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Abstract 

In this paper, we define two Lie operations, and with that we define 
the bicharacter algebras, Nichols bicharacter algebras, etc. We obtain 

explicit bases for RVL  and LVL  over a connected braided vector 

V of diagonal type with 2dimV  and .12,21,1 pp  We give 

the sufficient and necessary conditions for ,VV R LL  LVL  

,VL  RVFV LB  and ,LVFV LB  respectively. 

We show that if VB  is a connected Nichols algebra of diagonal type 

with ,1dimV  then VB  is finite-dimensional if and only if LVL  

is finite-dimensional if and only if RVL  is finite-dimensional. 
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1. Introduction 

Nichols algebras play a central role in the theory of pointed Hopf 
algebras, and the classification of (braided) Lie algebras has been an 
international hotspot and cutting-edge problem in the field of algebras. A 
great deal of attention has been paid to the question of finite-dimensionality 
of Nichols algebras (see [6, 7, 9, 10, 11, 21]). The interest in this problem 
arose from the work of Andruskiewitsch and Schneider [3] on classification 
of finite dimensional (Gelfand-Kirillov) pointed Hopf algebras which are 
generalizations of quantized enveloping algebras of semi-simple Lie 
algebras. On the other hand, Lie algebra arising from a Nichols algebra was 
studied in [1, 2]. The theory of Lie superalgebras has been developed 
systematically, which includes the representation theory and classifications 
of simple Lie superalgebras and their varieties [13]. A sophisticated 
multilinear version of the Lie bracket was considered in [14, 18, 16]. Various 
generalized Lie algebras have already appeared under different names, e.g., 
Lie color algebras,  Lie algebras [19], quantum and braided Lie algebras 
[17], braided m-Lie algebras [23] and generalized Lie algebras [8]. 

In this work, we define two new Lie operations, this is one of the main 
results in this paper, which enables us to define the bicharacter algebras (all 
linear Lie algebras and Kac-Moody algebras are bicharacter algebras), 
Nichols bicharacter algebras, etc. Braided Lie algebra with  braided Lie 

operation uvpvuvu uv,,  seems to be ‘located’ between two Lie 

algebras the  usual ones with Lie operation vuuvvu,  and 

bicharacter algebras with Lie operation vupuvpvu vuuvL ,,,  or 

,, ,, vupuvpvu uvvuR  which is of great significance for revealing the 

relationship between braided Lie algebra and Lie algebra. In the rest of the 
paper, there is focus on Nichols bicharacter algebras, which is a cross 
research target in Lie algebras and Nichols algebras. It was proven that a 
Nichols algebra is finite-dimensional if and only if the corresponding Nichols 
bicharacter algebras are finite-dimensional. This provides a new method for 
determining when a Nichols algebra is finite dimensional. 
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This paper is organized as follows. In Section 2, we recall some results 
on Lie algebras and Nichols algebras, and define bicharacter algebras and 
Nichols bicharacter algebras. Section 3 presents explicit bases for LVL  and 

,RVL  where V is a connected braided vector space of diagonal type with 

2dimV  and .12,21,1 pp  In Section 4, we present the sufficient 

and necessary conditions for ,VV R LL  ,VV L LL  FVB  

RVL  and ,LVFV LB  respectively. In Section 5, we prove that 

VB  is finite-dimensional if and only if LVL  is finite-dimensional, or 

equivalently RVL  is finite-dimensional, when VB  is a connected Nichols 

algebra of diagonal type with .1dimV  

Z  denotes the set of integers and N  that of positive integers. 

.00 ∪NN  F denotes a field of characteristic 0 and .0FF  

2. Preliminaries 

In this section, we recall some results on Lie algebras and Nichols 
algebras, and define bicharacter algebras and Nichols bicharacter algebras. 

Let .1,0...,,1,0...,,0:,...,,, 21 nieeeeE n
i

in Z
����


 Let :A  

nxxx ...,,, 21  be an alphabet and a basis of ,span AV  likewise, 

associated with each letter ix  are an element ii xe deg  of nZ  and a 

character .: Fnxi Z  Let the empty word be 1. Then uuW :  

wordais  is a basis for .span WVT  Let V  denote the vector            

space dual to V and nyyy ...,,, 21  denote the dual basis of ,V  where 

,deg ii ey  .: Fnyi Z  Let VT  be free generated by 

niyxV ii 1,,1:1∪  and W  be a basis of VT  with that each 

element in W  is gotten from one in V∪1  by multiplication elements of 

.1 V∪  Then W  is a monoid with 1, for all ,Wu  denote by udeg  an 
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element of the group nZ  which results from u by replacing each occurrence 

of the letter ix  iyor  with ie  .or ie  By u  we denote a character which 

results from u by replacing all ix  iyor  with ix  .or iy  For a pair of 

words ,, Wvu  put ,deg, vp u
vu  where 

,deg, j
x

xx xp i
ji  ,deg1

, j
x

xx yp i
ji

 

