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Abstract 

This work extends the theory of Samuel numbers to semimodules by 
introducing a generalized number, ( ) ,θϕw  for two axe-filtrations. We 

establish its existence under regularity conditions, including the 
Approximable by Powers (AP) and weakly good properties. By 
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adapting the concept of valuative reduction, we prove that this 
invariant is well-defined and robust, laying the foundation for a 
quantitative analysis of filtration structures on semimodules. 

1. Introduction 

The theory of filtrations, pioneered by Samuel and Rees for Noetherian 
local rings, is fundamental in commutative algebra for studying ideals and 
singularities through invariants like Samuel numbers [10, 11]. While this 
classical framework relies on an additive group structure, many algebraic 
systems, such as those in tropical geometry or language theory, are based on 
semirings, which only feature an additive monoid. This work extends the 
theory of Samuel numbers to this broader context of semimodules over 
semirings, a non-trivial generalization due to the absence of classical tools 
like exact sequences. We introduce a generalized Samuel number, denoted 

( ),θϕw  for two axe-filtrations ϕ  and θ  on a B-semimodule M. Our main 

contribution is to establish that this number is well-defined under specific 
regularity conditions on the filtrations, notably the AP (Approximable by 
Powers) property and the weakly good property. Furthermore, we adapt the 
concept of valuative reduction from rings to semimodules and prove that our 
generalized Samuel number is invariant under this reduction, confirming its 
robustness. These results provide a solid foundation for a quantitative theory 
of axe-filtrations on semimodules. 

1. Preliminaries 

Definition 1.1. (1) A monoid is a set B equipped with an internal 
composition law ∗  that is associative, commutative, and has an identity 
element denoted by .Be  

(2) Let ( )∗,B  be a monoid and A be a subset of B.  

We say that A equipped with the law ∗  from B is a submonoid of B if 
( )∗,A  is a monoid such that .BA ee =  
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(3) A pre-semiring is a set B equipped with both an addition and a 
multiplication, and which is a monoid for each of these operations.  

(4) A semiring is a set B equipped with an addition and a multiplication 
satisfying:  

  (i) ( ).,, +B  is a pre-semiring; 

 (ii) Multiplication is distributive with respect to addition;  

(iii) 0 is the annihilator of B. 

(5) Let ( ).,, +B  be a semiring and A be a subset of B. We say that A is a 

subsemiring of B if ( ).,, +A  is a semiring such that BA 00 =  and .11 BA =  

Example 1.2. (1) Every commutative unitary ring is a semiring.  

(2) The sets ( ) ( ) ( ).,,,.,,,.,, +++ ++ QRN  are semirings. Thus N  is a 

subsemiring of +Q  and +Q  is a subsemiring of .+R  

(3) N2  is a submonoid of ( )., ++R  

Definition 1.3. Let B be a semiring.  

(1) Let ( )+,M  be a monoid. 

We say that M is a B-semimodule if the map ( ) bxxb 6;  from MB ×  

to M satisfies the following conditions:  

  (i) Bb ∈∀  and ( ) ;,, 212121 bxbxxxbMxx +=+∈∀  

 (ii) Bbb ∈∀ 21,  and ( ) ;, 2121 xbxbxbbMx +=+∈∀  

(iii) Bbb ∈∀ 21,  and ( ) ( ) ;, 2121 xbbxbbMx =∈∀  

(iv) ;1, xxMx B =⋅∈∀   

 (v) .000,, MMB bxMxBb =⋅=⋅∈∀∈∀  

(2) Let ( ).,, +M  be a B-semimodule and N be a subset of M. 

We say that N is a subsemimodule of M if ( ).,, +N  is a B-semimodule 

with .00 MN =  
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Example 1.4. (1) −− QZ ,  and −R  are N -semimodules. 

(2) −Z2  is a subsemimodule of the N -semimodule .−R  

Definition 1.5. Let B be a semiring. 

