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Abstract

We investigate matrix solutions for the non-linear exponential

Diophantine equation
b 2
(X +al,)" +(Y" +Bl,) =277,

where o, e Z and a, b, m, n, g € N such that ¢ is a common

multiple of a and b. We show that this equation admits an infinite

number of matrix solutions which do not depend on m and n.
1. Introduction

Finding the solutions of Diophantine equations has many challenges for
researchers due to the absence of generalized methods. Certainly, the
resolution of Diophantine equations requires integers, in the most cases, the
solutions are limited or do not exist. In [4], Ivorra and Kraus studied the

equation ax? + by? = cz? , Where p is a prime number greater or equal to 5.
In application, they obtained results concerning the (Q-rational points of
hyperelliptic curves given by the Diophantine equation y2 =x? +d, with

d € Z. In [3], Gupta et al. discussed the solutions of the Diophantine

equation
G+ O 1) = 22, (1)

under some conditions. They proved that for a, b, m, n, y and z being
elements of a given subset of integers and x a prime divisor of y such that

x =3 or 5(mod8), equation (1) has no solution in this subset. For a long

time, some researchers have been interested in the search for matrix
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solutions of Diophantine equations [1, 2]. Mouanda and his team [5-§]
showed that some matrix Diophantine equations admit an infinite number of

matrix solutions with positive integers as entries.

The solutions of Diophantine equations have many applications in the
field of cryptography and applied algebra.

Our paper is organized as follows. In Section 2, we recall some
necessary definitions and relate results. In Section 3, we show that, for
positive integers a, b, m, n, ¢ such that (a, b) # (0, 0), the common multiple
gofaandb, and a, B € Z, the non-linear exponential Diophantine equation

b 2
(X“ +al,)" +(Y" +BL,) =27,
admits an infinite number of matrix solutions which do not depend on the
choice of m and n.

2. Preliminaries

We recall some definitions on matrices and observations made by
Mouanda in [7].

Definition 2.1 [6]. Let a, b, ¢ € C* be complex numbers. Then 7n x 7 -

matrices of the form

o 1 o0 - 0 0 O o o0 o0 - 0 0 b
o 1 - 0 0 O !1 0 0 - 0 0 O
o 0 - 0 0 O o 1 0 - 0 0 O
. . o i ord: R,
0 0 0 0 0 O 0 0 O
o 0 o0 - 0 0 1 o o o - 1 0 O
a 0 0 - 0 0 O o 0 o0 - 0

are called Rare matrices of order n and index 1. The index designates the
number of complex coefficients different from 0 and 1.

We have the following interesting properties on Rare matrices.
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Remark 2.1 [7]. Let

0O 1 0
0
o o o - 0 0 o0
A,=|0 1 f ot t|eM,(C), x#0
0 0 O 0 0
0 0 0O 0
x 0 0 - 0 0 O

0 0 1
0 x 0 0 0
0 0 «x 0 0 0 0
Al = : , A = -,
0 0 X 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 «x 0 0 0 0 0

A = AL, AL =, (y4,) ! = %A;l, vy # 0.

X

Definition 2.2 [8]. A matrix B € M,(N) is a construction structure of
matrix solutions of Diophantine equations if there exist two positive integers

m, B such that B” =B x I, = 0.
Denote by
D,(N)={BeM,(N):B" —Bx1,=0,mpeN"}

the set of all construction structures of matrix solutions of Diophantine

equations from M, (N). It is easy to check that for all B e D,(N),

det(B) # 0, where det(B) denotes the determinant of the matrix B.
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Definition 2.3. Let n,m e N', A= (aj)¢; j<, € M,(C) and B =
(b <, j<m € My, (C). Then the Kronecker product of A and B is the matrix

A ® B defined by

LZIIB alzB alnB
aB a»B -+ ar,B
A®B=| 2 7 |
anlB anZB annB

It is known that for n,m e N, 4e€ M,(C) and B e M, (C), in
general, A ® B # B ® A. Moreover,