,deg1
, j

y
xx xp i

ji
 .deg, j

y
xx yp i

ji  

Obviously, ,,,, 11 vuvuvuu ppp  ,11 ,,, vuvuvvu ppp  that is the operator 

,p  is a bicharacter defined on .W  Moreover, we call ,p  is a symmetrical 

bicharacter if uvvu pp ,,  for all ., Wvu  Define ,: , uvpvu uvLD  

.: , uvpvu vuRD  Clearly, LVT D,  and RVT D,  are associative 

algebras. Assume that VA  is in general a quotient algebra of some 

subalgebras of ,VT  then LVA D,  and RVA D,  are associative 

algebras. Especially, LVT D,  and RVT D,  are associative algebras. 

Let I be the (two sided) ideal in VT  generated by all ,ijji xxxx  

nji,1  and call IVTVS  the symmetric algebra on V. 

Lemma 2.1. If D,A  is an associative algebra together with the bilinear 

operation ,  defined by uvvuvu DD,  for any homogeneous 

elements ,, Avu  then ,,A  is a Lie algebra. 

If we define the bilinear operations uvvuvu LLL DD,  and 

uvvuvu RRR DD,  for all ,, Wvu  then LVA ,,  and 

RVA ,,  are Lie algebras, which are called L-bicharacter algebra and  

R-bicharacter algebra, written as LVA  and ,RVA  respectively. Both      

L-bicharacter algebra and R-bicharacter algebra are called bicharacter 
algebras. 
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Remark 2.2. (i) LVS D,  RVS D,.resp  is a commutative 

associative algebra if and only if ,p  is a symmetrical bicharacter. 

(ii) Let LVS  and RVS  denote the Lie algebras generated by V in 

VS  under Lie operations ,, ,, vupuvpvu vuuvL  uvpvu vuR ,,  

,, vup uv  respectively, for any homogeneous elements ., VSvu  Then 

RvuuvL vuuvppvu ,, ,,  and .RL VSVS  

(iii) Linear Lie algebras and Kac-Moody algebras are bicharacter 
algebras, where .1,, vuuv pp  

Let ijiiiii xyyxh ,,:  be Cartan integers, .,1 nji  Then 

,,:,,: RRLL vuvuadvuvuad  for any ., VTvu  

Proposition 2.3 (See [12, Proposition 18.1, Theorem 18.3]). (1) With the 
above notation, LVA  is generated by niyx ii 1,  and ,p  is a 

symmetrical bicharacter, then LVA  is a finite dimensional semisimple Lie 

algebra if and only if these generators satisfy the following relations: 

 (i) .,1,0, njihh Lji  

(ii) 0,,, 1
, LjiixxLii yxhpyx

ii
 if .ji  

(iii) .,1,,,,,, njiyyhxxh jijLjijijLji  

(iv) 01,
jLi xxad ij  if .ji  

(v) 01,
jLi yyad ij  if .ji  

(2) With the above notation, RVA  is generated by niyx ii 1,  

and ,p  is a symmetrical bicharacter, then RVA  is a finite dimensional 

semisimple Lie algebra if and only if these generators satisfy the following 
relations: 
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  (i) .,1,0, njihh Rji  

 (ii) 0,,, 1
, RjiixxRii yxhpyx

ii
 if .ji  

(iii) .,1,,,,,, njiyyhxxh jijRjijijRji  

(iv) 01,
jRi xxad ij  if .ji  

(v) 01,
jRi yyad ij  if .ji  

Example 2.4. When ,1dimV  RVA  is a Lie algebra with generators 

11, yx  and relations ,, 1
1
,11 11

hpyx xxR  ,2, 111 xxh R  Ryh 11,  

.2 1y  Moreover, .LVRV AA  

From now on let nxxV ...,,1  be a basis of vector space V and 

ijijji xxqxxC  with ., ji xxij pq  Then V is called a braided 

vector space of diagonal type, nxx ...,,1  is called canonical basis and 

nnijq  is called braided matrix. In this case, ,. jijjLi xxgxx D  

jRi xx D .. jii xgx  Throughout this paper all of braided vector spaces are 

connected and of diagonal type without special announcement. 

Let m
km VEndS  and 1

,1
j

kj VEndS  denote the maps 

1

1
,1

1 ,
m

j
j

jm
m SidS  

1
1,

1
23

1
12

1
23

1
12

1
12,1 jjj CCCCCCidS ""  

(in leg notation) for 2m  and .Nj  Then the subspace m
m

SS ker
2

 

of the tensor algebra VT  is a two-sided ideal, and algebra SVTVB  

is termed the Nichols algebra associated to CV ,  (see [9, Definition 1.2.2]). 
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Let :mR  is a primitive mth root .1of  Set .,,1: 2
3R  

Write i for ix  in short. 

