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Abstract 

In this paper, we consider two special families of ruled surfaces in a 
three-dimensional Walker manifold which look like the ruled surfaces 
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in a three-dimensional semi-Euclidean space. We obtain a necessary 
and sufficient condition for such a surface to be pointwise 1-type 
Gauss map. We obtain also, by the use of the concept of pointwise 1-
type Gauss map, a characterization theorem for ruled surfaces of 
constant mean curvature. 

1. Introduction 

For a very long time, geometers have been interested in minimum 
surfaces. Specifically, the planes and helicoids are the only minimally ruled 

surfaces in a three-dimensional Euclidean space .3E  In a three-dimensional 

Minkowski space ,3
1E  Kobayashi [16] classified a space-like Ruled minimal 

surface, which has been extended by de Woestijne to the Lorentz version 
[20]. 

Chen [8, 9] first proposed the idea of Euclidean immersions of finite type 
in the late 1970s. These are essentially submanifolds whose immersion into 
E  is built using a finite number of eigen functions of its Laplacian that have 
E  values. The book [9] contained the earliest findings on this topic; see [10] 
for a more current survey. Chen and Piccinni [11] conducted a general 
investigation on submanifolds of Euclidean space with finite type Gauss 
maps and categorized compact surfaces with 1-type Gauss maps within the 
context of the notion of finite type. A number of geometers also investigated 
pseudo-Euclidean spaces with finite type Gauss maps or submanifolds of 
Euclidean spaces (for further information, see [1-4]). 

In [12], Choi studied the geometric properties of the Gauss map of ruled 
surfaces in a three-dimensional Minkowski space. In the paper [13], a 
characterization of the helicoid as ruled surfaces with pointwise 1-type Gauss 
map in 3-dimensional Euclidean space is obtained. 

In [15], the authors studied ruled surfaces in a three-dimensional 
Minkowski space with pointwise 1-type Gauss map and obtain the complete 
classification theorems for those. They also obtain a new characterization of 
minimal ruled surfaces in a three-dimensional Minkowski space. 
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Motivated by the above work, we construct two special families of ruled 
surfaces in a strict Walker 3-manifold and we give a sufficient and necessary 
condition for these surfaces to be pointwise 1-type Gauss map. 

In this paper, the ambient space is a three-dimensional Walker manifold. 
The strict Walker manifolds are described in terms of suitable coordinates 

zyx ,,  of the manifolds 3R  and their metric depends on an arbitrary 

function of two variables zyff ,  and their metric tensor is given by 

,2 22 fdzdxdzdyg f  (1.1) 

where .1  Curvature properties and a complete characterization of 

locally symmetric or locally conformally flat three-dimensional Walker 
manifolds have been studied in [7]. Also, in [5] the authors obtained a 
complete classification of parallel surfaces in a Lorentzian three-dimensional 
strict Walker manifold (i.e., admitting a parallel null vector field) as the 
ambient space. Some results on minimal graphs on three-dimensional Walker 
manifolds can be found in [14]. In [18], Niang et al. constructed two special 
families of ruled surfaces in a three-dimensional strict Walker manifold. 
They show that the local degeneracy (resp. non-degeneracy) to one of these 
families has a strong consequence on the geometry of the ambient Walker 
manifold. In [19], the same authors studied the geometry of minimal 
translation surfaces in a strict Walker 3-manifold. Based on the existence of 
two isometries, they classify minimal translation surfaces on this class of 
manifold. 

The paper is organized as follows: in Section 2, we give some basic 
notions of the ambient space. And we recall the geometric properties of 
surfaces. In Section 3, we give the main results of the paper. 

2. Preliminaries 

2.1. Three-dimensional Walker manifold 

Let M be the manifold 3R  furnished with a metric g. Then we said that 
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gM ,  is strict Walker when it is Lorentzian and admits a parallel null 

vector field. Lorentzian three-dimensional manifolds admitting a parallel null 
vector field have been studied in [7]. These manifolds are described in terms 
of suitable local coordinates zyx ,,  and their metric depends on an 

arbitrary function of two variables ., zyff  The metric g denoted by 

fg  is given in these local coordinates by 

,2 22 fdzdxdzdyg f  (2.1) 

where .1  We denote this Lorentzian manifold by ., fgM  

Denote by  the Levi-Civita connection of ., fgM  The curvature 

tensor R of fgM ,  is given by ,,, , YXYXYXR  with 

respect to the coordinate basis ,,, zyx  the only possibly nonvanishing 

components of  is given by 

,2
1

xyz fy  

,22
1

yyxzz ffz  (2.2) 

