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Abstract 

We investigate matrix solutions for the non-linear exponential 

Diophantine equation 

    ,2ZIYIX
n

q
bm

q
a   

where Z,  and Nqnmba ,,,,  such that q is a common 

multiple of a and b. We show that this equation admits an infinite 

number of matrix solutions which do not depend on m and n. 

1. Introduction 

Finding the solutions of Diophantine equations has many challenges for 

researchers due to the absence of generalized methods. Certainly, the 

resolution of Diophantine equations requires integers, in the most cases, the 

solutions are limited or do not exist. In [4], Ivorra and Kraus studied the 

equation ,2czbyax pp   where p is a prime number greater or equal to 5. 

In application, they obtained results concerning the Q -rational points of 

hyperelliptic curves given by the Diophantine equation ,2 dxy p   with 

.Zd  In [3], Gupta et al. discussed the solutions of the Diophantine 

equation 

     ,11 2zyx
nbma   (1) 

under some conditions. They proved that for a, b, m, n, y and z being 

elements of a given subset of integers and x a prime divisor of y such that 

3x  or  ,8mod5  equation (1) has no solution in this subset. For a long 

time, some researchers have been interested in the search for matrix 
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solutions of Diophantine equations [1, 2]. Mouanda and his team [5-8] 

showed that some matrix Diophantine equations admit an infinite number of 

matrix solutions with positive integers as entries. 

The solutions of Diophantine equations have many applications in the 

field of cryptography and applied algebra. 

Our paper is organized as follows. In Section 2, we recall some 

necessary definitions and relate results. In Section 3, we show that, for 

positive integers a, b, m, n, q such that    ,0,0, ba  the common multiple 

q of a and b, and ,, Z  the non-linear exponential Diophantine equation 

    ,2ZIYIX
n

q
bm

q
a   

admits an infinite number of matrix solutions which do not depend on the 

choice of m and n. 

2. Preliminaries 

We recall some definitions on matrices and observations made by 

Mouanda in [7]. 

Definition 2.1 [6]. Let  Ccba ,,  be complex numbers. Then nn  -

matrices of the form 
















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
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







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010000
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⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯

a

c   or  
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















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







010000
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000000

000010
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⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯ b

c  

are called Rare matrices of order n and index 1. The index designates the 

number of complex coefficients different from 0 and 1. 

We have the following interesting properties on Rare matrices. 
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Remark 2.1 [7]. Let 

  0,

00000

100000

010000

000000

000100

000010






















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






 xM

x

A nx C

⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯

 

be a Rare matrix of order n and index 1. Then 

,

00000

00000

00000

00000

00000

00000































x

x

x

x

x

x

An
x

⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯

 ,

010000

001000

000000

000010

000001

1
00000

1

































⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯
x

Ax  

  .0,
1

,, 11
1

1 


 
xxn

n
x

T

x

x AAxIAAA  

Definition 2.2 [8]. A matrix  NnMB   is a construction structure of 

matrix solutions of Diophantine equations if there exist two positive integers 

m,  such that .0 n
m IB  

Denote by 

      NNN ,,0: mIBMBD n
m

nn  

the set of all construction structures of matrix solutions of Diophantine 

equations from  .NnM  It is easy to check that for all  ,NnDB   

  ,0det B  where  Bdet  denotes the determinant of the matrix B. 
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Definition 2.3. Let ,,  Nmn     Cnnjiij MaA   ,1  and B  

   .,1 Cmmjiij Mb   Then the Kronecker product of A and B is the matrix 

BA   defined by 

.

21

22221

11211























BaBaBa

BaBaBa

BaBaBa

BA

nnnn

n

n

⋯

⋮⋯⋮⋮

⋯

⋯

 

It is known that for  CN nMAmn  ,,  and  ,CmMB   in 

general, .ABBA   Moreover,  

.mnnmmn IIIII   

3. Matrix Solutions of the Exponential Diophantine Equation 

    2ZIYIX
n

q
bm

q
a   

Denote by  NrR  the set of all Rare matrices of order r and index 1, for 

,2r  that is, 

    .0,

00000

100000

010000
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000010




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
























































 xM

x

R rr NN

⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯

 

Therefore, 

     .NNN rrr MDR   
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3.1. Case 1: 0a  or 0b  

Without restricting the problem, suppose that 0b  and .0a  Similar 

results are obtained for 0a  and .0b  For the case where a is an even 

number, we have the following: 

Proposition 3.1. Let   be an integer and , a, x be positive integers 

such that ,2qa    Nq  and .x  Let  NaR  be the set of all Rare 

matrices of order a and index 1. Let  ,, Nax RAA
x
  with 

    .1
nm

x x   

The terms of the sequence of matrices    x
q

x
x

AA ,  are matrix solutions 

of the Diophantine equation 

    .1 2ZIIX a
nm

a
a   

Proof. Notice that for ,x  x  is a non-zero positive integer. 