Lemma 2.5. Assume that .ji  Then 

(i) 0, Lji xx  if and only if .1,, ijji pp  

(ii) 0, Rji xx  if and only if 1,, ijji pp  or ,, jip  
2

, ijp  

or ., ,
2

, ijji pp  

Proof. (i) ,1,, , jijLjii xpxxy  .1,, , ijiLjij xpxxy  

(ii) ,,, ,
2
,

1
, jijjijiRjii xpppxxy  

      .,, 2
,,

1
, iijjiijRjij xpppxxy   

Let ,VL  LVL  and RVL  denote the Lie algebras generated by V 

in VB  under Lie operations ,, vuuvvu  ,, ,, vupuvpvu vuuvL  

,, ,, vupuvpvu uvvuR  respectively, for any homogeneous elements 

., Vvu B  Then ,,,VL  LLV ,,L  and RRV ,,L  are 

called Nichols Lie algebra, Nichols L-bicharacter algebra and Nichols R-
bicharacter algebra of V, respectively. Let VL  denote the braided Lie 

algebras generated by V in VB  under Lie operations ,, , vupvuvu vu  

for any homogeneous elements ., Vvu B  Then ,,VL  is called 

Nichols braided Lie algebra of V. 

Remark 2.6. Assume that ,p  is a symmetrical bicharacter. Then 

RL VVV LLL  since  

vupvuvu vuLR ,,, ,  

for any homogeneous elements ., Vvu B  
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Let ,:0 vvl Lu  .1,,: 1 ivluvl LL
i
uL

i
u  Similarly define .L

i
u vr  

Let ,:0 vvl Ru  .1,,: 1 ivluvl RR
i
uR

i
u  Similarly define .R

i
u vr  In 

fact, .,...,,,: RRRR
i
u vuuuvl "  

3. Nichols Bicharacter Algebra with 2dimV  and 12,21,1 pp  

In this section, we obtain explicit bases for LVL  and ,RVL  where V 

is a connected braided vector space of diagonal type with 2dimV  and 

.12,21,1 pp  

Lemma 3.1 (See [22, Lemma 4.1]). Assume that VB  is a connected 

Nichols algebra of diagonal type with 2dimV  and .12,21,1 pp  

(i) If u is a non-zero monomial, then there exists F  such that 

,121 xxxu k  or ,212
kxxx  or ,1

21
kxx  or ,1

12
kxx  .0k  

(ii) Let 

.ord0,,,,: 1,22,1121221121212 ppkxxxxxxxxxxxxP kkkk  

Then P is a basis of .VB  

3.1. Nichols R-bicharacter algebra 

Lemma 3.2. Assume that RVL  is a connected Nichols R-bicharacter 

algebra of diagonal type with 2dimV  and .12,21,1 pp  Then 

(i) 1212
1

1,22,11 221 xxxppxrr iiii
R

i
xx  and 

iiii
R

i
xx xxxppxrr 2122

1
1,22,12 212  for .0i  

(ii) For any method  adding bracket R,  and ,0k  there exist 
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Fkk ,  such that 1211221 ...,,, xxxxxx k
kiii k  or k

k xxx 212  

and ....,,, 121,2212,1221
kkkk

kiii xxpxxpxxx k  

(iii) RRRRR xxxxx 12121 ...,,,,,  

,2 121,2212,12
1

1,22,1
1 kkkkkkk xxpxxppp  

where there exist 12k  brackets in the left hand side. 

(iv) 

,1, 1
2121,2

2
2,12,1121,2212,11

iiiiiii xxxpppxxpxxpy  

.1, 1
1

21
2
1,22,11,2121,2212,12 xxxpppxxpxxpy iiiiiii  

Proof. (i) It can be proved by induction on i. 

(ii) We show this by induction on k. It is clear for .1k  Now assume 
.1k  Then we have 

Riiiiiiiii kssk xxxxxxxxx 2212221221 ...,,,,...,,,...,,, 21  or 

....,,,,...,,,...,,, 22221221221 21 Riiiiiiiii kssk xxxxxxxxx  

In the first case, we have 

kiii xxx 221 ...,,,  

Riiiiii kss xxxxxx 2212221 ...,,,,...,,, 21  

R
tttt

t
ssss

s xxpxxpxxpxxp 121,2212,1121,2212,1 ,  

by  inductive assumption, where kts  

kkkk
k xxpxxp 121,2212,1  .0where k  
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In second case, we have 

kiii xxx 221 ...,,,  

Riiiiii kss xxxxxx 22221221 ...,,,,...,,, 21  

Rk
t

kktj
s

jjs xxxxxx 121121 ,  

by inductive assumption, where 2121 and,1 kkjjkts  

11,

,,,

11

when

1

when,0

1212

21211221

jkxxp

xxppp

jk

k
jj

k
jj

k
jj

k
jj

st
jjjj

ts
ts  

,121,2212,1
kkkk

k xxpxxp  

1221 ...,,, kiii xxx  

Riiiiii ksss xxxxxxb 122212221 ...,,,,...,,, 21  

1or1where b  

Rk
t

kkt
ssss

s xxxxxpxxp 121,121,2212,1  

by  inductive assumption, where 21and kkkts  

2when,12

1when,12

12121,22,1
1

11211,22,1

kxxxpp

kxxxpp

kssts
ts

kssts
ts

 