(1) We say that ( ) { }∞+∈= ∪NnnGg  is a quasi-filtration of B if: 

  (i) BG =0  is a subsemiring of B;  

 (ii) ( );0=∞G  

(iii) ;,, N∈∀⊆ + nmGGG nmmn  

(iv) .,1
∗

+ ∈∀⊆ NnGG nn  

(2) A quasi-filtration ( ) { }∞+∈= ∪NnnGg  of the semiring B is said to be 

AP if there exists a sequence of positive integers ( ) N∈nnk  such that:  

 (i) ;,, N∈∀⊆ nmGG m
nmkn  

(ii) .1lim =+∞→ n
kn

n  

Example 1.6. (1) All filtrations of a semiring B are quasi-filtrations of B. 

(2) Let += RB  and .N=A  

A is a subsemiring of the semiring B. If p is a prime number, then by 

taking ,NN ppF +=  F is a submonoid of ( )+,B  such that ,1 nn FF ⊆+  

.∗∈∀ Nn  

Thus ( ) { },∞+∈== ∪Nn
n

n FGg  where ( )0=∞G  and ,0 AF =  is a 

quasi-filtration of the semiring B which is not a filtration of B. 

2. Study of Axe-filtrations on a Semimodule 

Definition 2.1. Let B be a semiring and M be a B-semimodule. 

(1) Let ( ) { }∞+∈=ϕ ∪NnnM  be a sequence of submonoids of ( )., +M  
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We say that ϕ  is an axe-filtration of M if there exists a subsemiring A of 

B such that N∈∀⊆+ nAMM nn ,1  and ( ).0=∞M  

(2) Let A be a subsemiring of B. ( )MAFA  is the set of axe-filtrations of 

the B-semimodule M relative to A, that is  

( ) ( ) .,1 N∈∀⊆⇒∈=ϕ + nAMMMAFM nnAn  

The set ( )MAFA  is ordered by the relation: 

( ) ( ),nn FM =ψ≤=ϕ  if nn FM ⊆  for all .0≥n  

(3) Let ( ) { }∞+∈= ∪NnnFf  be a quasi-filtration of the semiring B such 

that AF =0  and ( ) { }∞+∈=ϕ ∪NnnM  is an axe-filtration of M. 

(a) We say that ϕ  is axe-compatible with f if ,mnnm AMMF +⊆  

., N∈∀ nm   

(b) The axe-filtration ϕ  of M is said to be weakly f-good if: 

 (i) ϕ  is axe-compatible with f. 

(ii) 1≥∃m  such that: 

∑ = − ≥∀= m
p ppnn mnMFAM 0 .,  

(4) For any real number ,0>λ  { }λ  is the smallest natural number 

greater than or equal to .λ  If ( ) { }∞+∈=ϕ ∪NnnM  is an axe-filtration of the 

B-semimodule M, then ( ) ( { }) { }∞+∈λ
λ =ϕ ∪NnnM  is an axe-filtration of M. 

(5) If ( ) { }∞+∈=ϕ ∪NnnM  is an axe-filtration of M and ,N∈a  we 

define ( ) { },∞+∈′=ϕ ∪Nnna Mt  where 00 MM =′  and nan MM +=′  if .1≥n  

Then ϕat  is an axe-filtration of M called the truncated axe-filtration of 
.ϕ  
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Example 2.2. (1) All filtrations of a semimodule M are axe-filtrations of 
M.  

(2) Let += RB  and ;−= RM  ,2NN +=A  ( ) { },∞+∈=ϕ ∪NnnM  

where −= Zn
nM 2  and ( ).0=∞M  It can be easily shown that ϕ  is an 

axe-filtration of the B-semimodule M. It should be noted that ϕ  is not a 

filtration of M. 

Proposition 2.3. Let B be a semiring, M be a B-semimodule, and 
( ) { }∞+∈= ∪NnnFf  be a quasi-filtration of B such that .0 BF =  Then the 

sequence ( ) { }∞+∈= ∪NnnMFg  is an axe-filtration of M, called the axe-

filtration of the B-semimodule M relative to the quasi-filtration f of B, 
denoted by Mf  or fM. 

Proof. (i) Since M is a B-semimodule and nF  is a submonoid of B for all 

,0≥n  MFn  is a submonoid of ( )+,M  for all .0≥n  

(ii) Since AF =0  is a subsemiring of B and ,,1 N∈∀⊆+ nMBFMF nn  

Mf  is an axe-filtration of M.  

