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the bicharacter algebras, Nichols bicharacter algebras, etc. We obtain

explicit bases for £(V)g and £(V ) over a connected braided vector
V of diagonal type with dimV =2 and p;; = pp = -1. We give
the sufficient and necessary conditions for £(V)g = £(V), £(V)_ =
£V), BV)=F®LV)g and BV )=F @ £(V)_, respectively.
We show that if 9B(V) is a connected Nichols algebra of diagonal type
with dimV > 1, then B(V) is finite-dimensional if and only if £(V)_

is finite-dimensional if and only if £(V)g is finite-dimensional.

Received: April 4, 2025; Accepted: May 30, 2025
2020 Mathematics Subject Classification: 17B66, 17B40, 16T05.

Keywords and phrases: bicharacter algebras, Nichols algebras, Nichols bicharacter algebra.

How to cite this article: Weicai Wu, On Nichols bicharacter algebras, JP Journal of Algebra,
Number Theory and Applications 65(1) (2026), 71-104.
https://doi.org/10.17654/0972555526005

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Published Online: November 19, 2025




72 Weicai Wu

1. Introduction

Nichols algebras play a central role in the theory of pointed Hopf
algebras, and the classification of (braided) Lie algebras has been an
international hotspot and cutting-edge problem in the field of algebras. A
great deal of attention has been paid to the question of finite-dimensionality
of Nichols algebras (see [6, 7, 9, 10, 11, 21]). The interest in this problem
arose from the work of Andruskiewitsch and Schneider [3] on classification
of finite dimensional (Gelfand-Kirillov) pointed Hopf algebras which are
generalizations of quantized enveloping algebras of semi-simple Lie
algebras. On the other hand, Lie algebra arising from a Nichols algebra was
studied in [1, 2]. The theory of Lie superalgebras has been developed
systematically, which includes the representation theory and classifications
of simple Lie superalgebras and their varieties [13]. A sophisticated
multilinear version of the Lie bracket was considered in [14, 18, 16]. Various
generalized Lie algebras have already appeared under different names, e.g.,
Lie color algebras, € Lie algebras [19], quantum and braided Lie algebras
[17], braided m-Lie algebras [23] and generalized Lie algebras [8].

In this work, we define two new Lie operations, this is one of the main
results in this paper, which enables us to define the bicharacter algebras (all
linear Lie algebras and Kac-Moody algebras are bicharacter algebras),

Nichols bicharacter algebras, etc. Braided Lie algebra (with braided Lie

operation [u, V] =vu - p, ,uv) seems to be ‘located’ between two Lie

algebras (the wusual ones with Lie operation [u,Vv] =uv-vu and
bicharacter algebras with Lie operation [u, V] = py 4uv — py yWu or
[u, VIg = py,yuv — Py yvu), which is of great significance for revealing the

relationship between braided Lie algebra and Lie algebra. In the rest of the
paper, there is focus on Nichols bicharacter algebras, which is a cross
research target in Lie algebras and Nichols algebras. It was proven that a
Nichols algebra is finite-dimensional if and only if the corresponding Nichols
bicharacter algebras are finite-dimensional. This provides a new method for
determining when a Nichols algebra is finite dimensional.
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This paper is organized as follows. In Section 2, we recall some results
on Lie algebras and Nichols algebras, and define bicharacter algebras and

Nichols bicharacter algebras. Section 3 presents explicit bases for £(V ) and
£(V)g, where V is a connected braided vector space of diagonal type with
dimV =2 and p;; = py o =-1. In Section 4, we present the sufficient
and necessary conditions for £V )z = £(V), £V)_ =£(V), BV)=F ®
£(V)g and B(V)=F & £(V),, respectively. In Section 5, we prove that
B(V) is finite-dimensional if and only if £(V), is finite-dimensional, or
equivalently £(V )g is finite-dimensional, when B(V) is a connected Nichols
algebra of diagonal type with dimV > 1.

Z denotes the set of integers and N that of positive integers.

Ny = N U {0}. F denotes a field of characteristic 0 and F* = F — {0}.

2. Preliminaries

In this section, we recall some results on Lie algebras and Nichols

algebras, and define bicharacter algebras and Nichols bicharacter algebras.
i

Let E ={e|, e, ..., &}, 6 = (m, . 0)eZ 1<i<n Let A=
{X{, X3, ..., Xy} be an alphabet and a basis of V = span(A), likewise,
associated with each letter X; are an element € = deg(x;) of Z" and a
character ¥ : Z" — F*. Let the empty word be 1. Then W := {uju
is a word} is a basis for T(V) =span(W). Let V* denote the vector
space dual to V and {yj, Y5, ..., ¥} denote the dual basis of V*, where
deg(y;) = —¢, " :Z" > F" Let T(V) be free generated by
1UV :={L, X, yi|]1<i<n} and W be a basis of T(V) with that each
element in W is gotten from one in 1V by multiplication elements of

1UV. Then W is a monoid with 1, for all u € W, denote by deg(u) an
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element of the group Z" which results from u by replacing each occurrence
of the letter X; (or y;) with & (or—gj). By %" we denote a character which
results from u by replacing all X; (ory;) with x* (orx1). For a pair of

words U, ve W, put p, , = x"(degV), where

pXi,Xj = XXi (deg Xj)7 p)zll,XJ ZXXi (deg yj)y

p;il,xj =271 (deg X)), Py, x; = 2" (degyj).

Obviously, Pyy;,v = Pu,vPu,v> Pu,w; = Pu,vPu,y,» that is the operator
p... is a bicharacter defined on W. Moreover, we call p... is a symmetrical
bicharacter if p,y = pyy for all u,v eW. Define Uo| V:= Py, uuv,
Uog V= pyyuv. Clearly, (T(V),o ) and (T(V),eg) are associative
algebras. Assume that A(V) is in general a quotient algebra of some
subalgebras of T(V), then (A(V), o) and (A(V), og) are associative
algebras. Especially, (T(V), o) and (T(V), og) are associative algebras.
Let | be the (two sided) ideal in T(V) generated by all xXj — X;X;,

1<i, j<nandcall S(V)=T(V)/l the symmetric algebra on V.