.121 k
k

kkk xxx  

Consequently, (ii) holds. 
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(iii) We show this by induction on k, 

RRRRR xxxxx 12121 ...,,,,,  

RR
kkkkkkk xxxxpxxppp 21

1
12

1
1,2

1
21

1
2,12

21
1,22,1

2 ,,2  

(by inductive assumption) 

R
kkkkkk xxxxpppp 21

1
21

1
1,22,1

12
21

1,22,1
2 ,122  

kkkkkkkkkk xxpxxppp 121,2
1

212,1
12

1
1,22,1

11 1121  

.2 121,2212,12
1

1,22,1
1 kkkkkkk xxpxxppp   

Theorem 3.3. Assume that RVL  is a connected Nichols R-bicharacter 

algebra of diagonal type with 2dimV  and .12,21,1 pp  Let 

.,ord0

,,,

ord

1

0,,,

:

1,22,1

121212
1

12
1

1,2
1

21
1

2,1

1,22,1

2
1,22,11,2

2
2,1

121,2212,1

121212
1

12
1

1,2
1

21
1

2,1

1

otherwiseppk

xxxxxxxxpxxp

mppwith

ppppwhen

xxpxxp

mkxxxxxxxxpxxp

P

kkkkkk

mm

mmmm

kkkkkk

 

Then 1P  is a basis of .RVL  Furthermore, if ,ord 1,22,1 mpp  then 

.,3

,1,13
dim

2
1,22,11,2

2
2,1

otherwisem

ppppwhenm
V

mm

RL  

Proof. By Lemma 3.1(ii) and Lemma 3.2(iv), 1P  is linearly independent. 

It follows from Lemma 3.2(i) (iii) that .1 RVP L  By Lemma 3.2(ii), 1P  is 

a basis of .RVL   
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3.2. Nichols L-bicharacter algebra 

Lemma 3.4. Assume that LVL  is a connected Nichols L-bicharacter 

algebra of diagonal type with 2dimV  and .12,21,1 pp  Then 

(i) 1212
1

1,22,11 221 xxxppxrr iiii
L

i
xx  and 

iiii
L

i
xx xxxppxrr 2122

1
1,22,12 212  for .0i  

(ii) For any method  adding bracket L,  and ,0k  there exist ,k  

Fk  such that 1211221 ...,,, xxxxxx k
kiii k  or k

k xxx 212  and 

....,,, 122,1211,2221
kkkk

kiii xxpxxpxxx k  

(iii) LLLLL xxxxx 12121 ...,,,,,  

,2 122,1211,22
1

1,22,1
1 kkkkkkk xxpxxppp  

where there exist 12k  brackets in the left hand side. 

(iv) 

,11, 1
2121,2122,1211,21

iiiiiii xxxpxxpxxpy  

.11, 1
1

212,1
1

122,1211,22 xxxpxxpxxpy iiiiiii  

Proof. (i) It can be proved by induction on i. 

(ii) We show this by induction on k. It is clear for .1k  Now assume 
.1k  Then we have 

Liiiiiiiii tsk xxxxxxxxx 221221221 ...,,,,...,,,...,,, 21  or 

....,,,,...,,,...,,, 12211221221 21 Liiiiiiiii tsk xxxxxxxxx  
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In the first case, we have 

kiii xxx 221 ...,,,  

Liiiiii kss xxxxxx 2212221 ...,,,,...,,, 21  

L
tttt

t
ssss

s xxpxxpxxpxxp 122,1211,2122,1211,2 ,  

by inductive assumption, where kts  

.0where122,1211,2 k
kkkk

k xxpxxp  

In second case, we have 

kiii xxx 221 ...,,,  

Liiiiii kss xxxxxx 22221221 ...,,,,...,,, 21  

Lk
t

kktj
s

jjs xxxxxx 121121 ,  

by inductive assumption, where 2121 and,1 kkjjkts  

11,

,,,

11

when

1

when,0

1221

21121221

jkxxp

xxppp

jk

k
jj

k
jj

k
jj

k
jj

st
jjjj

ts
ts  

,122,1211,2
kkkk

k xxpxxp  

1221 ...,,, kiii xxx  

Liiiiii ksss xxxxxxb 122212221 ...,,,,...,,, 21  

1or1where b  

Lk
t

kkt
ssss

s xxxxxpxxp 121,122,1211,2  

by inductive assumption, where 21and kkkts  
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2when,12

1when,12

12121,22,1
1

11211,22,1

kxxxpp

kxxxpp
kssts

ts

kssts
ts  

.121 k
k

kkk xxx  

Consequently, (ii) holds. 