3. Study of ( )gMw fM  

In [9], the Samuel number ( )gw f  was defined for two quasi-filtrations f 

and g of a semiring B. In this section, we extend this notion to the Samuel 
number ( ),θϕw  where ( ) N∈=ϕ nnM  and ( ) N∈=θ nnF  are axe-filtrations of 

the B-semimodule M by setting: ( )
( )
n
Fw

w n

n

ϕ

+∞→
ϕ =θ lim  if this limit exists in 

.+R  

Notation 3.1. Let B be a semiring, M be a B-semimodule, 
( ) { }∞+∈=ϕ ∪NnnM  be an axe-filtration of the B-semimodule M, and N be a 
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submonoid of ( )., +M  Then there exists a subsemiring A of B such that 

,1 nn AMM ⊆+  .1≥∀n  We define 

  (i) ( ) { },;inf NMrNw r ⊆∈=ϕ N  where ( ) 0=ϕ Nw  if 

{ }NMr r ⊆∈ ;N  is empty. 

 (ii) If ( ) { }∞+∈=θ ∪NnnF  is an axe-filtration of M, then 

( ) ( )nn Fvnv ϕ+∞→ϕ =θ
1lim  if this limit exists. 

(iii) If G is a submonoid of the semiring B, then we define 

 (a) ( ) ( );MfwGMw GMfFM F=  

(b) ( ) ( )MMfFM gwgMw F=  

for any submonoid F of ( )+,B  and any quasi-filtration g of B.  

Remark 3.2. Let B be a semiring, and let ϕ′θϕ ,,  and θ′  be filtrations 

of the B-semimodule M such that ( ) ( )θ′θ ϕϕ ww ,  and ( )θϕ′w  exist in .+R  

Then 

 (i) ( ) ( ).θ′≥θ⇒θ′≤θ ϕϕ ww  

(ii) ( ) ( ).θ≥θ⇒ϕ′≤ϕ ϕ′ϕ ww  

Proposition 3.3. Let B be a semiring, ( ) { }∞+∈=ϕ ∪NnnM  and 

( ) { }∞+∈=θ ∪NnnF  be axe-filtrations of the B-semimodule M, and let 0>λ  

be a real number. Then the following assertions are equivalent:  

  (i) ( )θϕw  exists in .+R  

 (ii) ( ) ( )θλϕ
w  exists in .+R  

(iii) ( ( ) )λ
ϕ θw  exists in .+R  
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If one of the equivalent assertions holds, then 

( ) ( ) ( ) ( ( ) ).1 λ
ϕϕϕ θ

λ
=θλ=θ λ www  

Proof. (i) ⇔  (ii) First, suppose there exists an integer 0n  such that 

( ) ( ) .0 +∞=λϕ nFw  Then 0nF  contains no B-semimodule { }λrM  with .N∈r  

Let m be an integer such that 1=m  if 1≥λ  and 1≥λm  if .10 <λ<  Then 

we have ( ) ϕ≤ϕ λm  and ( ) ( ) .0 +∞=λϕ nFw m  It follows that ( ) ,0 +∞=ϕ nFw  

and thus ( ) +∞=ϕ nFw  for all .0nn ≥  Since ( ) ( ) +∞=λϕ nFw  for all 

,0nn ≥  we have ( ) ( ) ( )
( )

.
λ
θ

=+∞=θ=θ ϕ
ϕϕ λ

w
ww  Now suppose that 

( ) ,N∈=λϕ nn sFw  for all .N∈n  Then { }.nsn MF λ⊇  But 

( ){ }.1−λ⊇/ nsn MF  

So 

( ){ } ( ) { }nnn sFws λ≤<−λ ϕ1  and ( ) ( ) .11 +λ≤<−λ ϕ nnn sFws  

Therefore, we have 

( ) ( ) ( ( ) ) .211111
nn

sFwnnn
s

nFwn
n

n
n

n +
λ

<+<+
−λ

<
λ

− ϕϕ  

The equivalences (i) ⇔  (ii) follow from the first case of the inequalities 
above. 