Lemma 2.1. If (A, o) is an associative algebra together with the bilinear
operation [, -] defined by [u,v]=uov-vou for any homogeneous

elements u, v € A, then (A, [, ]) is a Lie algebra.

If we define the bilinear operations [u, V], =Ue V-Vo u and
[u,vl]g =uegv—-vogu for all u,veW, then (AV) [, ] ) and
(A\V), [, -]z) are Lie algebras, which are called L-bicharacter algebra and
R-bicharacter algebra, written as A(V), and A(V)g, respectively. Both

L-bicharacter algebra and R-bicharacter algebra are called bicharacter
algebras.
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Remark 2.2. (i) (S(V),o_) (resp.(S(V),oR)) is a commutative

associative algebra if and only if p. . is a symmetrical bicharacter.

(ii) Let S(V)_ and S(V)g denote the Lie algebras generated by V in
S(V) under Lie operations [u, V] = py quv— py U, [u,V]g = py yuv
— Py,uVU, respectively, for any homogeneous elements u, v € S(V). Then

[u, vl = (py,u = Pu,v)uVv = —[u, vl and S(V)_ = S(V)R.

(iii)) Linear Lie algebras and Kac-Moody algebras are bicharacter

algebras, where p, = py .y = 1.
Let hj = X;¥j — ViX;, (aj, o) be Cartan integers, 1<1i, j <n. Then
(ad u)_ (v) = [u, v]_, (ad u)g(v) =:[u, v]g, forany u, v e T(V).

Proposition 2.3 (See [12, Proposition 18.1, Theorem 18.3]). (1) With the
above notation, (A, )L is generated by {x;, yj|1 <i <n} and p.. isa

symmetrical bicharacter, then (A, ), is a finite dimensional semisimple Lie

algebra if and only if these generators satisfy the following relations:
(1) [hi, hJ]L =0,1<1i, j<n
@G [x, yil, = p;il,xihi’ [Xi, yjl. =0 ifi = j
(i) [y, X1 = oo ai)xjo [, vl = ~(aj, o) yj 1<i j<n
. —<0Lj,oti>+1 o .
(iv) (ad x;), (xj)=01ifi= j
—<0Lj,oci>+l . .
(v) (ad y;), (yj)=0ifi= ]

(2) With the above notation, (A, )y is generated by {x;, y;|1 <i < nj}
and p.. is a symmetrical bicharacter, then (A, )g is a finite dimensional

semisimple Lie algebra if and only if these generators satisfy the following
relations:
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(1) [hi, hJ]R =0,1<1, j<n.

(i) [X: Yilg = P Mo %o YjJr = 0 if i |

(111) [hi, Xj]R = <(1j, (Xi)Xj, [hi, yJ]R = _<(Xj, ai>yj: 1< i, J <n

(i) (ad xR (x;) =0 if i = .

™) (ad )Ry = 0 i i |

Example 2.4. When dimV =1, (A, )g is a Lie algebra with generators
: -1
X1, Y1 and relations [Xl, yl]R = pX],thl’ [hl’ XI]R = 2X1, [hl’ yl]R =
—2Yy). Moreover, (A;)g = (A/),.

From now on let V = {X, ..., Xy} be a basis of vector space V and
C(Xi ® XJ) = GjjXj ® x; with Qjj = pxi,xj. Then V is called a braided
vector space of diagonal type, {X, ..., X,} is called canonical basis and
(Gij)nxn is called braided matrix. In this case, Xjop Xj = (9j- Xi)Xj,
Xj °R Xj = X (gj. X j)- Throughout this paper all of braided vector spaces are

connected and of diagonal type without special announcement.
Let Sy, € Endy (VE™) and Si,j € Endk(V®j+1) denote the maps

-1
S =[[@{d®" e S1j):
j

3

Il
—_

: I R | I P
S,j=1d +Cjp +C3Co3 +---+CpCh3--Cj i

(in leg notation) for m > 2 and j € N. Then the subspace S = @ ker Sy,
m=2

of the tensor algebra T (V) is a two-sided ideal, and algebra B(V) = T(V)/S
is termed the Nichols algebra associated to (V, C) (see [9, Definition 1.2.2]).



On Nichols Bicharacter Algebras 77

Let Ry :={a|a is a primitive mth root of 1}. Set Ry :={l, o, o’}

Write i for X; in short.
Lemma 2.5. Assume that i = j. Then
) [%, Xj]L =0 ifandonlyif p; ; = pj; =1.

(ii) [xi, Xjlg = 0 ifandonly if p; ; = pj;=10r pj j=o, pj; = w’

2
or pi,j:m,pj,i:co.

Proof. (i) (i, [xi, Xj1.) = (pji = Dxj. (¥j» [, xj10) = = pi j) .
i) (i, Do Xjlr) = Pij (R = Pi.i)Xjs

(v 4. xjIr) = Pii(pij = PT.i) % O
Let £(V), £(V)_ and £(V)g denote the Lie algebras generated by V

in B(V) under Lie operations [u, V]” = uv —vu, [u,v], = py 4uv—p, VU,
[u, vlg = Py,vUv — Py VU, respectively, for any homogeneous elements
u,ve %(V) Then (‘Q_(V )’ ['a ']_)5 (S(V)La ['a ]L) and (S(V)Ra [.a ]R) are

called Nichols Lie algebra, Nichols L-bicharacter algebra and Nichols R-
bicharacter algebra of V, respectively. Let £(V) denote the braided Lie

algebras generated by V in B(V) under Lie operations [u, V] = vu — py ,vu,

for any homogeneous elements u, v e B(V). Then (£(V), [, -]) is called
Nichols braided Lie algebra of V.