(iii) We show this by induction on k, 

LLLLL xxxxx 12121 ...,,,,,  

LL
kkkkkkk xxxxpxxppp 21

1
12

1
2,1

1
21

1
1,22

21
1,22,1

2 ,,2  

(by inductive assumption) 

L
kkkkkk xxxxpppp 21

1
21

1
1,22,1

12
21

1,22,1
2 ,122  

kkkkkkkkkk xxpxxppp 122,1
1

211,2
12

1
1,22,1

11 1121  

.2 122,1211,22
1

1,22,1
1 kkkkkkk xxpxxppp   

Theorem 3.5. Assume that LVL  is a connected Nichols L-bicharacter 

algebra of diagonal type with 2dimV  and .12,21,1 pp  Let 

.,ord0

,,,

ord

1

0,,,

:

1,22,1

121212
1

12
1

2,1
1

21
1

1,2

1,22,1

2,11,2

122,1211,2

121212
1

12
1

2,1
1

21
1

1,2

2

otherwiseppk

xxxxxxxxpxxp

mppwith

ppwhen

xxpxxp

mkxxxxxxxxpxxp

P

kkkkkk

mm

mmmm

kkkkkk
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Then 2P  is a basis of .LVL  Furthermore, if ,ord 1,22,1 mpp  then 

.,3

,1,13
dim 2,11,2

otherwisem

ppwhenm
V

mm

LL  

Proof. By Lemma 3.1(ii) and Lemma 3.4(iv), 2P  is linearly independent. 

It follows from Lemma 3.4(i) (iii) that .2 LVP L  By Lemma 3.4(ii), 2P  

is a basis of .LVL   

4. Some Equivalent Characterizations 

In this section, we give the sufficient and necessary conditions for 
,VV R LL  ,VV L LL  RVFV LB  and FVB  

,LVL  respectively. 

Lemma 4.1. Assume that iu  is a homogeneous element and jiuu  

ijuu uup ji ,  with Fp ji uu ,  and 1,, ijji uuuu pp  for kji,1  and 

1, ji uup  when .ji uu  Then 

1

1
12

3
...,,,,...,,1 ,...,,1...,,

11

m

j
muuuuuuRm uuuppuu

jmjjjm  

where .,...,,,:...,, 1211 RRRmmRm uuuuuu "  

Proof. We show lemma by induction on m. Obviously, 

....,,...,, 12...,,,21 21 uuupuuu RmuuuRm m  

Therefore, 

12,...,,21...,,,1 ...,,...,,...,, 1221 uuupuuupuu RmuuuRmuuuRm mm  

12,...,,
2

...,,, ...,,1221
uuupp Rmuuuuuu mm

 

1

1
12

3
...,,,,...,, ...,,1

11

m

j
muuuuuu uuupp

jmjjjm  

(by inductive assumption).  
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Lemma 4.2. Let RL ,,0  be a Lie algebra and ....,,, 021 Luuu m  If 

 is a method of adding bracket R,  on ,...,,, 21 muuu  then there exist 

some 1, jmj S  or –1 such that 

 
r

j
Rmjm jj uuuuu

1
121 ....,,...,,,  

Proof. We show  by induction on m. Obviously,  holds for 

.2m  Assume .2m  Let 

....,,,,...,,...,, 212111 Rmsssm uuuuuuu  

Now we show  by induction on s. In case ,1s  

muu ...,,1  

Rmuuu ...,,, 221  

r

j
RRmj jj uuu

1
21 ...,,,  rjmj 1forwhere ...,,3,2S  

r

j
Rmj jjj uuu

1
21 ....,,,  

Therefore,  holds. 

Assume 1s  and 

....,,,,...,,...,, 2141311 Rskkks uuuuuuu  

We have 

muu ...,,1  

RmssRskkk uuuuuuuu ...,,,,...,,,,...,, 21221413  

RskkRmssk uuuuuuuu ...,,,,...,,,,...,, 21421213  
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RRmssskkk uuuuuuuu ...,,,,...,,,,...,, 21221413  

1

1
211 ,...,,,,...,,

r

j
Rmsskj jjjjj uuuuu  

Rskk uuu ...,,, 214  

2

1 1
12113 ,,...,,,,...,,

r

rj
sskkjk jjjj uuuuuu  

RRms jj uu ...,,2  

by first inductive assumption, where msskj ...,,2,1,...,,3,2,1S  

for mkkjrj ...,,2,11;1 S  for 21 1 rjr  

3

2 1
1 ...,,

r

rj
Rmj jj uu  

by second inductive assumption, where mj ...,,2,1S  

for .1 32 rjr  

Therefore,  holds.  

