID: e8463. DOI: http://dx.doi.org/10.4236/oalib:1108463. 

 [10] G. Di Fazio and M. A. Ragusa, Commutators and Morrey spaces, Boll. U.M.I.           

7 (1991), 323-332. 

 [11] N. Diarra, Boundedness of some operators on variable exponent Fofana’s spaces 

and their preduals, Mathematical Analysis and its Contemporary Applications   

5(3) (2023), 69-90. doi: 10.30495/maca.2023.2006788.1080. 

 [12] L. Diening, Maximal function on generalized Lebesgue spaces 
  ,npL R  Math. 

Inequal. Appl. 7(2) (2004), 245-253. DOI: 10.7153/mia-07-27. 

 [13] L. Diening, P. Harjulehto, P. Hasto, Y. Mizuta and T. Shimomura, Maximal 

functions in variable exponent spaces: limiting cases of the exponent, Ann. Acad. 

Sci. Fenn. Math. 34(2) (2009), 503-522. 

 [14] L. Diening, P. Harjulehto, P. Hasto and M. Ruzicka, Lebesgue and Sobolev 

spaces with variable exponents, Lecture Notes in Mathematics, 2017, Springer-

Verlag, Heidelberg, 2011. https://doi.org/10.1007/978-3-642-18363-8. 



TRAORE Lassane 84 

 [15] D. S. Dumitru, Multiplicity of solutions for a nonlinear degenerate problem            

in anisotropic variable exponent space, Bull. Malays. Math. Sci. Soc. (2)                

36(1) (2013), 117-130. 

 [16] C. Fefferman and E. M. Stein, Some maximal inequalities, Amer. J. Math.              

93 (1971), 137-193. 

 [17] J. Feuto, Norm inequalities in generalized Morrey spaces, J. Fourier Anal. Appl. 

20(4) (2014), 896-909. 

 [18] J. Feuto, I. Fofana and K. Koua, Weighted norm inequalities for a maximal 

operator in some subspace of amalgam, Canad. Math. Bull. 53(2) (2010),            

263-277. 

 [19] X. Fu, D. Yang and W. Yuan, Generalized fractional integrals and their 

commutators over non-homogeneous metric measure spaces, Taiwanese J. Math. 

18(2) (2014), 509-557. 

 [20] V. S. Guliyev, F. Deringaz and S. G. Hasanov, Riesz potential and its 

commutators on Orlicz spaces, J. Inequal. Appl. 2017(75) (2017), 18. 

 [21] M. Izuki and V. T. Noi, Boundedness of fractional integrals on weighted Herz 

spaces with variable exponent, J. Inequal. Appl. 2016, (2016), 15. 

 [22] Y. Liang, Y. Sawano, T. Ullrich, D. Yang and W. Yuan, A new framework for 

generalized Besov-type and Triebel-Lizorkin-type spaces, Dissertationes Math. 

(Rozprawy Mat.) 489 (2013), 1-114. https://doi.org/10.4064/dm489-0-1. 

 [23] S. Z. Lu, Q. Wu and D. C. Yang, Boundedness of commutators on Hardy type 

spaces, Sci. China Ser. A 45 (2002), 984-997. 

 [24] E. Nakai and Y. Sawano, Hardy spaces with variable exponents and generalized 

Campanato spaces, J. Funct. Anal. 262(9) (2012), 3665-3748. 

 [25] W. Orlicz, Uber eine gewisse klasse Von Raumen Von Typus B, Bull. Int. Acad. 

Pol. Ser. A 8 (1932), 207-220. 

 [26] M. Paluszynski, Characterization of the Besov spaces via the commutator operator 

of Coifman, Rochberg and Weiss, Univ. Math. J. 44 (1995), 1-17. 

 [27] S. Polidoro and M. A. Ragusa, Holder regularity for solutions of ultraparabolic 

equations in divergence form, Potential Anal. 14(4) (20001), 341-350. 

 [28] M. A. Ragusa, Cauchy-Dirichlet problem associated to divergence form parabolic 

equations, Commun. Contemp. Math. 6(3) (2004), 377-393. 



Norm Inequality of Commutator Generated by the Fractional … 85 

 [29] Y. Sawano, Atomic decomposition of Hardy spaces with variable exponents and 

its application to bounded linear operators, Integral Equations Operator Theory 

77(1) (2013), 123-148. 

 [30] TRAORE Lassane, Molecular characterization of Hardy amalgam spaces                 

with variable exponents and its application, Far East J. Math. Sci. (FJMS)          

130(2) (2021), 117-134. http://dx.doi.org/10.17654/MS130020117. 

 [31] L. Traore and C. Unal, Atomic decomposition of Hardy-amalgam spaces with 

variable exponents, preprint. 

 [32] L. Traore and C. Unal, On the boundedness of the classical fractional integral 

operator in the variable exponent Hardy-amalgam spaces, preprint. 

 [33] H. Wang, Estimates for fractional integral operators and linear commutators on 

certain weighted amalgam spaces, Journal of Function Spaces 2020 (2020), 25. 

Article ID 2697104. 

 [34] H. Wang, The continuity of commutators on Herz-type Hardy spaces with variable 

exponent, Kyoto Journal of Mathematics 56(3) (2016), 559-573. 

 [35] H. Wang, Z. Fu and Z. Liu, Higher-order commutator of Marcinkiewicz integrals 

and fractional integrals on variable Lebesgue spaces, Acta Math. Sci. Ser. A. 

Chin. Ed. 32 (2012), 1092-1101. 