Remark 2.6. Assume that p.. is a symmetrical bicharacter. Then
£(V)=2£(V), =£L(V)g since
[U, V]R = [U, V]L = pu,v[u’ V]_

for any homogeneous elements U, v € B(V).
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Let I0[v], = v, WIV], = [u, \7'[v] ], i > 1. Similarly define ri[v],.
Let IS[V]R =V, IliJ[V]R = [u, I&_I[V]R]R, i > 1. Similarly define rJ[V]R. In

fact, 1h[v]g = [U, [u, ..., [u, vIg -~ s ]k

3. Nichols Bicharacter Algebra with dimV =2 and p;; = py , = -1

In this section, we obtain explicit bases for £(V), and £(V)g, where V
is a connected braided vector space of diagonal type with dimV =2 and

Pr1 = P22 =-L

Lemma 3.1 (See [22, Lemma 4.1]). Assume that 9(V) is a connected
Nichols algebra of diagonal type with dimV =2 and p; | = py , = —1.

(i) If u is a non-zero monomial, then there exists o € F* such that
U= a(XX ) X, or oy (X)X, or a(xx)<*!, or axyx )¢t k > 0.

(ii) Let

k k k k

P = (X (x1%2)", (X1%2)" X1, (X1X2)", Xa(X1X2)" X1, 0 < K < ord(py 2P, 1)}-
Then P is a basis of B(V).

3.1. Nichols R-bicharacter algebra

Lemma 3.2. Assume that £(V)g is a connected Nichols R-bicharacter

algebra of diagonal type with dimV =2 and p;; = py , = —1. Then

. . i(i+1) ;
() (I, ) [xilg = (=2)'(P2P2 1) 2 (Xi%2)' X and

i(i+1

(P )i[Xz]R = (—2)i(p1,2p2,1) 7 Xy (x%p) for i > 0.

(ii) For any method o adding bracket [, ]z and k > 0, there exist
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k k
ok, Bk € F such that o(Xi, Xi, » s Xiy,, ) = Bk (X1X2)" X; 0F BrXa (X1%2)
d olx. . x oy k k ok k
an G(Xuls Xiys ws Xigy ) = ok (P 2(X1X2)" — P2,1(X2%1)").

(i) [[lxi, x2Jr> Xi]gs *2Irs - Xi]R IR

k (k

_ -1)
= 2 YpLapa1) 2 (Ptz(xlxz)k - plz(’l(xle)k),
where there exist 2k — 1 brackets in the left hand side.
(iv)

(Y1, p{,z(X1X2)i - piz,l(X2X1)i> = p{,z(l + (—pl_épz,1)i)x2(x1x2)i_l,

. . . . , PN i1
(2, PL2(x%2)' = P 1(%2x1)') = =po 1 (1 + (=1, 2P2 1) ) (Xa%)' ™ %y
Proof. (i) It can be proved by induction on i.

(i) We show this by induction on k. It is clear for kK = 1. Now assume

k > 1. Then we have
S(Xijs Xi» weos Xigy ) = [01(Xips Xiys wvos Xing )s 62 (Xigg > Xiys s Xy )r OF
S(Xips Xig» wees Xigge ) = [01(Xips Xiys voos Xing 1) 02(Xing s Xig» woos Xigy MR-
In the first case, we have
S(Xj; s Xiys -ees Xigy )

= [Gl(Xil, Xi2, ey Xi2s ), Gz(Xi25+l, Xiz, e Xizk )]R

[os(PF 2 (X1%2)° = P31 (%a%1)*)s o (PL 2 (x%0)" = P51 (ox)D]R

(by inductive assumption, where s +t = k)

o (P2 (3% )k = 5 1 (0% )¥) (where oy = 0).
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In second case, we have
S(Xi; > Xiys +ees Xigy )
= [01(Xips Xiy s woos Xiyg 1 ) 02 (Xig 5 Xiys s Xiy )R
= [Bs (X, Xj,)° X, » Be (X, Xy ) %k, g
(by inductive assumption, where s+t +1=Kk, j; # j, and k; # ky)
0, when k| = J;

k k
= BSBt(_l)S+t(pjl, j2 pjz, jl )St(pjl, j2 (lesz)

k k -
B pjz’jl (XJZXJI) ) When kl * Jl

= Otk(P1k,2(X1X2)k - plz(,l(xle)k),

G(Xil, Xiz’ s Xi2k+1)

= blo1(Xi;» Xiys s Xing ) 02(Xig, 1> Xingrns > Xige o )R

(where b =1 or 1)

= [as(pls,z(xlxz)s - pil(xle)s), Bt (Xk, Xk, ) Xk, R

(by inductive assumption, where s +t = k and k; # k,)

205Be (-1)°(py.2 P2,1)5t+S(X1X2)k X1, when k; =1

! K
205Bt (-1)°" (py. pz,l)SHS(XzXl) Xy, whenk; =2

k
= Br (X, Xk, )" Xk, -

Consequently, (ii) holds.
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(iii) We show this by induction on K,

[[[[[Xls XZ]R’ XI]R’ X2]R’ ey XI]R]R

(k= )( _ _ _
2(papa1) 2 [[(P1 o) = P51 X)), xiTks %o TR
(by inductive assumption)
B —( “D (k- k-1 k-1 k-1
= 2 (pl 2P2.1) 21" (prap2,1)" " (X%2)" ™ X1, Xolg

ke k(k-1) _ _
= (-1 T2k l(pl,zpz,l) 7 (- lp{(,z(xlxz)k — (1) lplz(,l(xle)k)

“(p1.2p, 1) 2 (IO1 2 (xi%0)¢ = P51 (X% ). O

Theorem 3.3. Assume that £(V ) is a connected Nichols R-bicharacter

algebra of diagonal type with dimV =2 and p;; = pp , = —1. Let

{pkﬂ(xﬁz)k+1 - p'z“il(xle)kHa Xz(Xlxz)k, (Xlxz)k X, 0 <k <mj}
- {|01,2(X1X2)m - pg}l(xle)m}
when (—=p;3p2 )" = (—pp2py ;)" = -
with ord(pl’zpz’l) =M<
k+1 k+1  k+1 k+1 k k
{12 (x%2) P21 (XX))" T, X (x1%0)", (X %)™ Xy,

0 <k <ord(p;2p2,1)}, otherwise.