Proposition 4.3. If VB  is a Nichols algebra of diagonal type, then 

RVV LL  if and only if ,12
, iip  ,1,, ijji pp  3, Rp ji  for i1  

.nj  In this case, .VVV RLL  

Proof. The sufficiency: By [20, Corollary 2.5], .VVL  By Lemma 

2.5, 0, Rji xx  for ji  and .VV RL  

The necessity: We show this by following three steps: 

(i) 12
, iip  since Vxk

i L  for iipk ,ord  and R
m
i Vx L  when 

m
ix0  and .1m  
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(ii) If 1,, ijji pp  and 3, Rp ji  with ,ji  then 0, Rji xx       

and .0, ji xx  Consequently, ,, VVxx RRji LL  which is a 

contradiction. 

(iii) If 1,, ijji pp  with ,ji  then Rji VVxx LL,0  and 

Rjiji xxkxx ,,  with .Fk  By [20, Corollary 2.5], ,Vxx ij L  

which implies Rjiij xxkxx ,  with .Fk  This is a contradiction since 

ij xx  and ji xx ,  are linearly independent.  

Proposition 4.4. If VB  is a Nichols algebra of diagonal type, then the 

following conditions are equivalent: 

(1) .LVV LL  

(2) .VV LL  

(3) 1,1 ,,
2
, ijjiii ppp  for .1 nji  In this case, VL  

.VV LL  

Proof. By [20, Proposition 6.3], .32  The proof of 31  is 

similar to the proof of .32  

Proposition 4.5. Assume that VB  is a Nichols algebra of diagonal 

type. Then RVFV LB  if and only if ,1, iip  1,, ijji pp  for all 

nji1  and there exists mS  such that 

1

1

3
...,,, 01

1

m

j
hhh jmj

p  

for all mhhh "21  with .1,...,,1 mixxh ni  

Proof. The necessity: If there exists ni1  such that ,1, iip  then 

Vxi B20  and ,2
Ri Vx L  which is a contradiction. If there exist 
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ji,  such that 1,, ijji pp  with ,1 nji  then 0, ji xx  and 

.0, Rji xx  Since ,RVFV LB  we have that there exist 

Fkk,  such that ,,, Rjiji xxkxx  and ,, Rjiij xxkxx  which 

contradicts to that ji xx ,  and ij xx  are linearly independent. Therefore, V is 

a quantum linear space. 

If there exist mhhh "21  with ,1,...,,1 mixxh ni  such 

that 
1

1

3
...,,, 01

1

m

j
hhh jmj

p  for any .mS  By [20, Lemma 

3.2], Lemma 4.1 and Lemma 4.2, 0...,,, 21 mhhh  for any 

mS  and any method  of adding bracket R,  on ....,,, 21 mhhh  

Consequently, ,0 21 Rm Vhhh L"  which is a contradiction. 

The sufficiency: Obviously, V is a quantum linear space. For any 

21 hh mh"  with ,...,,1 ni xxh  ,1 mi  there exists mS  

such that 
1

1

3
, .01

1

m

j
hhh jmj

p "  By Lemma 4.1, we have that 

there exists Fa  such that .1121 Rmmm Vhhahhhh L""   

Lemma 4.6. Assume that iu  is a homogeneous element and jiuu  

ijuu uup ji ,  with Fp ji uu ,  and 1,, ijji uuuu pp  for kji,1  and 

1, ji uup  when .ji uu  Then 

1

1
12...,,,,...,,1 ,...,,1...,, 11

m

j
muuuuuuLm uuuppuu jmjjjm  

where  

.,...,,,:...,, 1211 LLLmmLm uuuuuu "  
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Lemma 4.7. Let LL ,,0  be a Lie algebra and ....,,, 021 Luuu m  If 

 is a method of adding bracket L,  on ,...,,, 21 muuu  then there exist 

some 1, jmj S  or –1 such that 

 
r

j
Lmjm jj uuuuu

1
121 ....,,...,,,  

Proposition 4.8. Assume that VB  is a Nichols algebra of diagonal 

type. Then the following conditions are equivalent: 

(1) .LVFV LB  

(2) .VFV -LB  

(3) 1,1 ,,, ijjiii ppp  for all nji1  and there exists 

mS  such that 
1

1
...,,, 011

m

j
hhh jmjp  for all "21 hh  

mh  with .1,...,,1 mixxh ni  

Proof. By [20, Proposition 6.4], .32  The proof of 31  is 

similar to the proof of .32   

Conjecture 4.9. Assume that VB  is a Nichols algebra of diagonal 

type. Then .VV L LL  

Question 4.10. Assume that VB  is a Nichols algebra of diagonal type. 

Then give the sufficient and necessary conditions for .RL VV LL  

5. Classification of LVL  and RVL  

In this section, it is proved that if VB  is a connected Nichols algebra 

of diagonal type with ,1dimV  then VB  is finite-dimensional if and 
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only if LVL  is finite-dimensional, or equivalently RVL  is finite-

dimensional. 