L, @1, =1, ®1I, =1,

3. Matrix Solutions of the Exponential Diophantine Equation

(X9 +al,)" + (" +p1,) = 2

Denote by R,.(N) the set of all Rare matrices of order r and index 1, for

r > 2, thatis,
0 0 0 0 0
0 0 0
0 0 O

R(N)=<: =+ + .+ 1 leMJ ), x=0¢.
0 0 O 0 0
0 0 0

x 0 0 0 0 0

Therefore,

R.(N) < D,(N) c M,(N).
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31.Casel: a=0o0or b=0

Without restricting the problem, suppose that b = 0 and a # 0. Similar
results are obtained for ¢ = 0 and b # 0. For the case where a i1s an even

number, we have the following:

Proposition 3.1. Let o be an integer and B, a, x be positive integers
such that a = 2q, q € N* and x >|a|. Let R,(N) be the set of all Rare

matrices of order a and index 1. Let A, 4, € R,(N), with

Ny = (x+a)" +(B+1)".

The terms of the sequence of matrices (A, Ag ) ol are matrix solutions
X

x>
of the Diophantine equation
(X +al)" +(B+1)"1, = 7>

Proof. Notice that for x >|oa|, m, is a non-zero positive integer.

Therefore,

(A)ch + Oda)m + (B + l)nla = [(X + a)]a]m + (B + l)nla
because 4, € R,(N). Hence,

A +al )" +(B+1)"1, =(x+a)" 1, +(B+1)"1,.
So,

(AL +aly)" + B+ 1)1y =yl = 47 = (4] ).

Consequently, for x >|al|, (4¢ +al,)" +B+1)"1, = (Afl Y and the
result follows. (]

Now, we investigate the case where a is an odd number.

Proposition 3.2. Let o be an integer and let B, a, x be positive

integers such that a =2q +1, ¢ € N and x > |a|. Let Ry,(N) be the set



Matrix Solutions for the Non-linear Exponential Diophantine ... 7

of all Rare matrices of order 2a and index 1. Let A, 4, € Ry,(N) with

Ny = (x+a)” +(B+1)".

Then, the terms of the sequence of matrices (A)%, Aﬁ ) | are matrix
X

x>

solutions of the Diophantine equation
(X 4 adyy)" +(B+1)"1y, = 27,

Proof. Suppose that x > |a | and 4, 4, € Ry,(N). Then
(A7) + alog " + (B + 1) Lag = (A5 + alpg)" + (B+1)" g

= [(x + ) oo " + (B +1)" T2,
due to the fact that 4, € R,,(N). Therefore,
[(A2)" + oy " + (B +1)"Taq = (x+ )" I + (B+1)"I3q.

Hence
2 2 2
[(Ax )a + oLIZa]m + (B + l)nIZa = anZa = Aﬂ: = (A-:]Zx)
and the result follows. O

3.2.Case2: a#0 and b #0

Consider o, B € Z. Then for x, y, n, m € N such that x >|o| and
y>|B|, write v, ,(x, y)=(x+a)” +(y+B)". Then it follows that
Ym0 (X, ¥) > 0.

Proposition 3.3. Let a, b, x, y be non-zero positive integers and { be

the least common multiple of a and b. Suppose that ( is an even number and

let Ag, Ay, Ay (v, y) € R/)(N) be Rare matrices of order ( and index 1,

with
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Ym,n(xa y)=(x+ a)m +(y+ B)n
Then, the terms of the sequence of matrices

roogs gt
(Ax’ Ay’ Aym,n(x,y))x>‘ al,y>|B|

are matrix solutions of the Diophantine equation
(X +al,)" + (P +BI,) =2% (=ar=sb=2t1

Proof. Since 4, 4,, 4, ) € Ry(N) and / = ar = sb =21,

(%Y
(4D + af, 1" +[(4) +BL Y = (47 + ol 1" + (4 +BL, T
= [AL + ol 1" + [Aﬁ +BI,]".
Due to the fact that Aﬁ =x[, and Aﬁ =yly,

[(40) + o, 1" + (4 +BLY =[x+ o), ]" +[(y + BT
Therefore,

[(A5)" +ad 1" +[(43) +BL T = (x+ o)™ Iy + (v + B)' .
As Ym,n(xv y) = (x + 0L)m + (y + B)n9

[(A;)a + alg]m + [(A;)b + B[[]n = Ym,n(xa y)lf = Afm,n(x,y)'

So,

(40 +al,]" +[(45) + 1,1 = 4%

ot
Ym,n(st’) - (A

)2
Ym,n (x, ) -
In the case where ¢ is an odd number, we have the following:

Proposition 3.4. Let a, b, x, y be non-zero positive integers and { be
the least common multiple of a and b. Suppose that { is an odd number and

let Ay, Ay, Ay - (x,y) € Ry,(N) be Rare matrices of order 2( and index 1,
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with
'Ym,n(xa y)=(x+ a)m +(y+ B)n
Then, the terms of the sequence of matrices

(47, 43, A"

Ym,n

3
(v, sl 0], o] p] < (M (N))
are matrix solutions of the Diophantine equation
(X + aly, )" +(YP +Bly,)" = 22, 20 =ar = bs.

Proof. Suppose that 4, 4,, 4, ) € Ryy(N). Then

n(xy
[(40)" + alpe]" + [(A;)b +Bly]" =47 +aly " + [A;)S +Bly]"
Since 2/ = ar = bs,
[(40)" + aly J" + [(A;)b +BLy 1" =47 + oLy 1" + [Afg + Bl ]
Due to the fact that A)%K = x[,y and Afﬁ = ylyy,
(42" + aly ]" + [Afg + Bl )" = [(x + ) L ] + (v + B) 1o )"
This implies that
(A7) + oy 1" + (A5 + Bl ] = (x+ )" Iy + (v +B)' oy
So,
(A + aly "+ ()" +BloeY = v )2 = 4

Therefore,
r\a m s\b n _ 1 2
[(Ax) + OL]ZE] + [(Ay) + Blz«f] - (Aym,n(x,y)) ’

Now, we investigate the Kronecker product of Rare matrices.
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Lemma 1. Let x, r, p be non-zero positive integers such that r > 2 and

A, € R.(N) be a Rare matrix of order r and index 1. Then
(4, ®1,) =1, ® 4,)" = xI,,,.
Proof. Suppose 4, € R,.(N) with > 2. Then 4} = xI,..

(a) We show that (1, ® 4,)" = xI,,,. Notice that

A, 0 0 "
0 A, 0 0 0 0

0 0 A, 0 0 0

(I, ®4,) = : :

0 0 0 A, 0 0

0 0 0 0 A,

0 0 0 0 A,
xI, 0 0 0 0
0 xI,. 0 0 0
0 0 xI, 0 0
0 0 xI, 0 0
0 0 0 xI, 0
0 0 0 0 0 xI,

Therefore,

(I, ®A4) =xI,®1, = xl,,
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(b) Next, we show that (4, ® I,,)" = xI,,,. Notice that

Therefore,

0

0O o0

0 o0

0O o0

A, ®1 p = c 0
0 x

0

xI

=]

o o o o -

X
0

Ip

(e}

=]

o o o o -

0

X

0
1
0

p

o =

o o o o -

0

0

—

o o o o -

0

0

oS O

o o o =

c o -

(e} (e} oo

Consequently, 4, ® I, is a Rare matrix of order rp and

o o~ o o o

€ M,,(N).

index p. So,

A, ® 1, is the pth power of a Rare matrix E, of order 7p and index 1.

Hence

(Ax ® Ip)r = (Ef)r = E;p = XIrp'

O

It is well known that for every r >2, the matrix 4, € R,(N)

generates 7 construction structures A, ;, i € {1, ..., r}, of matrix solutions of

Diophantine equations, by the permutations of x and 1 between the columns

of 4,.
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Denoting by

CS(4,) = {4, ;, Al e {, ..,r}}, x#0

X, 0

the set of all construction structures associated to A,, we have the following

remark:

Remark 3.1. Let x, » and p be integers such that x >1, p>2 and
r > 2. Then for every Rare matrix 4, € R,.(N) of order r and index 1, and

K, e CS(4,),

(D (K ®1,) =Ky ®1I, =xl,, and (I, ®K,) =1, ® Ky = xI,,.

T T T T
2 (K, ®1,) =kl ®1,and (1, ®K,) =1,®K].

Consequently, for all p > 2 and K, € CS(4, ), the matrices denoted by

Bk (p)=1, ® K, and Dg (p) =K, ® I, are construction structures of

matrix solutions of Diophantine equations. Now, we investigate the matrices

obtained from the permutations of x and 1 between the columns of By (p)

7
and Dg (p). Tt should be noted that there are ( pj associated matrices to

p
rp . . .