Therefore, 

         a
nm

aa
nm

a
a
x IIxIIA 11   

because  .Nax RA   Hence, 

        .11 a
n

a
m

a
nm

a
a
x IIxIIA   

So, 

      .1
2qa

axa
nm

a
a
x

xx
AAIIIA    

Consequently, for ,x       21
q

a
nm

a
a
x

x
AIIA   and the 

result follows. □ 

Now, we investigate the case where a is an odd number. 

Proposition 3.2. Let   be an integer and let xa,,  be positive 

integers such that ,12  qa  Nq  and .x  Let  NaR2  be the set 
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of all Rare matrices of order 2a and index 1. Let  Nax RAA
x 2,   with 

    .1
nm

x x   

Then, the terms of the sequence of matrices    x
a

x
x

AA ,2  are matrix 

solutions of the Diophantine equation 

    .1 2
22 ZIIX a

nm
a

a   

Proof. Suppose that x  and  ., 2 Nax RAA
x
  Then 

         a
nm

a
a

xa
nm

a
a

x IIAIIA 22
2

22
2 11   

     ,1 22 a
nm

a IIx   

due to the fact that  .2 Nax RA   Therefore, 

         .11 2222
2

a
n

a
m

a
nm

a
a

x IIxIIA   

Hence 

      22
222

2 1 aa
axa

nm
a

a
x

xx
AAIIIA    

and the result follows. □ 

3.2. Case 2: 0a  and 0b  

Consider ., Z  Then for Nmnyx ,,,  such that x  and 

,y  write       .,,
nm

nm yxyx   Then it follows that 

  .0,,  yxnm  

Proposition 3.3. Let yxba ,,,  be non-zero positive integers and ℓ  be 

the least common multiple of a and b. Suppose that ℓ  is an even number and 

let    NℓRAAA yxyx nm
 ,,

,,  be Rare matrices of order ℓ  and index 1, 

with 
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      .,,
nm

nm yxyx   

Then, the terms of the sequence of matrices 

     yx
t

yx
s
y

r
x

nm
AAA ,,,

,,  

are matrix solutions of the Diophantine equation 

    .2,2 tsbarZIYIX
nbma  ℓℓℓ  

Proof. Since    NℓRAAA yxyx nm
 ,,

,,  and ,2tsbar ℓ  

         nsb
y

mra
x

nbs
y

mar
x IAIAIAIA ℓℓℓℓ   

    .
n

y
m

x IAIA ℓ
ℓ

ℓ
ℓ   

Due to the fact that ℓ
ℓ xIAx   and ,ℓ

ℓ yIAy   

            .
nmnbs

y
mar

x IyIxIAIA ℓℓℓℓ   

Therefore, 

          .ℓℓℓℓ IyIxIAIA
nmnbs

y
mar

x   

As       ,,,
nm

nm yxyx   

         .,
,,

,

ℓ
ℓℓℓ yxnm

nbs
y

mar
x

nm
AIyxIAIA   

So, 

             .
2

,
2

, ,,

t
yx

t
yx

nbs
y

mar
x

nmnm
AAIAIA   ℓℓ  □ 

In the case where ℓ  is an odd number, we have the following: 

Proposition 3.4. Let yxba ,,,  be non-zero positive integers and ℓ  be 

the least common multiple of a and b. Suppose that ℓ  is an odd number and 

let    Nℓ2,,
,, RAAA yxyx nm

  be Rare matrices of order ℓ2  and index 1, 
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with 