Let u  denote the length of word u. Then a word Wu  is called a 

Lyndon word if 1u  or ,2u  and for each representation ,21uuu  

where 1u  and 2u  are nonempty words, the inequality 12uuu  holds (see 

[14, Definition 1]). Any word Wu  has a unique decomposition into the 
product of non-increasing sequence of Lyndon words by [15, Theorem 
5.1.5]. If u is a Lyndon word with ,1u  then there uniquely exist two 

Lyndon words v and w such that vwu  and v is shortest (see [15, 
Proposition 5.1.3]) (the composition is called the Shirshov decomposition            
of u). 

We call u is a standard word with respect to VB  if u cannot be written 

as a linear combination of strictly greater words in .VB  

Let uWuVS :B  is a standard word with respect to ,VB  

written as S in short; uWuL :  is a Lyndon .word  Let 

uLuH :  is a hard .letter-super  Notice that often we assume for 

convenience that L and H are in .VB  

Let uuD :  be a hard ,letter-super  and 

.deg: DuuVB  

Then ,: VVV BBB ∪  which is called the root system of 

V. If VB  is finite, then it is called an arithmetic root system. 

5.1. VB  is not an arithmetic root system 

Lemma 5.1 (See [22, Lemma 2.2]). (i) S is a basis of .VB  

(ii) Any factor of a standard word is a standard word. 

(iii) If u is a standard word, then ruuuu "21  with ruuu "21  

and LSui ∩  for .1 ri  
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Lemma 5.2 (See [22, Theorem 2.4]). If VB  is a Nichols algebra of 

diagonal type, then .VHLVS BB ∩  

Lemma 5.3. (i) If ,Ll  then 
wllw

wlL walal
,

 in ,VB  

where Faa wl ,  with .0la  

(ii) If ,Ll  then 
wllw

wlR wblbl
,

 in ,VB  where 

Fbb wl ,  with .0lb  

Proof. (i) We show this by induction on .l  It is clear when 1l  

since .ll L  Assume that uvl  is the Shirshov decomposition of l. If 

uu  and vv  with uu  and ,vv  then luvvu  and 

,lvuuv  

uvpvupl vuuvL ,,  

vvvv
vv

uuuu
uuuv vavauauap

,,
,  

uuuu
uu

vvvv
vvvu uauavavap

,,
,  

(by inductive hypothesis) 

wllw
wl wala

,
.  

(ii) The proof is similar to the proof of (i).  

Theorem 5.4. If VB  is a Nichols algebra of diagonal type                               

and VB  is not an arithmetic root system, then ,dim LVL  

.dim RVL  
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5.2. VB  is an arithmetic root system 

For our study of Nichols algebras we need some non-standard formulas 
for quantum integers and Gaussian binomial coefficients. 

In the ring ,aZ  let 00 a  and for any ,Nm  21 aam a  

.1ma"  Then the polynomials am  with Zm  are also known as 

quantum integers. Moreover, let ,10 !
a  and for any Zm  let 

m

k
aa km

1

! .  For any Zmk,  with ,0 mk  the rational function 

,!!

!

aa

a

a kmk
m

k
m

 is in fact an element of aZ  and is called a 

Gaussian binomial coefficient. For ZN km ,0  with 0k  or mk  

one defines .0
ak

m
 The Gaussian binomial coefficients satisfy the 

following formulas: 

,
aa km

m
k
m

 (1) 

a

k

a

m

a

k
k

m
a

k
m

a
k
m

a
1

1
11  (2) 

for .1, mkm N  

Lemma 5.5. For ,, jim N  

(i) 
m

k

m
a

k akm
k
m

0

1.11  

(ii) 
m

k

k
ij

km
i

km
ij

k
ji

k
mm

iiL
m
i xxxpp

k
m

pjl
0

,,
2

1

, .1  
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(iii) 
m

k

k
ij

km
i

k
ij

km
ji

k
mm

iiR
m
i xxxpp

k
m

pjl
0

,,
2

1

, .1  

(iv) 
m

k

km
ij

k
i

p

k
ij

kk

ii
km

i xxx
k
m

ppjl
ii0

,2
1

, .1
,

 

Proof. It can be proved by induction.  

It is clear that jlppjljl m
i

m
ji

mm

iiR
m
iL

m
i ,

2
1

,  if ,p  is a 

symmetrical bicharacter. 

Lemma 5.6. Assume that VB  is a Nichols algebra of diagonal type 

and ., jim N  Then: 

(i) If 2
,, ijji pp  and ,2

,, jiij pp  i.e., ,,1 3,,, Rppp jiijji  then 

.0R
m
i jl  

(ii) (1) ., ,
1
,,

2
1

,
m
i

m
ijijji

mm

iiR
m
ij xppppjly  

      (2) ., !
,

1
,, , iip

m
ijijjiR

m
ij

m
i mpppjlyy  

(iii) (1) 