Then P is a basis of £(V )g. Furthermore, if ord(p; 2p;,1) = M < o, then

] )
dim &(V)g = 3m—1, when (=py5p5,1)" = (=pi2py )" = -
3m, otherwise.

Proof. By Lemma 3.1(ii) and Lemma 3.2(iv), P, is linearly independent.
It follows from Lemma 3.2(i) (iii) that P, < £(V )g. By Lemma 3.2(ii), P, is

a basis of £(V)g. O



82 Weicai Wu

3.2. Nichols L-bicharacter algebra

Lemma 3.4. Assume that £(V), is a connected Nichols L-bicharacter

algebra of diagonal type with dimV =2 and p;; = p, , = —1. Then
_ i i i(i+1) i
(i) (rg T, ) il = (=2)'(pr2P2,1) " 2 (X1X2) %, and

('l = (2 (Prapan) 2 xaxxs)! for i 2 0.
(ii) For any method o adding bracket [, -], and k > 0, there exist oy,
Bk € F suchthat o(Xj, Xiys s Xiy, ) = Bk(xlxz)k X; or ka2(x1x2)k and
S(Xiy Xy s Xig,) = 0 (P51 (X1%)" = PiC2 (x22)9).
(it) [[[lxq. X2]|_, X1]|_a X2]|_, e Xl]|_]|_

) k(k—1)
= 2 1(Pl,z P2.1) (Dlz(,l(xlxz)k - p1k,2(X2X1)k)a

where there exist 2k — 1 brackets in the left hand side.
(iv)
(V1. P51(x2) = P2 (o)) = (<DF (1 + (=2, 1) ) %o (xx0)'
(Y2, Piz,l(Xlxz)i - D{,z(xle)i> = ()14 (- Pl,z)i)(xlxz)i_lxl-

Proof. (i) It can be proved by induction on i.

(i) We show this by induction on k. It is clear for kK = 1. Now assume

k > 1. Then we have
G(Xil, Xiz’ e Xizk) = [Gl(Xil, Xi2’ ey Xizs ), Gz(Xil, Xiz, ey Xi2t )]L or

G(Xil, Xiz, e Xizk) = [Gl(xi1’ Xi2, s Xi2s—1)’ Gz(Xil, Xiz’ e Xi2t—1)]|-'
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In the first case, we have
G(Xil, Xiza ey Xizk)

= [o1 (%> iy s Xigg ) 02 (Xing 1> Xiy - Xigy ML

[os (P31 (x1%2)° = PE 2 (%ax1)®), o (Ph 1 (}%2)" = Pf 2 (xax)D]L

(by inductive assumption, where s +t = k)

k k k k
o (P2,1(x1%2)" = pr.2(X2%;)") (Where oy = 0).
In second case, we have
G(Xil, Xiz, ooy Xizk)
= [Gl(Xil, Xi2, ey Xi25+1), Gz(Xi25+2, Xi2, ey Xi2k )]L
t
= [BS(lesz )sxj]’ Bt(xklxkz) Xkl )]L
(by inductive assumption, where s +t+1 =Kk, j; # j, and k| # ky)

0, when k; = J;
_ S+t st/ .k k
- BSBt(_l) (pjl,jz pjz,jl) (pJ2,J](XhX12)

- pljfl,jz(szle)k) when k; # j;
k k k k
= ay(p2,1(X1X2)" = P12 (X2%1)"),
G(Xil, Xiz’ e Xi2k+1)
= bloy (5 Xiys v Xigg ) 02(Xing 15 Xiggps s Xigge, L
(where b =1 or 1)

= [as(pg,l(xlxz)s - p1s,2(X2X1)S), Bt(xkl Xk, ) Xk, )

(by inductive assumption, where s +t = k and k; # k,)
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k
_ 20Be(-1)°(py 2P0, )™ P (xi%) ., when ky =1
206B (1) (P12 P2 1) S (%oX) K X, When Ky = 2
_ k
- Bk(xkl sz ) Xkl .
Consequently, (ii) holds.

(iii) We show this by induction on K,
[Txes %210 xids %20y o XLl

(k- )(

2(papa1) 2 [[(Pz T - I01 200X, X1, %],
(by inductive assumption)
~ (k=1)(k-2) _ _ _
=2 (papt) 2 DTN ) T o) g, %]
k(k-1) ~
= (DK 2 opa ) 2 (DK 1 (axa)F — (DR P (x0%)6)
k(k—1)
(IO1 2P21) 2 (pz 1O - p1 2 (6x)%). 0

Theorem 3.5. Assume that £(V), is a connected Nichols L-bicharacter

algebra of diagonal type with dimV =2 and p;; = pp , = 1. Let

{karl(Xlxz)H1 - Pkﬂ(xle)k+1 Xz(xlxz) (XIXZ) X, 0 < k < mj
— P21 04x)™ = pila (%)™}
when (=p; ;)" = (=p; o)™ = -
with ord(p; 2 py,1) =M <

K+1 K+l kel K+1 K K
(P21 (%) = I (X)), X2 (X %), (%) X,

0 <k <ord(py 2p21)} otherwise.
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Then P, is a basis of £(V ), . Furthermore, if ord(p; ;p,,1) = M < oo, then

3m -1, when (- m_ (- m__q,
3m, otherwise.

Proof. By Lemma 3.1(ii) and Lemma 3.4(iv), P, is linearly independent.

It follows from Lemma 3.4(i) (iii) that P, < £(V),. By Lemma 3.4(ii), P,

is a basis of £(V), . O

4. Some Equivalent Characterizations

In this section, we give the sufficient and necessary conditions for
LV)g = £(V), £(V) =£(V), BV)=F®LV)z and BV)=F &
£(V), , respectively.