(i) ⇒  (iii) This follows from the fact that  

( { })
{ }

{ } ( { })nn Fwnn
nFwn λϕλϕ λ

λ
=

11
 

 and that { } .1lim λ=λ+∞→ nnn  
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(iii) ⇒  (i) For ,N∈n  let nq  be the greatest integer less than or equal to 

.
λ
n  We have { } ( ){ }1+λ≤λ nn qq  and 

( { }) ( ) ( ) ( ( ){ }) .1
1 1

+
+

≤≤ +λϕϕλϕ

n

qnn

n

qn
q
Fw

n
q

n
Fw

q
Fw

n
q nn  

Then we obtain (iii) ⇒  (i) by taking the limit as n tends to .∞+   

Proposition 3.4. Let B be a semiring, f and g be two quasi-filtrations of 
the semiring B, and M be a B-semimodule. Then the generalized Samuel 
number ( )gMw fM  exists in +R  for any AP quasi-filtration f. 

Proof. Let ( ) { }∞+∈= ∪NnnFf  and ( ) { }.∞+∈= ∪NnnGg  Suppose that 

( )
+∈= Ran

MGw nfMlim  and, since the sequence ( ( )) N∈nnfM MGw  is 

increasing, ( ) +∞→MGw nfM  as .+∞→n  Since f is an AP quasi-

filtration, there exists a sequence of positive integers ( ) N∈jjk  such that 

n
jnk FF j ⊆  for all nj,  and .1lim =+∞→ j

k j
j  If ns,  are two integers 

greater than or equal to 1, then the chain of inclusions ( ) ⊂MF MsGfMwnk  

( ) MGMGMF ns
n
s

n
MGw sfM

⊂⊂  gives the inequality  

( ) ≤MGw nsfM ( ) ( )∗.MGnk sw fM  

Take two integers 1≥> mn  and let nq  be the smallest integer greater than 

or equal to .m
n  From ( ),∗  we have  

( ) ≤MGw nfM ( ) ( ) .MGwnmqfM mfMn kqMGw ≤  

Thus, we have  

( ) ( )
,m

k
n
mq

n
MGw MGwnnfM mfM≤  
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from which 

( ) ( )
.lim m

k
n

MGw MGwnfM mfM≤  

Since 

( ) ( ) ( )
( ) ,MGw

k
m

MGw
m

k

mfM

MGwmfMMGw mfMmfM =  

we obtain  

( ) ( ) ( )
,liminflim m

MGw
m

k
n

MGw mfMMGw
m

mfM mfM ≤≤  

and the sequence 
( )

N∈
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

m

mfM
m

MGw
 converges in .+R   

Proposition 3.5. Let B be a semiring, f and g be two quasi-filtrations of 
the semiring B such that f is an AP quasi-filtration, and let M be a B-
semimodule. Then the sequences  

( )
∗∈

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

Nn

nfM
n

MGw
 

and ( ( )) N∈nMF gMwn n  converge in +R , and 

 (i) ( )
( ) ( )

;inflim n
MGw

n
MGw

gMw nfM
n

nfM
nfM == +∞→  

(ii) ( ) ( ).lim gMwngMw MF
n

fM n+∞→
=  

Proof. Let f be an AP quasi-filtration and ( ) N∈nnk  be a sequence of 

positive integers such that m
nmk FF n ⊂  for all mn,  with .1lim =

+∞→ n
kn

n
 

(i) We know from Proposition 3.4 that ( )MGw nfM  exists in +R  for all 
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integers .0≥n  Furthermore, since the sequence ( ( )) N∈nnfM MGw  is 

increasing, we can assume that ( ) +∞<MGw nfM  for all integers n. Since 

( ) ( )gMwfM fMkGMw ≤  for any submonoid G of B, we obtain 

( )
( ).lim gMwn

MGw
fM

nfM ≤  On the other hand, for any integer n and any 

integer m, we have ,MGMG nm
m
n ⊂  hence 

( ) ( )
.nm

MGw
nm

MGw nmfM
m
nfM ≥  

As ,+∞→m  we get 
( )