      .,,
nm

nm yxyx   

Then, the terms of the sequence of matrices 

      3,,,
,, Nℓ
ℓ

MAAA yxyx
s
y

r
x

nm
  

are matrix solutions of the Diophantine equation 

    .2,2
22 bsarZIYIX

nbma  ℓℓℓ  

Proof. Suppose that    .,, 2,,
NℓRAAA yxyx nm

  Then 

          .2222
nbs

y
mar

x
nbs

y
mar

x IAIAIAIA ℓℓℓℓ   

Since ,2 bsar ℓ  

          .2
2

2
2

22
n

y
m

x
nbs

y
mar

x IAIAIAIA ℓ
ℓ

ℓ
ℓ

ℓℓ   

Due to the fact that ℓ
ℓ

2
2 xIAx   and ,2

2
ℓ

ℓ yIAy   

          .222
2

2
2 nmn

y
m

x IyIxIAIA ℓℓℓ
ℓ

ℓ
ℓ   

This implies that 

          .2222 ℓℓℓℓ IyIxIAIA
nmnbs

y
mar

x   

So, 

         .,
2

,2,22
,

ℓ
ℓℓℓ yxnm

nbs
y

mar
x

nm
AIyxIAIA   

Therefore, 

           .
2

,22
,

ℓ
ℓℓ yx

nbs
y

mar
x

nm
AIAIA   □ 

Now, we investigate the Kronecker product of Rare matrices. 
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Lemma 1. Let x, r, p be non-zero positive integers such that 2r  and 

 Nrx RA   be a Rare matrix of order r and index 1. Then 

    .rp
r

xp
r

px xIAIIA   

Proof. Suppose  Nrx RA   with .2r  Then .r
r
x xIA   

(a) We show that   .rp
r

xp xIAI   Notice that 

 

r

x

x

x

x

x

x

r
xp

A

A

A

A

A

A

AI































00000

00000

00000

00000

00000

00000

⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯

 

.

00000

00000

00000

00000

00000

00000































r

r

r

r

r

r

xI

xI

xI

xI

xI

xI

⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯

 

Therefore, 

  .rprp
r

xp xIIxIAI   
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(b) Next, we show that   .rp
r

px xIIA   Notice that 

.

00000

00000

00000

000000

00000

00000































⋯

⋯

⋯

⋮⋮⋮⋯⋮⋮⋮

⋯

⋯

⋯

p

p

p

p

p

px

xI

I

I

I

I

IA  

Therefore, 

 .

0000000

000000

0000000

0000000

10000000

01000000

0100000

00010000

Nrppx M

x

x

x

x
IA 









































⋯⋯

⋯⋱

⋮⋱⋱⋱⋱⋱⋱⋱⋱⋮

⋱⋱

⋱⋱

⋱⋱

⋱⋱

⋱⋱⋱⋱⋱⋱⋱⋱⋱⋮

⋱⋯

⋯⋯

 

Consequently, px IA   is a Rare matrix of order rp and index p. So, 

px IA   is the pth power of a Rare matrix xE  of order rp and index 1. 

Hence 

     .rp
rp
x

rp
x

r
px xIEEIA   □ 

It is well known that for every ,2r  the matrix  Nrx RA        

generates r construction structures ,, ixA   ,...,,1 ri   of matrix solutions of 

Diophantine equations, by the permutations of x and 1 between the columns 

of .xA  
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Denoting by 

     0,...,,1,, ,,  xriAAACS T
ixixx  

the set of all construction structures associated to ,xA  we have the following 

remark: 

Remark 3.1. Let x, r and p be integers such that ,1x  2p  and 

.2r  Then for every Rare matrix  Nrx RA   of order r and index 1, and 

 ,xx ACSK   

(1)   rpp
r
x

r
px xIIKIK   and   .rp

r
xp

r
xp xIKIKI   

(2)   p
T
x

T
px IKIK   and   .T

xp
T

xp KIKI   

Consequently, for all 2p  and  ,xx ACSK   the matrices denoted by 

  xpK KIpB
x

  and   pxK IKpD
x

  are construction structures of 

matrix solutions of Diophantine equations. Now, we investigate the matrices 

obtained from the permutations of x and 1 between the columns of  pB
xK  

and  .pD
xK  It should be noted that there are 








p

rp
 associated matrices to 

 pB
xK  and 








p

rp
 associated matrices to  pD

xK  by the permutations of x 

and 1 between the columns. However, many of these matrices are not 

construction structures of matrix solutions of Diophantine equations. In fact, 

among the associated matrices to  ,pB
xK  in those for which the 

permutations are made in the blocks xK  are construction structures of 

matrix solutions of Diophantine equations. In this case, the number of such 

matrices is .pr  The matrices associated to  pD
xK  in which we have x in p 

consecutive columns, or x in the first k columns and in the last kp   
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columns, ,11  pk  are construction structures of matrix solutions of 