By (p) and associated matrices to Dy (p) by the permutations of x
p

and 1 between the columns. However, many of these matrices are not
construction structures of matrix solutions of Diophantine equations. In fact,

among the associated matrices to Bg_ (p), in those for which the

permutations are made in the blocks K, are construction structures of
matrix solutions of Diophantine equations. In this case, the number of such

matrices is 7¥. The matrices associated to Dg (p) in which we have x in p

consecutive columns, or x in the first £ columns and in the last p — k
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columns, 1 <k < p —1, are construction structures of matrix solutions of

Diophantine equations. The number of such matrices is 7p. Denote those

matrices by
HKx,i(p), iefl,.,m+rP}, VK, e CS(4,).
The construction structures set of matrix solutions

CS™(A(p) = {Hk, [ (p).i € dl, s rp+ 1P}, K € CS(4,)}

has exactly 2r-2p + 2rP*! elements. Notice that for every K, e CS(4,)

and every p > 2, there are many over structures of matrix solutions

generated by By (p) and Dg (p), which are not in CS™(4,(p)).

01
Example 3.1. Assume that K, = 4, = ( OJ € Ry(N). So,
x

0 K., 0 0
DKX(?,):(M 03J and Bg (3)=| 0 K, 0
3 0 0 K

X
Denote by D; = Hg_.(3),i € {l, ..., 6}, the six associated matrices to

Dy (3). In particular,

A~
Il
S O = o O O
O = o O O O
= S O O O O
S O = O O O
O = o O O O
= O O O O O

S O O o = O
S O o = O O

S O o o o =
S O O o = O
S o o = O O
S O O O O =
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Hyg l,(3), i €{l, ..., 8}, the eight associated matrices to

Denote by B;

Bk (3). In particular,
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0O x 0 0 0 O 0O x 0 O 0 0
1 0 0 O O O 1 0 0 O 0 O
0O 0 0 x 0 0 0O 0 O 1 0 O
BS = 5 B6 = 5
O 0 1 0 0 O 0O 0 x O 0 O
0O 0 0 0 0 1 O 0 0 O 0 «x
0O 0 0 0 x O O 0 O O 1 0
O 1 0 0 0 O 0O x 0 0 0 0
x 0 0 0 0 0 1 0 0 O O O
0O 0 0 x 0 0 0O 0 0 x 0 O
B; = , Bg= .
0O o 1 0 0 O 0O 0 1 0 0 0
0O 0 0 0O 0 «x 0O 0 0 0O 0 «x
O 0 o0 o0 1 0 O 0 0o o 1 0
Moreover, the matrices
0O 0 o0 O 0 1 O 0 o0 1 0 O
0O 0 0 0 x O 0O 0 0 0 x O
O 0 o 1 0 O 0O 0 0o 0 0 1
El = and E2 =
0O 0 x O 0 O x 0 0 O 0 O
O 1 0 0 0 O O 1 0 0O 0 0
x 0 0 O 0 O 0O 0 x 0 0 O

associated, respectively, to Bg (3) and Dy (3) satisfy E? = (ET)? = xI,
for i € {1, 2}, but Ey, Ey, E{ , E3 ¢ CS*(4,(3)).

Proposition 3.5. Let a, b and p be positive integers such that p > 2,
a#0 and b#0. Let { be the least common multiple of a and b. Suppose
that (p is an even number. Let (x;);cn and (yi)icy be two increasing

sequences of non-zero positive integers. Assume that
No = max{|a|, |B|}, ko =min{k € N:x; > Ny and y; > Ny}

and let (zy ), .y e the sequence defined by
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VkEN, Zr Z(Xk-f-(l)m-‘r(yk-‘rﬁ)n.

Then the terms of the sequence of matrices (E;k , F?

t :
e sz > ko @re matrix

solutions of the Diophantine equation

(X + oy, )" +(rP + Bl = 7%, Ip=ar=sb=2t,

where E, € CS*(Axk(p)), F, € CS*(Ayk(p)) and G, € CS*(AZk(p)),

with (Ay, , Ay, , Az, ) a triple of Rare matrices of order ( and index 1.