( )gMwn
MGw

fM
nfM ≥  for all n. It follows that the 

sequence 
( )

∗∈
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

Nn

nfM
n

MGw
 converges to ( ).gMw fM  Moreover, 

( )
( )

.inf n
MGw

gMw nfM
nfM =  

(ii) First, let us show that ( ) ( ).lim gMwngMw MFfM n=  We can assume 

that nkn ≥  for all .1≥n  Then if ( ) { },∞+∈= ∪NnnGg  the chain of 

inequalities ( )
n

n
nk F

k
F fff ≤≤  gives us  

( ) ( ) ( ) ( ) ( ) ( )∗≤=≤ .1 gMwgMwkgMwgMw MFfM
nMfMF nnknk  

By multiplying the terms of ( )∗  by nk  and taking the lower limit, we obtain 

( )gMwk MFn nlim ( ) ( )gMwngMw MFfM nlim≤≤  and ( ) ≤gMwn MFnlim  

( )gMwk MFn nklim  because nkn ≥  for all n. We have thus shown that 

( ) ( ).lim gMwngMw MFfM n=  Now let us show that ( ) =gMwn MFnlim  

( ).gMw fM  Suppose that ( ) +∈ RgMwfM  and take two integers 1≥p  and 

1≥q  such that ( ) ;q
pgMw fM <  then ( ( ) ) pMgw q

fM <  and there exists an 

integer 1≥N  such that for all ,Nm ≥  we have ( ) .mpMGw mqfM ≤  
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Consequently, for all integers ,Nm ≥  we have .mpmp GF ⊂  Let n be an 

integer greater than or equal to 1 and mq  be the integer part of .n
m  We then 

have the chain of inclusions 
( )

( ) MFMFMF mppqn
pq

n m
m ⊂⊂ +
+

1
1  

,MGmq⊂  which implies the inequality 
( ) ( ) .1

mq
qp

mq
Gw mmqMFn +

≤  By 

taking the limit as ,+∞→m  we get ( ) ,1
q
p

ngMw MFn ≤  which means  

( ) ,lim q
pgMwn MFn ≤  

hence ( ) ( ).lim gMwgMwn fMMFn ≤   

4. Valuative Reductions on a Semimodule and ( )θϕw  

Definition 4.1. Let B be a semiring, ( ) { }∞+∈=ϕ ∪NnnM  be an axe-

filtration of the B-semimodule M and .N∈a  We define ( ) ,N∈′=ϕ nna Mt  

where 00 MM =′  and nan MM +=′  for .1≥n  Then ϕat  is an axe-filtration 

of M called the truncated axe-filtration of .ϕ  

Definition 4.2. Let B be a semiring, ( ) { }∞+∈=ϕ ∪NnnM  and 

( ) { }∞+∈=θ ∪NnnU  be axe-filtrations of the B-semimodule M. For any 

,Mx ∈  we define ( ) { }.,sup nMxnxv ∈∈=ϕ N  We say that the axe-

filtration ϕ  is a valuative reduction of the filtration θ  if there exists a 

constant N∈a  such that for all Mx ∈  we have: ( ) ( ) axvxv ≤−≤ ϕθ0  

with ( ) +∞=ϕ xv  if and only if ( ) .+∞=θ xv  This notion of valuative 

reduction was introduced by Rees [10]. 

Lemma 4.3. Let B be a semiring, ( ) { }∞+∈=ϕ ∪NnnM  be an axe-

filtration of the B-semimodule M, and N be a submonoid of M. Then the 
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following assertions are equivalent:  

  (i) ( ) ;+∞=ϕ Nv  

 (ii) for all ( ) ;, +∞=∈ ϕ Nva atN  

(iii) there exists an N∈a  such that ( ) .+∞=ϕ Nv at  

Proof. (a) We show that (i) implies (ii). If ( ) ,+∞=ϕ Nv  then pMN ⊆  

for all .N∈p  Thus, for all ,N∈a  qaMN +⊆  for all ,N∈q  hence 

( ) .+∞=ϕ Nv at  

(b) (ii) implies (iii) is obvious.  