Lemma 4.1. Assume that u; is a homogeneous element and ujuj =
Puj,u;Ujui with Puj,u; € F* and Pui,u; Puj,u; =1 for 1 <i, j<k and
Pui,uj = 1 when u; = uj. Then

m-1

3
[ur, . U] = H Pup. .. uj41.uj (pUstm,...,UjH =D, -, Unly,
=1

where [uy, ..., un ] = [up, [Ug, oo [Um_ps U lg R ]R:
Proof. We show lemma by induction on m. Obviously,

Ug[Uz, s Umlg = Pup,uy,.ouy [U25 - Um IR UL
Therefore,

[Up, s U ]g = pul,uz,...,umul[uza s U g = Puy, ... um, ug [Up, s U Jg Uy

2

= (pul’uZ’_",um - puz,...,um,ul)[uz, s U JR U

m-1

_ I ] 3 B

= L1 pum""’uj+l’uj(puj,um,--.,Uj_H I)Um, ceey U2u1
J:

(by inductive assumption). g
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Lemma 4.2. Let (L, [, -]z) be a Lie algebra and uy, u,, ..., up € Ly. If
o is a method of adding bracket [, -]R on Uy, Uy, ..., Uy, then there exist

some tj € Sy, &j =1 or -1 such that

.
(*) G(Ul, Uz, ooy Um) = Z&j[utj(l)’ e utj(m)]R'
j=1

Proof. We show (*) by induction on m. Obviously, (*) holds for
m = 2. Assume m > 2. Let

(U, .., Up) = [o1(Uy, ooy Us), 02(Usy1, Usy2s ooy Um)]g-
Now we show (*) by induction on S. In case S = 1,
o(uy, .., Uy)

= [uy, o2 (Uy, ..., U)lg

M-

&jlup, [Urj(Z)’ s urj(m)]R]R (where 1j € Spp 3y for 1< j<r)
1

—
Il

M-

&iluz; ) Uzj2) -+ Urj(mlr-

—
Il
—_

Therefore, (*) holds.

Assume S > 1 and
o1 (Uy, s Us) = [03(Uy, s Uy ) G4 (U415 Uk g2, -oos Us)]R-
We have
o(uy, ..., Upy)
= [[o3(uy, s Ug), G4(Uks1s U2 -5 Us)]Rs 02 (Usips Usyos woos Um)p

= [[os(uy, ..., Uy), 02 (Ug1, Usins oo Um)]Ra G4 (Ug 415 U2 oo Us)]R
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+[o3(up, ooy Uy ), [04(Ug 115 Ui 25 s Ug), G2 (Ugps Usins oo U )R IR
Sl

= Zéj[[utj(l), s Ug(k)s Unj (s+1)> Uz j(s+2)> -+ Uz (m)]Rr
=1

64(uk+1’ U2, oo uS)]R

n
+ Z [o3 (U, s Ui &jUr (k1o Urjkr)s s Uz j(s) Uej(s+1):
j:r1+1

Urj(s+2)> - Urj(m)]R]R
(by first inductive assumption, where Tj € 541,2,3,...k, 541,542, ..,m}
for 1 < j<n;tjeSyypken,. mforn+1<j<n)
B3
= Z ‘:j[utj(l)a v u‘cj(m)]R

j=n+l1
(by second inductive assumption, where 1 € Sq,2,...m!
for r2+1 < j < |'3).

Therefore, (*) holds. O

Proposition 4.3. If B(V) is a Nichols algebra of diagonal type, then
£(V) = £\V)g ifandonly if p’j =1, pi jpj; =1 pijeRsfor1<iz
j < n. Inthiscase, £V) = £(V)g =V.

Proof. The sufficiency: By [20, Corollary 2.5], £(V) =V. By Lemma
2.5, [%i, Xjlg =0 for i # j and £(V)g =V.

The necessity: We show this by following three steps:
(i) piz,i =1 since Xik e £(V) for k < ord(p; ;) and X" & £(V)g when

0% x{" and m > 1.
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(i) If Pi, jPj,i =1 and Pi,j € R; with i # j, then [Xi, Xj]R #0
and [x;, xj] = 0. Consequently, [X;, Xjlg € £(V)g —£(V), which is a
contradiction.

(i) If Pi,jPj,i # 1 with i < j, then 0 # [Xi, Xj] € Q(V) = S(V)R and
[%i, xj] = k[xi, xjlg with k € F*. By [20, Corollary 2.5], xjx € £(V),
which implies x;%; = k'[x;, Xj]g with k" € F*. This is a contradiction since
XjX; and [X;, Xj] are linearly independent. O

Proposition 4.4. If B(V) is a Nichols algebra of diagonal type, then the
following conditions are equivalent:

(1) £&V) = £&V)..

2) &V)=£ (V).

3) pi%i =1, pjj=pji=1for 1<i=j<n In this case, £(V) =

Proof. By [20, Proposition 6.3], (2) < (3). The proof of (1) < (3) is
similar to the proof of (2) < (3).

Proposition 4.5. Assume that %(V) is a Nichols algebra of diagonal
type. Then B(V) = F ® £(V ) ifandonly if p; ; = -1, p; jp;; =1 forall

1 <i# j<n andthere exists T € Sy, such that

m—1 ;
-1)=0
H(phru»hr(m)’-whr(m) )

forall hy > hy, >--- > hy, with hj € {x, ..., X4}, 1 <i<m,
Proof. The necessity: If there exists 1 <i < n such that p; j # —1, then

0 Xi2 e B(V) and Xi2 ¢ £(V)g, which is a contradiction. If there exist
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i, j such that p; jpj; =1 with 1<i<j<n, then [, xj]#0 and
[Xi, Xjlg #0. Since B(V)=F @ £(V)g, we have that there exist
k, k" € F* such that [x;, xjl = Kk[x, xjlg, and xjx; =k'[x;, xjlg, which
contradicts to that [, X;] and X;X; are linearly independent. Therefore, V is
a quantum linear space.

If there exist h; > hy > -+ > hy, with hj € {x, ..., X4}, 1 <i <m, such

that rﬁ(pﬁ —1)=0 for any te€S. By [20, Lemma
foi ) Me(m)s s o) " ’

3.2], Lemma 4.1 and Lemma 4.2, G(hr(l), hT(z), .y hr(m)) =0 for any

T € Sy and any method o of adding bracket [, -]z on hy(j), hy2), - Ny(m).