Yi?
Proof. Suppose that

(Ex,, Fy,» G, ) € CS™(4,, (p))x CS™(4,, (p))x CS™ (4., (p))-

This implies that
E? =x.I,, F?=y.1, and G? =z1
Xk ktip> e Yiclip .  “kip-

It follows that

r\a m s \b n _ [pra m sb n

[(Exk) + Odfp] + [(Fyk) + Blfp] = [Exk + Odfp] + [Fyk + Blﬁp] :

Due to the fact that /p = ra = sb, we have

s \b 1 1
(BT )+ alp, 1" + (55 )+ Bl T = [E + oty 1" +[F7 + Bl )"

Since Eﬁf: = x;ly, and Fff = vilgp,
[(E7, ) +ody, I" + [(F), )+ Bl Y = [0 + ) 1" + [k + B 1"
Therefore,
[(E7, ) +adp, " +[(F) Y +Blp]" = (v + @) Iy + (i +B)' g
So, as z; = (x; +a)” + (yx +B)", we can claim that

s \b
[EL )+ aly, 1" +[(F) ) + Bl = 2l = fo = Gjlf = (G, Y. O



Matrix Solutions for the Non-linear Exponential Diophantine ... 17

Consequently, if /p is an even number, then there are at least
2.3 1\3
Niin = (2£ P+ (fp)p+ )
construction structures of matrix solutions of the Diophantine equation
b 2
(X +adg,)" + (Y7 +PBly,) =27

Each construction structure allows us to construct a sequence of matrix

solutions. We are going to look at the case where /p is an odd number.

Proposition 3.6. Let a, b and p be positive integers such that p > 2,

a#0 and b#0. Let { be the least common multiple of a and b. Suppose
that Ip is an odd number. Let (xi);cy and (Vi) be two increasing

sequences of non-zero positive integers. Assume that

No = max{ ol |[B|}, ko =min{k e N:x; > Ny and y, = Ny}

B

and let (zy ), .y be the sequence defined by
VkGN, Zy =(xk+oc)m+(yk+[3)n.

. . r K pl
Then, the terms of the sequence of matrices are matrix (EXk , Fyk , GZk V> ko

solutions of the Diophantine equation

(X% +alyg,)" +(Y? +Blyy,)' =22, 2p = ar = bs,

where E, € CS*(Axk(p)), F, € CS*(Ayk(p)) and G € CS*(AZk (p)

with (4, , 4

o AZk) a triple of Rare matrices of order 2( and index 1.

Proof. Since Axk, Ayk , AZk are Rare matrices of order 2/ and index 1,

2p _ 2p _ 2tp _
Exk = xklzgp, Fyk = ykIZKp and sz = ZkIZEp'
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So,

[(E;k ) +ady, 1" = [E;Z + ol "
and
b b
[(FS )+ Bagy ) = [FS + Bl )"
Due to the fact that 2/p = ra = sb, we have

ra 2/ sb 2/
Exk = Exkp = xklzgp and Fyk = Fykp = ykIZEp'

Therefore, as z;, = (x; + Ot)m + (v + B)ns
b 2/
[(E;k )a + Odzgp]m + [(F)fk) + BIMp]n = ZkIZEp = szp'
2/,
As Gka = ZkIZEpa

[(E;k )+ ol 1"+ [(Fysk )P+ Bl = (foz)z- U
We can observe that if /p is an odd number, then there are at least
Nunin = 8029 + (20p)"*1)’
construction structures of matrix solutions of the Diophantine equation
(X9 + alyg,)" + (YP + Ly, ) = 22

From all the above, we obtain our main result.

Theorem 3.1. Let a and b be positive integers such that (a, b) # (0, 0).
Let 0 be the least common multiple of a and b, and q be a multiple of /¢

different from zero. Then for ao,B € Z and m,n € N, the exponential

Diophantine equation

(X +al,)" + (" +p1,)" = 2%,
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admits an infinite number of matrix solutions from the set
GL,(N) = {4 € M ,(N): det(4) = 0},

where q = Up, if Ip is an even number and q = 2lp, if Ip is an odd

number with p € N.

Proof. For a =0 or b =0, the result follows from Propositions 3.1

and 3.2. When a # 0 and b # 0, Propositions 3.5 and 3.6 complete the
proof. U
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