(c) We show that (iii) implies (i). Let N∈a  such that ( ) .+∞=ϕ Nv at  

Then qaMN +⊆  for all ,∗∈ Nq  and we have pMN ⊆  for all .ap ≥  We 

deduce that pMN ⊆  for all ,N∈p  thus ( ) .+∞=ϕ Nv   

Theorem 4.4. Let B be a semiring, ( ) { }∞+∈=ϕ ∪NnnM  and 

( ) { }∞+∈=θ ∪NnnU  be axe-filtrations of the B-semimodule M. Then the 

following assertions are equivalent: 

 (i) ϕ  is a valuative reduction of ;θ  

(ii) there exists an integer 0≥b  such that .θ≤ϕ≤θbt  

Proof. (a) We show that (i) implies (ii). Assume (i) is true. Then there 
exists N∈a  such that ( ) ( ) axvxv ≤−≤ ϕθ0  for all .Mx ∈  We have 

( ) ( ) .axvxv −≥ θϕ  If ,an ≥  then nUx ∈  implies ( ) ,nxv ≥θ  so 

( ) ,anxv −≥ϕ  hence .anMx −∈  Since ( ) ( ),xvxv θϕ ≥  nn UM ⊆  for all 

.N∈n  For all ,an ≥  we have .anannn UMUM −− ⊆⊆⊆  Letting 

,anp −=  for an ≥  we have ppap UMU ⊆⊆+  for all ,N∈p  hence 

,θ≤ϕ≤θat  and we deduce that (i) implies (ii). 
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(b) Next, we show that (ii) implies (i).  

Assume (ii) is true. Then there exists N∈b  such that .θ≤ϕ≤θbt  

Hence we have: ( ) ( ) ( )xvxvxv bt θϕθ ≤≤  for all .Mx ∈                       (1) 

If ( ) ,+∞=ϕ xv  then ( ) +∞=θ xv  (from (1)).  

1) If ( ) ,+∞=θ xv  then ( ) +∞=θ xv bt  (Lemma 4.3).  

(1) then implies ( ) .+∞=ϕ xv   

Consequently, we have: ( ) +∞=ϕ xv  if and only if ( ) .+∞=θ xv   

We then deduce that ( ) N∈ϕ xv  if and only if ( ) .N∈θ xv   (2) 

If ( ) ,N∈θ xv  let us show that ( ) ( ) .1 bxvxv bt ++≤ θθ   

Let ( ) .N∈=θ rxv bt  If ,0≠r  then rbUx +∈  and ,1++∉ rbUx  we 

have  

( ) ( ) ( ) .1 bxvxvbxv bb tt ++≤≤+ θθθ          (∗) 

2) If ,0=r  then MUx =∈ 0  and ,1+∉ bUx  we have  

( ) ( ) ( ) .10 bxvxvxv bb tt ++≤≤= θθθ           (∗∗) 

(∗) and (∗∗) imply ( ) <θ xv ( ) .1 bxv bt ++θ   (3) 

(1) and (3) imply ( ) ( ) ( ) ( )xvxvxvxv bt θθϕθ −≤−≤0 ,1 b+<  so we 

have ( ) ( ) ( ) ( ) .0 bxvxvxvxv bt ≤−≤−≤ θθϕθ   (4) 

 (4) implies that ϕ  is a valuative reduction of ,θ  and the result is proven.  
 

Lemma 4.5. Let B be a semiring, ( ) { }∞+∈=ϕ ∪NnnM  be an axe-

filtration of the B-semimodule M, and N be a submonoid of M. Then the 
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following assertions are equivalent: 

  (i) ( ) ;+∞=ϕ Nw  

 (ii) for all ( ) ;, +∞=∈ ϕ Nwa atN  

(iii) there exists an N∈a  such that ( ) .+∞=ϕ Nw at  

Proof. (a) We show that (i) implies (ii). If ( ) ,+∞=ϕ Nw  then there is no 

N∈r  such that .NM r ⊆  Suppose ( ) .+∞≠= ϕ Nws at  Then we have 

NM as ⊂+  with ,N∈s  which implies ( ) ,asNw +≤ϕ  a contradiction. 