Consequently, 0 # hh, ---hp, & £(V)g, which is a contradiction.

The sufficiency: Obviously, V is a quantum linear space. For any
hy > hy > - > hy with hj € {X, ..., Xq}, 1<i<m, there exists T € Sy,

m-1

such that [ ( pﬁ
j=1

h W~ 1) # 0. By Lemma 4.1, we have that
©(j)> Me(m) " Ne(j+1)

there exists a € F* such that hjh, ---hy, = ahy(m)he(m=-1) ey € £V )g. O

Lemma 4.6. Assume that u; is a homogeneous element and ujuj =
Pu;,u;Ujui With py, y; e F* and Pyuj Puju =1 for 1<i, j<k and
Pui,uj = 1 when uj = uj. Then

m-1

[, ooy up ] = H Pup....uji1.uj (puj,um,...,uj+1 = D, ..y Uy,
j=1

where

(U, oo U = [ug, [ugs s [Umogs Ul -1 ]
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Lemma 4.7. Let (Ly, [, -], ) be a Lie algebra and uj, U, ..., Uy € Ly. If
o is a method of adding bracket [, -],_ on Uy, Uy, ..., Uy, then there exist

some tj € Sy, &j =1 or -1 such that

.
(*) cS(UI’ Uz, -y um) = Z&j[utj(l)’ e utj(m)]L'
j=1

Proposition 4.8. Assume that 9B(V) is a Nichols algebra of diagonal

type. Then the following conditions are equivalent:
(1) BV)=FdLV),.
2)BV)=Fa® L (V).

() pii =-L pi,jpji=1 for all 1<i=j<n and there exists

m-1
T €Sy, such that H(phr(j)ah'c(m)w--shr(j+l) -1)=0 for all hy >hy > --.
j=1

> hy with hj € {x{, .., Xy}, 1 <i<m.

Proof. By [20, Proposition 6.4], (2) < (3). The proof of (1) < (3) is
similar to the proof of (2) < (3). O

Conjecture 4.9. Assume that 9B(V) is a Nichols algebra of diagonal
type. Then £(V) = £ (V).

Question 4.10. Assume that B(V ) is a Nichols algebra of diagonal type.
Then give the sufficient and necessary conditions for £(V), = £(V)g.

5. Classification of £(V), and £(V)g

In this section, it is proved that if B(V) is a connected Nichols algebra

of diagonal type with dimV > 1, then B(V) is finite-dimensional if and
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only if £(V)_ is finite-dimensional, or equivalently £(V)g is finite-

dimensional.

Let |u| denote the length of word u. Then a word u e W is called a
Lyndon word if [u|=1 or |u|> 2, and for each representation U = UjU,,
where U; and U, are nonempty words, the inequality U < U,U; holds (see

[14, Definition 1]). Any word U € W has a unique decomposition into the
product of non-increasing sequence of Lyndon words by [15, Theorem
5.1.5]. If u is a Lyndon word with |u| > 1, then there uniquely exist two

Lyndon words v and w such that u =vw and v is shortest (see [15,
Proposition 5.1.3]) (the composition is called the Shirshov decomposition
of u).

We call u is a standard word with respect to 2B(V ) if u cannot be written

as a linear combination of strictly greater words in B(V).

Let S(B(V)):={u eW|u is a standard word with respect to B(V)},
written as S in short; L:={ueW]|u is a Lyndon word}. Let
H :={u e L|[u] is a hard super-letter}. Notice that often we assume for

convenience that L and H are in B(V).
Let D =: {[u]|[u] be a hard super-letter}, and
A"(B(V)) := {deg(u)|[u] € D}.
Then A(B(V)) = AT(B(V)) U A (B(V)), which is called the root system of
V. If A(B(V)) is finite, then it is called an arithmetic root system.
5.1. A(B(V)) is not an arithmetic root system
Lemma 5.1 (See [22, Lemma 2.2]). (i) S is a basis of B(V).

(ii) Any factor of a standard word is a standard word.

(iii) If u is a standard word, then u = uju, ---u, with u; > uy > --- > u;

and uj e S(AL for 1 <i<r.
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Lemma 5.2 (See [22, Theorem 2.4]). If B(V) is a Nichols algebra of
diagonal type, then S(B(VV))NL = H(B(V)).

Lemma 53. (i) If l L, then Il =al+ > a,w in BYV),

w1 | 1= w

where a;, a,, € F with g = 0.

i) If lel, then [Illg=bl+ >  byw in B(V), where

w>lL| 1= w
b|, bW e F with b| # 0.

Proof. (i) We show this by induction on |I|. It is clear when |I| =1
since [l], =1. Assume that | = uv is the Shirshov decomposition of I. If
u'>u and V' >v with |u'|=|u| and |V'|=|V], then uV' >uv =1 and
viu' > vu > |,

(1. = py,ulullv] = py vIVI[u]

= Py,u| QU + Z ayu’' || apv + Z ayV'
u>u,ju'|= u| VAR

— Pu,v| AWV + Z ayV' || aju + Z aju’
V>V, |V |=| v u>u,|u'|=|u|

(by inductive hypothesis)

=al + Z ayW.

w1 | 1= w
(i1) The proof is similar to the proof of (i). O

Theorem 5.4. If B(V) is a Nichols algebra of diagonal type
and A(B(V)) is not an arithmetic root system, then dim£(V) = o,
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5.2. A(B(V)) is an arithmetic root system

For our study of Nichols algebras we need some non-standard formulas

for quantum integers and Gaussian binomial coefficients.

In the ring Z[a], let (0), =0 and forany me N, (m), =1+a+ a’

+--+a™ !, Then the polynomials (m), with m € Z are also known as

quantum integers. Moreover, let (O)!a =1, and for any meZ let

m
(m)i,jl = H(k)a' For any k, m € Z with 0 < k <m, the rational function
k=1

K)o~ (h(m-K),

Gaussian binomial coefficient. For m € Ny, k € Z with k <0 or k > m

!
m m).
( ) —( Ja is in fact an element of Z[a] and is called a
a

m
one defines (k] = 0. The Gaussian binomial coefficients satisfy the
a

following formulas:

m _ m 1
(kja_[m_kja, ( )
AU SR TR

a — Ya a

formeN,1<k<m.