Diophantine equations. The number of such matrices is rp. Denote those 

matrices by 

     .,...,,1,
, xx

p
K ACSKrrpipH

ix
  

The construction structures set of matrix solutions 

         xx
p

Kx ACSKrrpipHpACS
ix

 ,...,,1,
,

 

has exactly 12 22  prpr  elements. Notice that for every  xx ACSK   

and every ,2p  there are many over structures of matrix solutions 

generated by  pB
xK  and  ,pD

xK  which are not in   .pACS x
  

Example 3.1. Assume that  .
0

10
2 NR

x
AK xx 








  So, 

  









0

0
3

3

3

xI

I
D

xK    and     .

00

00

00

3

















x

x

x

K

K

K

K

B
x

 

Denote by    ,6...,,1,3
,

 iHD
ixKi  the six associated matrices to 

 .3
xKD  In particular, 

,

00000

00000

000001

100000

010000

00000

,

00000

00000

00000

100000

010000

001000

21





















































x

x

x

D

x

x

x
D  
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,

000100

000010

000001

00000

00000

00000

,

00000

000010

000001

100000

00000

00000

43




















































x

x

x

D

x

x

x

D  

.

000100

00000

00000

00000

010000

001000

,

000100

000010

00000

00000

00000

001000

65





















































x

x

x
D

x

x

x

D  

Denote by  ,3
, ixKi HB    ,8...,,1i  the eight associated matrices to 

 .3
xKB  In particular, 

,

00000

100000

00000

001000

000001

00000

,

00000

100000

00000

001000

00000

000010

21





















































x

x

x

B

x

x

x

B  

,

010000

00000

00000

001000

00000

000010

,

00000

100000

000100

00000

00000

000010

43





















































x

x

x

B

x

x

x

B  
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,

010000

00000

00000

001000

000001

00000

,

00000

100000

000100

00000

000001

00000

65





















































x

x

x

B

x

x

x

B  

.

010000

00000

000100

00000

000001

00000

,

010000

00000

000100

00000

00000

000010

87





















































x

x

x

B

x

x

x

B  

Moreover, the matrices 



























00000

000010

00000

001000

00000

100000

1

x

x

x

E    and   



























00000

000010

00000

100000

00000

001000

2

x

x

x

E  

associated, respectively, to  3
xKB  and  3

xKD  satisfy   ,6
22 xIEE T

ii   

for  ,2,1i  but   .3,,, 2121 x
TT ACSEEEE   

Proposition 3.5. Let a, b and p be positive integers such that ,2p  

0a  and .0b  Let ℓ  be the least common multiple of a and b. Suppose 

that pℓ  is an even number. Let   Nkkx  and   Nkky  be two increasing 

sequences of non-zero positive integers. Assume that 

   0000 :min,,max NyandNxkkN kk  N  

and let   Nkkz  be the sequence defined by 
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    .,
n

k
m

kk yxzk  N  

Then the terms of the sequence of matrices  
0

,, kk
t
z

s
y

r
x kkk

GFE   are matrix 

solutions of the Diophantine equation 

    ,2,2 tsbarpZIYIX
n

p
bm

p
a  ℓℓℓ  

where   ,pACSE
kk xx

    pACSF
kk yy

  and   ,pACSG
kk zz

  

with  
kkk zyx AAA ,,  a triple of Rare matrices of order ℓ  and index 1. 