,2
1, xyyyzy fR  

.2, yyyzzy fR  (2.3) 

From (2.3) one can see that, if ,0yyf  then fgM ,  is flat. And the 

Christoffel coefficients of the metric fg  are given by 

,2
11

32
1
23 yf  

,2
11

33 zf  

.2
2
33 yf  (2.4) 



Family of Ruled Surfaces with Pointwise 1-type Gauss Map … 5 

A surface fgM ,  is said to be ruled if every point of  is on (an 

open geodesic) segment of ., fgM  The details that a ruled surface is a 1-

parameter family of differential geodesic can be found in [6]. Such a ruled 

surface is given by a smooth map  from open set 2RU  into M, 

usus ,,  such that: for each u, the curve uss ,  is a geodesic 

of M, and  is an isometric immersion from fgU ,  into ., fgM  

Since the vector field xX  is parallel, the integral curve of X is geodesic 

by .0xx  

2.2. Recall of fundamental equation for surfaces 

Let D  be an open subset of the plane 2R  satisfying this interval 
condition: horizontal or vertical lines intersect D  in intervals (if at all). Then 
a two-parameter map is a smooth map .: Mx D  Thus, x is composed of 
two interwoven families of parameter curves: 

The u-parameter curve 0vv  of x is ., 0vuxu  

The v-parameter curve 0uu  of x is .,0 vuxv  The partial 

velocities ,uu dxx  vv dxx  are vector fields on x. Evidently 

00, vuxu  is the velocity vector at 0u  of the u-parameter curve ,0vv  and 

symmetrically for ., 00 vuxv  If x lies in the domain of a coordinate system 

,...,,1 nxx  then its coordinate functions nixxi 1  are real-valued 
functions on ,D  and 

., i
i

vi
i

u v
xxu

xx  

So far M could be a smooth manifold; now suppose it is semi-Riemannian. If 
Z is a smooth vector field on x, then its partial covariant derivatives are: 

,u
DZZu  the covariant derivative of Z along u-parameter curves, and 

,v
DZZv  the covariant derivative of Z along v-parameter curves. 
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Explicitly, 00, vuZu  is the covariant derivative at 0u  of the vector 

field 0, vuZu  on the curve ., 0vuxu  

In terms of coordinates, ,i
iZZ  where each ii xZZ  is a real 

valued function on .D  Then 

k
k

ji

j
ik

ij
k

u u
xZu

ZZ .
,

 (2.5) 

In the special case uxZ  the derivative uuu xZ  gives the accelerations 

of u-parameter curves, while vvx  gives v-parameter accelerations. With 

coordinate notation as above we have 

k
k

ji

ji
k
ij

k
uv v

x
u
x

uv
xx .

,

2
 (2.6) 

This formula is symmetric in u and v, since k
ij  is symmetric in i and j. 

Let  be an isometric immersion of a subset 2RU  in .,2
ff gM  

Then the first fundamental form of the immersion is given by 

.,

,

,

vvf

vuf

uuf

gG

gF

gE

 (2.7) 

The canonical connection of the map  which is also denoted by  is 

defined as follow: let UYX ,  be vector fields of U and vum ,  

.U  Let 3
fMY  be a local extension of Y in some neighborhood of m 

such that .mm YY  Then 

.mXdmX YY m  (2.8) 
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For detail see Jacques Lafontaine Riemannian Geometry [17, p. 114]. 

For all vector fields UYX ,  the fundamental Gauss form is 

,, YXYY XX  (2.9) 

where  is the Levi-Civita connection of the metric fg  and YX ,  is the 

second fundamental form of the immersion .  In particular, for the surface 

immersed in ,3
fM  the second fundamental form  is given by 

,,, NYXhYX  (2.10) 

where h is also called the second fundamental form of the  and  is a 

unitary normal along the map .  Thus, equation (2.9) becomes 

., NYXhYY XX  (2.11) 

Definition 2.1. The surface  is said to be a pointwise 1-type Gauss  

map if 

,NN  (2.12) 

where  is a non zero constant and  is the Laplacian of the induced metric 
given by 

3

,
.det

det
1

ji
j

ij
iji

ij x
gg

xg
N  (2.13) 

Let now u, v be two elements in .3
fM  Denoted by 321 ,, eee  the 

canonical frame in .3R  By using the canonical isomorphism C in the semi-

Riemannian manifold 3
fM  given by 

,: 33
ff MMC  

XX  
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we find that 

wvuwC ,,det1  (2.14) 

is the vector product vu  of u and v. 