(b) (ii) implies (iii) is obvious. 

(c) (iii) implies (i). Let N∈a  be such that ( ) .+∞=ϕ Nw at  Suppose 

( ) .+∞≠= ϕ Nwr  Then N∈r  and we have .NMM rar ⊂⊂+  It follows 

that ( ) ,N∈+<ϕ arNw at  and ( ) ,+∞≠ϕ Nw at  a contradiction.  

Lemma 4.6. Let B be a semiring, ( ) N∈=ϕ nnM  be an axe-filtration of 

the B-semimodule M, and N be a submonoid of M. Then the following 
assertions are equivalent: 

  (i) ( ) ,+∞=ϕ Nw   

 (ii) for all ∗∈ Nk  such that ( ) ( ) ,+∞=
ϕ

Nw k   

(iii) there exists a ∗∈ Nk  such that ( ) ( ) .+∞=
ϕ

Nw k  

Proof. (a) We show that (i) implies (ii). If ( ) ,+∞=ϕ Nw  then there is no 

integer n such that nM  is included in N. Thus, ∗∈∀ Nk  and ,N∈∀n  

,NM nk ⊂/  hence ( ) ( ) .+∞=
ϕ

Nw k  

(b) (ii) implies (iii) is obvious. 



Kouadjo Pierre BROU et al. 

 

50 

(c) We show that (iii) implies (i). If there exists a ∗∈ Nk  such that 

( ) ( ) ,+∞=
ϕ

Nw k  then NM nk ⊂/  for any integer n, and we deduce ,NMn ⊂/  

.N∈∀n  Therefore, ( ) .+∞=ϕ Nw   

Proposition 4.7. Let B be a semiring, ( ) { },∞+∈=ϕ ∪NnnM  

( ) { },∞+∈=θ ∪NnnF  and ( ) { }∞+∈=η ∪NnnE  be axe-filtrations of the B-

semimodule M. If ϕ  is a valuative reduction of ,θ  then ( )θηw  exists if and 

only if ( )ϕηw  exists. Therefore, ( ) ( )ϕ=θ ηη ww  if the defined terms exist. 

Proof. Since the axe-filtration ϕ  is a reduction of the axe-filtration ,θ  

there exists N∈a  such that nFMF nnan ∀⊆⊆+ ,  (Theorem 4.4). To 

obtain the result, it is sufficient to replace ηv  with ηw  in the corresponding 

proof for .v   

Proposition 4.8. Let B be a semiring, ( ) { }∞+∈=ϕ ∪NnnM  and 

( ) { }∞+∈=θ ∪NnnF  be axe-filtrations of the B-semimodule M. Then the 

following assertions are equivalent: 

  (i) ( )θϕw  exists in .+R   

 (ii) For all ( )θ∈ ϕatwa ,N  exists in .+R  

(iii) There exists an N∈a  such that ( )θϕatw  exists in .+R  

If one of the following assertions holds, then for all ,N∈a  

( ) ( ).θ=θ ϕϕ atww  

Proof. (a) We show that (i) implies (ii). Suppose there exists N∈n  such 
that ( ) .+∞=ϕ nFw  Then ( ) ,, nkFw k ≥∀+∞=ϕ  hence for ,N∈a  ,nk ≥∀  

we have ( ) +∞=ϕ nt Fw a  (Lemma 4.5), and we deduce (i) implies (ii). 
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Suppose that ( ) ,N∈ϕ nFw  .N∈∀n  Then for all ,N∈a  ( ) ,N∈ϕ nt Fw a  

N∈∀n  (Lemma 4.5). Let ( ) .N∈=ϕ rFw nta   

(1) If ,0≠r  we have nra FM ⊂+  and ,1 nra FM {−+  so  

( ) ( ) ( )∗+≤ ϕϕ .ntn FwaFw a  

(2) If ,0=r  then ,0 nFM ⊂  hence ( ) ( ),0 ntn FwFw aϕϕ ==  so  

( )nt Fw aϕ=0 ( ) ( ) ( )∗∗+≤≤ ϕϕ .aFwFw ntn a  

The inequalities ( )∗  and ( )∗∗  imply for all ,N∈r  
( )

≤ϕ
n

Fw nta   

( ) ( )
.n

Fwa
n
Fw ntn aϕϕ +

≤  As ,+∞→n  we deduce the existence of ( )θϕatw  

and we have ( ) ( ).θ=θ ϕϕ atww  

(b) (ii) implies (iii) is obvious.  