Lemma 5.5.For me N, i = j,

i ¢ K m _ — (a4 _1\M-1
o S b, = @1

-1
(i) "[j], = P B ™) gk b
i L = Py Z( ) K Pi, jPji X XjX.
k=0
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-1
(i) "[j]s = m(n; L 1)K MY m—k k  m-k, K
i LJIR = Pii Z( ) K Pi,j PjiXi XX
k=0

k(k—
(iv) §"[j] = i(—l)k --(2 . M) e xmk
i LJ _k—() Pi.i Pj.i K . i XX

Proof. It can be proved by induction. O

m(m-1)
It is clear that K"[j], = l"[j]g = Pi.i 2 pir?jl_im[j]_ if p. isa

symmetrical bicharacter.

Lemma 5.6. Assume that B(V) is a Nichols algebra of diagonal type
and me N, i = j. Then:

() If pij=pTi and pj;=pdj. ie, pijpji=L pi jeRs, then
Iim[j]R = 0.

m(m-1)
i) (D (yj k) = pii 2 (b jpit — p)™™

@ (yj, {'LiR) = (pi Py - pj,i)m(m)!p“-
(i) (1)
(W MTR) = P 4R = pyip P ™ () et (™ TR
91, PO B TlR) = (s 1 TR) %)
forl<k<m
@ (i i"Lilr) = (pij - Pj,iIOi_,lj)m(m)!pLi Xj.

3) (v MTR) = (pij = PP )M (M), -
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(iv) Assume that pj; =1. Then I"[jlz #0, when p; ; = p%’i or
Pj,i # piz,j-
(v) Assume that pjj = 1. Then I"[jlz # 0, when ord(p; ;) > m with
Pi,j # IOJZ,i or pji # pi2,j~

Proof. (ii) (1)

m(m ) m
<yj’ Iim[j]R> = <yjﬂ p| i Z( l)k( jp|mj kplj |X| kaXik>

m(m-1)

= Pii 2 pl jpj i Z( 1)k( jpl ljp%k'x'm
m(m-1)

zpi,iz pljpjl(l pljpjl)

= Pii 2 (pi,]pjl pjl)m
(2) It can be proved by induction.

(iii) We show (1) by induction on k for 1 < k < m. We have

(i i"Lilr)

(ie P o ™ TR = P gl LR %)

pl i 1{(p| i~ Pj,ibi, jpl |m)|m 1[J]R
+ i PO M HTR) = pyidyie WM TR) Xi)-
Thus, equation (1) holds when k = 1. Assume k > 1. We have

:<Yia pir,ni_l{(pi,J pj |p| jpl |1 m)(k l)p‘l< |m I[J] >
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+p P L T TR) - g M TR i)

(by inductive hypothesis)

= p Mpi - pyipie ™) k- 1)pij}<Yi|(_1, " ilr)
0 P T M R) + pi i O 1 TR)

- pj,i(Yik, ™ ilR) % — Pjipi} PO M 1R )
= the right hand side of (1). Consequently, (1) holds.

Now we show (2) by induction on m. (2) is clear when m = 1. By (1),

we have
M MTR) = P (pij - Dj,ipi_,lj)(m)pijﬁyim_l, ™ [jlr)
=(pi,j - pj,ipflj)(m)pi,i(yp_l, ™ jlg)
=(pi,j - pj,ipi_,lj)(m)pi,i(pi,j ~pyip )" (m —1)!pi,in
(by inductive hypothesis)
= the right hand side of (2). Therefore, (2) and (3) hold.
(v) If pij=1 then (y"yj, N'[il.) = (pijpji - pi.i)™(M)! and
(yiy™ L) = (pi,j = Py, )™ (M)! by (i) and (ii).
(v) It follows from (ii) and (iii). U

Lemma 5.7. Assume that B(V) is a Nichols algebra of diagonal type

and me N, i # j. Then:

@G If pi,j = pjyi =1, then |im[j]|_ =0.
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m(m-1)
(i) () (yj W) = P 2 (=pi )"

@ (", WML = (L= pi T (Y-
(iii) (1)
S I = i Ry = PR 00 T BT
+ PP On s LD = i D)%)
for1<k <m.
@ (" L) = (i = D™ (MY, %
3) (v ML) = (pyi = D™ (MY -

(iv) Assume that pjj=1. Then I"[j]_ =0, when p; ;=1 or

pj,i = 1.

(v) Assume that pj ; = 1. Then I"[j]_ =0, when ord(p; ;) > m with

pi,j =1 or pj,i = 1.

Proof. (ii) (1)

m(m ) m
(v}, "L :<yj’ p“ Z( 1)k[ Jp. jprjn|kX|m kaXik>

m(m 1) m
Z( 1)"( )p. T

(= pi, )"

Il
=
)

(2) It can be proved by induction.
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(iii) We show (1) by induction on k for 1 < k < m. We have

i T = (e oI g il L0 - oM i ™I %)
= p Py - ™I+ pgipiix(yi L)

= pi i {yis L) %)

Thus, equation (1) holds when k = 1. Assume k > 1. We have
(v M)
= (i P PG = i (k= Dpet (2 L)
S TRE TR IO T FT D R T A T ) DR P!
(by inductive hypothesis)
= p Py - P T Kk - l)pi_’}<yik_17 )
gt T I + Py i (i L)
T U 1 S T 1 RO A i 1B

= the right hand side of (1). Consequently, (1) holds.