Proof. Suppose that 

          .,, pACSpACSpACSGFE
kkkkkk zyxzyx

   

This implies that 

pk
p

ypk
p

x
IyFIxE

kk
ℓ

ℓ
ℓ

ℓ  ,    and   .pk
p

z
IzG

k
ℓ

ℓ   

It follows that 

          .
n

p
sb
y

m
p

ra
x

n
p

bs
y

m
p

ar
x

IFIEIFIE
kkkk

ℓℓℓℓ   

Due to the fact that ,sbrap ℓ  we have 

          .
n

p
p

y
m

p
p

x
n

p
bs

y
m

p
ar

x
IFIEIFIE

kkkk
ℓ

ℓ
ℓ

ℓ
ℓℓ   

Since pk
p

x
IxE

k
ℓ

ℓ   and ,pk
p

y
IyF

k
ℓ

ℓ   

            .
n

pk
m

pk
n

p
bs

y
m

p
ar

x
IyIxIFIE

kk
ℓℓℓℓ   

Therefore, 

          .p
n

kp
m

k
n

p
bs

y
m

p
ar

x
IyIxIFIE

kk
ℓℓℓℓ   

So, as     ,
n

k
m

kk yxz   we can claim that 

        .
22 t

z
t

z
p

zpk
n

p
bs

y
m

p
ar

x kkkkk
GGGIzIFIE  ℓ

ℓℓℓ  □ 
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Consequently, if pℓ  is an even number, then there are at least 

   3132
min 2

 p
ppN ℓℓ  

construction structures of matrix solutions of the Diophantine equation 

    .2ZIYIX
n

p
bm

p
a  ℓℓ  

Each construction structure allows us to construct a sequence of matrix 

solutions. We are going to look at the case where pℓ  is an odd number. 

Proposition 3.6. Let a, b and p be positive integers such that ,2p  

0a  and .0b  Let ℓ  be the least common multiple of a and b. Suppose 

that pℓ  is an odd number. Let   Nkkx  and   Nkky  be two increasing 

sequences of non-zero positive integers. Assume that 

   0000 :min,,max NyandNxkkN kk  N  

and let   Nkkz  be the sequence defined by 

    .,
n

k
m

kk yxzk  N  

Then, the terms of the sequence of matrices are matrix  
0

,, kk
p
z

s
y

r
x kkk

GFE 
ℓ

 

solutions of the Diophantine equation 

    ,2,2
22 bsarpZIYIX

n
p

bm
p

a  ℓℓℓ  

where   ,pACSE
kk xx

    pACSF
kk yy

  and   pACSG
kk zz

  

with  
kkk zyx AAA ,,  a triple of Rare matrices of order ℓ2  and index 1. 

Proof. Since 
kkk zyx AAA ,,  are Rare matrices of order ℓ2  and index 1,  

pk
p

ypk
p

x
IyFIxE

kk
ℓ

ℓ
ℓ

ℓ
2

2
2

2
,     and   .2

2
pk

p
z

IzG
k

ℓ
ℓ   
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So, 

    mp
ra
x

m
p

ar
x

IEIE
kk

ℓℓ 22   

and 

     .22
n

p
sb
y

n
p

bs
y

IFIF
kk

ℓℓ   

Due to the fact that ,2 sbrap ℓ  we have 

pk
p

x
ra
x

IxEE
kk

ℓ
ℓ

2
2     and   .2

2
pk

p
y

sb
y

IyFF
kk

ℓ
ℓ   

Therefore, as     ,
n

k
m

kk yxz   

      .
2

222
p

zpk
n

p
bs

y
m

p
ar

x kkk
GIzIFIE
ℓ

ℓℓℓ   

As ,2
2

pk
p

z
IzG

k
ℓ

ℓ    

        .
2

22
p

z
n

p
bs

y
m

p
ar

x kkk
GIFIE
ℓ

ℓℓ   □ 

We can observe that if pℓ  is an odd number, then there are at least 

   3132
min 28

 p
ppN ℓℓ  

construction structures of matrix solutions of the Diophantine equation 

    .2
22 ZIYIX

n
p

bm
p

a  ℓℓ  

From all the above, we obtain our main result. 

Theorem 3.1. Let a and b be positive integers such that    .0,0, ba  

Let ℓ  be the least common multiple of a and b, and q be a multiple of ℓ  

different from zero. Then for Z,  and ,, Nnm  the exponential 

Diophantine equation 

    ,2ZIYIX
n

q
bm

q
a   
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admits an infinite number of matrix solutions from the set 

       ,0det:  AMAGL qq NN  

where ,pq ℓ  if pℓ  is an even number and ,2 pq ℓ  if pℓ  is an odd 

number with .Np  

Proof. For 0a  or ,0b  the result follows from Propositions 3.1  

and 3.2. When 0a  and ,0b  Propositions 3.5 and 3.6 complete the 

proof. □ 
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