(c) We show that (iii) implies (i). Let .N∈a  If ( ) ,+∞=ϕ nt Fw a  then 

( ) +∞=ϕ nFw  (Lemma 4.5), and as in (a), we deduce that (iii) implies (i). 

Suppose that ( ) ;, NN ∈∀∈ϕ nFw nta  using relations ( )∗  and ( )∗∗  from (a), 

we have 
( ) ( ) ( )

.n
Fwa

n
Fw

n
Fw ntnnt aa ϕϕϕ +

≤≤  If ( )θϕatw  exists in +R  and 

as ,+∞→n  we deduce that ( )θϕw  exists in .+R   

Proposition 4.9. Let B be a semiring, and let ,ϕ  ,θ  and η  be axe-

filtrations of the B-semimodule M. If ϕ  is a valuative reduction of ,θ  then 

the following assertions are equivalent: 

 (i) ( )ηθw  exists in .+R  

(ii) ( )ηϕw  exists in .+R  

If one of the equivalent assertions holds, then ( ) ( ).η=η θϕ ww  
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Proof. (a) We show that (i) implies (ii). Let ( ) .N∈=η nnE  Since ϕ  is a 

valuative reduction of ,θ  there exists N∈a  such that ,θ≤ϕ≤θat  which 

implies ( ) ( ) ( )
.n

Ew
n
Ew

n
Ew ntnn aθϕθ ≤≤  If ( )ηθw  exists and ,+∞→n  then 

we have ( )
( ) ( )

n
Ew

n
Ew

w n
n

nt
n

a ϕ
+∞→

θ
+∞→θ ==η limlim  (Proposition 4.8). 

We deduce that 
( )
n
Ew n

n
ϕ

+∞→lim  exists and that ( ) ( ).η=η θϕ ww  

(b) We show that (ii) implies (i). Since ϕ  is a valuative reduction of ,θ  

there exists N∈a  such that ,θ≤ϕ≤θat  which implies .ϕ≤θ≤ϕ aa tt  As 

in (a), we can show that if ( )ηϕw  exists, then ( )ηθw  exists (Proposition 4.8), 

and we have ( ) ( ).η=η θϕ ww   

Theorem 4.10. Let B be a semiring, ϕ  and θ  be axe-filtrations of the B-

semimodule M, and ( ) { }∞+∈= ∪NnnFf  and ( ) { }∞+∈= ∪NnnGg  be axe-

filtrations of B. If ϕ  is weakly f-good, θ  is weakly g-good, and f is an AP 

quasi-filtration, then ( )θϕw  exists in +R  and  

( ) ( )gMww fM=θϕ  

( )
n

MGw nfM
n ∞→= lim  

( )
n

MGw nfM
ninf=  

( ).lim gMwn MFn n+∞→=  

Proof. If ( ) { }∞+∈=ϕ ∪NnnM  is weakly f-good, then fM is a valuative 

reduction of .ϕ  Since ϕ  is weakly f-good, we have qpqp MMF +⊆  for all 

,, qp  and there exists an integer 1≥m  such that ∑ = −= m
p ppnn MFM 0  for 
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all ,mn >  and MFM mnn −⊆  for all .mn >  Therefore, ⊆+mnM  

nn MMF ⊂  for all .N∈n  ,ϕ≤≤ϕ fMtm  and consequently, fM is a 

valuative reduction of ϕ  (Theorem 4.4). Since θ  is weakly g-good, gM is a 

valuative reduction of .θ  If f is an AP quasi-filtration, then using 
Propositions 3.4, 4.7 and 4.9, we have 

( ) ( )gMww fM=θϕ  

( )
n

MGw nfM

n +∞→
= lim  

( )
n

MGw nfM

nn +∞→
= liminf  

( ).lim gMwn MF
n n+∞→

=   
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