If 3
321 ,, fMuuuu  and ,,, 3

321 fMvvvv  then 

.,, 2332133123321221 vuvuvuvuvuvufvuvuvu  (2.15) 

3. Main Results 

A curve tttt 321 ,,  is a geodesic of fgM ,  if the 

following relations are satisfied: 

.0

2

2
1

2
3

2

2
3

2
2

2

2
332

2
1

2

dt
td

dt
df

dt
td

dt
dfdt

d
dt

df
dt

td

y

zy

 (3.1) 

These equations have the following trivial solutions: ,111 btat  

,222 btat  and ,33 bt  where .,,,, 32121 Rbbbaa  From these 

solutions, one gets the following ruled surfaces made by affine straight lines. 

3.1. Ruled surfaces of type 1 

Let Rr  and RR:b  be a smooth function. 

We denote by br,1  the surface in M defined by the equation: 

.02 zbzrryx  

The surface br,1  can be parametrized by the map: 
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,: MRR  

.,,0,1,, zrzzbryzy  (3.2) 

The Gauss map of the family 1  is given by 

.
vu
vu  (3.3) 

Using (2.7), we have the induced metric of the surface br,  given by 

.
20

0
2 frbGF

FE
g  

The determinant is given by 

.2 2 frbg  

By an easy computation, we get 

.
2

10
0

2 frb
gij  

Using the equation (3.3), we have 

.
2

1,,
2

2

frb

rfbr  

If we use the formula in (2.13), then we get 

,1,,
2

20,0,11
2 rA

D
fb

D
fb

D
vv

v  (3.4) 

where frbD 22  and .2 fbrA  

We have the following theorem. 

Theorem 3.1. Let br,  be the family of ruled surfaces given in (3.2). 

Then br,  is a pointwise 1-type Gauss map iff: 



Papa Aly Cisse, Mamadou Eramane Bodian and Ameth Ndiaye 10 

(1) ,0, vufvb v  

(2) The expressions with 1,2 frbr  in  are proportional to 
.  

In particular, if vb  is linear and vuf ,  is independent to v, then 

br,  is pointwise 1-type Gauss map with .0  

Proof. Suppose that the family of surfaces is pointwise 1-type Gauss 
map. Then by an easy computation we get 

.2
2D

fbfbDfb
D

fb vvvvv
v  

Let us put .vfbF  Then we have 

.2D
bFFDF

D
fb v

v  

On the other hand, using the derivative computation we get 

.1,,
2

21,,
2

21,,
2

2
222 rA

D
fbrA

D
fbrA

D
fb

v
vv

v
v

v  

That is 

,0,0,
22

21,,
2

2
225

2

2 F
D

bF
D

bFDbFrA
D

fb v
v  

where  

.1,,1 rA
D

 

Thus, we get 

.
2

20,0,1
2 25

2

22 D
bFDbF

D
bFF

D
bFFDF  
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The proportionality of  and ,  implies that the terms in 0,0,1  

must vanish, and then we have 

.0vfbF  

The terms in 1,, rA  on  must be proportional to .  Then we have 

.
2

2
25

2

D
bDb  

By simplification we have 

.
2

2
25

2

D
bDb  

Thus, the terms on 1,, rA  are proportional to  if and only if this relation 

is satisfied. 

Conversely, suppose that we have 

(1) ,0vfb  

(2) The terms on 1,, rA  in  are proportional to .  

The condition 0vfb  implies that the terms on 0,0,1  in v  

vanish. Thus, v  is given by 

.1,,
2

2
3

2
rA

D
bDb

v  

The proportionality of the terms on 1,, rA  in  to  implies that 

.  

Then the family of the surfaces br,  is pointwise 1-type Gauss map. 
 

Corollary 3.2. If vb  is linear and ,uff  then we have 

.0  
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Thus the family of surfaces br,  is pointwise 1-type Gauss map with 

.0  

Now, we show the relation between the mean curvature H and the 
Laplacian .  We have the following theorem. 