Now we show (2) by induction on m. (2) is clear when m = 1. By (1),
we have

i ML) = T (P = D)t (L L)
= (pj,i =DMy "L L)
= (Pji =DM, (Pyi = D™ (m - 1)!pi7i X]

(by inductive hypothesis)
= the right hand side of (2). Therefore, (2) and (3) hold.
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(iv) If pjj =1, then

iy WL = (= pi ))™(m)! and (y;yi", M[j]) = (pj.i — D™ (m)!
by (ii) and (iii).
(v) It follows from (ii) and (iii). O
Proposition 5.8. Assume that 9B(V) is a Nichols algebra of diagonal
type. Then
(i) dim(£(V)g) = oo when there existiand jwith i = j, p; j # pii or
Pji # pﬁj and ord(pi’i) =1 or oo.
(i) dim(£(V)_) = o when there exist i and j with i = j, p; j =1 or

pj!i # 1 and ord(pi!i) =1 or oo,

Lemma 5.9 (See [22, Lemma 5.1]). The set of monomials xisxjxit with
0<s<m, 0<t<ord(pjj)—1 for i< j and the set of monomials

xPxjxf with 0<t<mj, 0<s<ord(p;)—1 for i>j are linearly
independent.

We know mj; < ord(pj i) - 1.
Proposition 5.10. For m e N, i = |.
|m

(i) Assume that p; j = pj; #1. Then "[jl_#0 if and only if

ord(p; i) >m >0, "[jlz #0 if and only if p;; ¢ Ry and ord(p; ;) >
m > 0.
(ii) Assume that mj; = ord(p; i) =1, pi jpj; # 1. Then §"[jI_ # 0 if

and only if 0 < m < mj — 1+ ord(p; ;) if and only if §"[j]g = 0.
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m(m-1)
Proof. (i) We show I"[jl =p;; 2 (1-p )" ji" and I"[jlg

= Pi.j 2 piz,r}](l— p?,i)mjim by induction on m since ij = p; jji, the
other is clear by [9, Lemma 1.3.3].
(i1) We obtain

mr ; m(nzH) 4 k(M) k m-k,m-k, Jk
LIl = by Z(_l) K PijPyi X XX
k=0

by Lemma 5.5(ii). Then

Iimij —1+ord( Pi i )[j]L

(20rd(pj, i)-2)(20rd(p;,i)-3)

2ord(pj i)-2;.
:Ii ord( |,I) [J]l_ _ pi’i 2
2ord(pj j)-2
’ 2ord(p; i) -2 i)-2- )2
% Z (_l)k[ or (Flil,l) j Ik,j ioird(pl,l) 2 kxizord(pl,l) 2 kxjxik
k=0
(20rd(pj,j)-2)(20rd(p;j i)-3)
o i,i : i,i (_l)ord(pLi)—l 20rd(pi,i) -2
h ord(p; i) -1
% (pi, ] pj,i)ord(pi’i)_l Xiord(pi,i)_lxjxiord( pi,i)_1
. . mij—1+0rd(pi ir - .
by [9, Lemma 1.3.3(i)]. It is clear I, [i], # 0 since
Xiord(pi,i)—lxjxfrd(r)i,i)—1 _ Ximijxjxiord(pi,i)—l or Xiord(pi,i)—lxjximij

is a basic element by Lemma 5.5. Then I"[j], # 0 if 0<m< mjj — 1

+ ord(p; j). On the other hand,
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|imij+0rd(pi,i)[j]L
(20rd(pj,j)-2)(20rd(pj,)-3) N
=P 2 (_1)Ord(pi7i)—1 2ord(pj i) -2
ord(pi i) -1

% (pi, J pj,i)ord(pi’i)_l[xi’ Xiord(pi’i)_IXinord(pi’i)_l]L

= 0.
The rest of the proof is similar. U
Lemma 5.11. Assume that 2B(V) is a connected Nichols algebra of
diagonal type with dimV > 1. Then
(i) If pij=0pjj=-1 and ord(p; jpji)=c for i=j Then
dim(£(V)g) = w0, dim(£(V), ) = .
(ii) If A(®B(V)) is an arithmetic root system and there exists u € D such

that ord(p, ) = o, then there exists 1 <i < n such that ord(p; ;) = or

Proof. (i) It follows from Theorem 3.3 and Theorem 3.5.

(ii) If there exists U € D such that ord( pu,u) = oo, then there exists a
1 <i < n such that ord( pi,i) = oo except the cases of [9, Row 3 Diagram 2,

Table 1], [9, Row &, Diagram 2, Table 2; Row 9, Diagram 4, Table 2; Row
10, Diagram 3, Table 2] and [10, Row 10, Diagram 6, Appendix B; Row 12,
Diagram 5, Appendix B. Row 2, Appendix C; Row 10, Diagram 2, Appendix
C]. By (i), dim(£(V)g) = oo, dim(£(V) ) = . O

5.3. Finiteness of £(V), and £(V)g

Proposition 5.12. Assume that 2(V ) is a connected Nichols algebra of
diagonal type. Then dim(B(V)) =« and dim(£(V), ) < o if and only if
dimV =1 and ord(p; ;) =1 or co.
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Proof. The if part of the assertion is obvious. It remains to prove the only
if part. Assume dimV > 1. Then by Theorem 5.4, A(B(V)) is an arithmetic

root system. Consequently, there exists U € D such that ord( pu’u) = oo,

Considering Lemma 5.11(ii) and Proposition 5.8(ii) we get a contradiction. [

Proposition 5.13. Assume that 9B(V) is a connected Nichols algebra of
diagonal type. Then dim(%B(V)) = o and dim(£(V)g) < « if and only if
dimV =1, ord( pl,l) =1 or .

Proof. Sufficiency is clear. Assume dimV > 1. Then by Theorem 5.4,
A(B(V)) is an arithmetic root system. Consequently, there exists U € D

such that ord( Py, y) = . Considering Lemma 5.11(ii) and Proposition 5.8(i)
2 2 L

we have Pi,j = Pj,i> Pji = Pij> then Pi, jPj,i = 1, Pi,j < R;, which is a

contradiction. O

Using Proposition 5.12 and Proposition 5.13, we obtain the following
result.

Theorem 5.14. Assume that %(V) is a connected Nichols algebra of
diagonal type with dimV > 1, then the following conditions are equivalent:
(i) B(V) is finite-dimensional; (ii) £(V),_ is finite-dimensional; (iii) £(V)g

is finite-dimensional.
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