Theorem 3.3. Let br,  be the family of surfaces given by (3.2). If the 

family of the surfaces is pointwise 1-type Gauss map, then the mean 
curvature H depends on the function ,vb  vuf ,  and the metric induced 

on the surfaces. 

Proof. Suppose that the family of surfaces is pointwise 1-type Gauss 
map. Then by the previous computation we get 

0,0,1
2 22 D

bFF
D

bFFDF  

.
2

2
25

2

D
bFDbF  

By hypothesis the terms on 0,0,1  must vanish and we have 

.0vfbF  

The terms on 1,, rA  must be proportional to .  That gives 

.
2

2
25

2

D
bDb  

By simplification we have 

.
2

2
25

2

D
bDb  

The mean curvature H is related to  by the relation 

.2H  



Family of Ruled Surfaces with Pointwise 1-type Gauss Map … 13 

By the relation in (2.15), we obtain 

.2H  

Thus using the expression of  obtained above, we have 

,2
2

2
25

2
H

D
bDb  

and we obtain H as 

.
4

2
25

2

D
bDbH  
 

Example 3.4. Consider the surface br,  defined by the following 

functions: 

 vvb  (a linear function), 

 2, uvuf  (a function independent of v), 

 1r  (an arbitrary constant). 

The surface br,  can be parametrized by 

.,,, 2 vuvuvu  

The induced metric on the surface is given by 

,
20

0
2 frb

g  

with 1vb  and ,, 2uvuf  we obtain 

.
20

0
1120
0

222 uu
g  

The Gauss map  is given by 

.
2

1,,
2

2

frb

rfbr  
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Substituting the values, we obtain 

.
2

1,1,1

112

1,1,11
2

2

22

22

u

u

u

u  

Since 0vb  and ,0vf  we have .0vfbF  Thus, ,0  

which confirms that the surface is a pointwise 1-type Gauss map with .0  

The mean curvature H is given by 

,
4

2
25

2

D
bFDbFH  

with 0F  and ,0b  we obtain ,0H  which confirms that the surface 

is minimal. 

Here is the graph of the surface br,  defined by :2 vuz  

Surface br,  with vvb  and ., 2uvuf  
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3.2. Ruled surfaces of type 2 

Let RR:c  be a smooth function. Then we denote by c2  the 

family of surfaces of M defined by .zcy  These surfaces can be 

parametrized by 

,: MRR  (3.5) 

.,,00,0,1, zzcxzx  (3.6) 

The matrix of the induced metric of  is given by 

.
1

10
2 fc

 

Then the unit normal vector field  of  is 

.yxc  (3.7) 

We have the following theorem. 

Theorem 3.5. Let c2  be the family of the surfaces given by (3.5). 

Then the normal vector  is harmonic. That is the family of the surfaces 

c2  is a pointwise 1-type Gauss map. 

Proof. The proof is based on the explicit calculation of  using the 

Laplace operator. 

The induced metric c2  is given by 

,
1

10
G

g  

where .2 fcG  

The partial derivatives of  are 

.,0 xzx c  
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By an easy computation, we have 

.1
j

ij
i gg

g
 

Since 0x  and ,0zzg  this relation becomes 

.001
zz g

g
 

Thus, ,0  and the result follows. 
 

4. Conclusion 

In this study, we examined special families of ruled surfaces within a 
three-dimensional strict Walker manifold and established conditions for these 
surfaces to possess a pointwise 1-type Gauss map. Our findings provide 
necessary and sufficient criteria for such surfaces and offer a characterization 
of ruled surfaces with constant mean curvature in this geometric setting. 

Through explicit computations, we demonstrated that certain families of 
ruled surfaces satisfy the pointwise 1-type Gauss map condition under 
specific constraints on their defining functions. Additionally, we established 
a direct relationship between the mean curvature and the Laplacian of the 
Gauss map, reinforcing the interplay between curvature properties and 
geometric classifications. 

These results contribute to the broader understanding of ruled surfaces in 
pseudo-Riemannian geometry and open avenues for further exploration of 
their applications in differential geometry and mathematical physics. Future 
research may extend these findings to higher-dimensional Walker manifolds 
or investigate other geometric structures with similar properties. 
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