R
m
i

k
ip

mk
iijiijji

m
iiR

m
i

k
i jlykpppppjly

ii
11

,
1

,,,
1

, ,, 1
,

 

iR
m
i

k
iijR

m
i

k
ii

k
iiji xjlypjlyxpp 1

,
1

,, ,,  

for .1 mk  

      (2) ., !1
,,, , jp

m
jiijjiR

m
i

m
i xmpppjly

ii
 

     (3) ., !1
,,, , iip

m
jiijjiR

m
i

m
ij mpppjlyy  
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(iv) Assume that .1, iip  Then ,0R
m
i jl  when 2

,, ijji pp  or 

.2
,, jiij pp  

(v) Assume that .1, iip  Then ,0R
m
i jl  when mp ii,ord  with 

2
,, ijji pp  or .2

,, jiij pp  

Proof. (ii) (1) 

m

k

k
ij

km
i

k
ij

km
ji

k
mm

iijR
m
ij xxxpp

k
m

pyjly
0

,,
2

1

, 1,,  

m

k

m
i

k
ij

k
ji

km
ij

m
ji

mm

ii xpp
k
m

ppp
0

2
,,,,

2
1

, 1  

m
i

m
ijji

m
ij

m
ji

mm

ii xppppp 2
,

1
,,,

2
1

, 1  

.,
1
,,

2
1

,
m
i

m
ijijji

mm

ii xpppp  

(2) It can be proved by induction. 

(iii) We show (1) by induction on k for .1 mk  We have 

iR
m
iij

m
iiR

m
iiji

m
iiiR

m
ii xjlppjlxppyjly 1

,
1

,
1

,
1

,,,  

R
m
i

m
iijiijji

m
ii jlppppp 11

,
1

,,,
1

,  

.,, 1
,

11
,, iR

m
iiijR

m
iiiiiji xjlypjlyxpp  

Thus, equation (1) holds when .1k  Assume .1k  We have 

R
m
i

k
i jly ,  

R
m
i

k
ip

mk
iijiijji

m
iii jlykpppppy

ii
121

,
1

,,,
1

, ,1, 1
,
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iR
m
i

k
iijR

m
i

k
ii

k
iiji xjlypjlyxpp 11

,
111

,, ,,  

(by inductive hypothesis) 

R
m
i

k
ip

mk
iijiijji

m
ii jlykppppp

ii
111

,
1

,,,
1

, ,1 1
,

 

R
m
i

k
ii

k
iijiR

m
i

k
i

k
iiji jlyxppjlypp 1

,,
111

,, ,,  

R
m
i

k
i

mk
iijiijiR

m
i

k
iij jlypppxjlyp 11

,
1

,,
1

, ,,  

 the right hand side of (1). Consequently, (1) holds. 

Now we show (2) by induction on m. (2) is clear when .1m  By (1), 
we have 

R
m
i

m
ipjiijji

m
iiR

m
i

m
i jlymppppjly

ii
111

,,,
1

, ,, 1
,

 

R
m
i

m
ipjiijji jlymppp

ii
111

,,, ,
,

 

jp
m

jiijjipjiijji xmpppmppp
iiii

!11
,,,

1
,,, ,,

1  

(by inductive hypothesis) 

the right hand side of (2). Therefore, (2) and (3) hold. 

(iv) If ,1, iip  then !, ,
1
,, mpppjlyy m

ijijjiL
m
ij

m
i  and 

!, 1
,,, mpppjlyy m

jiijjiL
m
i

m
ij  by (ii) and (iii). 

(v) It follows from (ii) and (iii).  

Lemma 5.7. Assume that VB  is a Nichols algebra of diagonal type 

and ., jim N  Then: 

(i) If ,1,, ijji pp  then .0L
m
i jl  
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(ii) (1) .1, ,
2

1

,
m
i

m
ji

mm

iiL
m
ij xppjly  

      (2) .1, !
, , iip

m
jiL

m
ij

m
i mpjlyy  

(iii) (1) 

L
m
i

k
ip

mk
iiij

m
iiL

m
i

k
i jlykpppjly

ii
11

,,
1

, ,, 1
,

 

iL
m
i

k
ijiL

m
i

k
ii

k
iiij xjlypjlyxpp 1

,
1

,, ,,  

for .1 mk  

       (2) .1, !
, , jp

m
ijL

m
i

m
i xmpjly

ii
 

 (3) .1, !
, , iip

m
ijL

m
i

m
ij mpjlyy  

(iv) Assume that .1, iip  Then ,0L
m
i jl  when 1, jip  or 

.1, ijp  

(v) Assume that .1, iip  Then ,0L
m
i jl  when mp ii,ord  with 

1, jip  or .1, ijp  

Proof. (ii) (1) 

m

k

k
ij

km
i

km
ij

k
ji

k
mm

iijL
m
ij xxxpp

k
m

pyjly
0

,,
2

1

, 1,,  

m

k

m
i

mk
ij

km
ij

k
ji

k
mm

ii xppp
k
m

p
0

,,,
2

1

, 1  

.1 ,
2

1

,
m
i

m
ji

mm

ii xpp  

(2) It can be proved by induction. 
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(iii) We show (1) by induction on k for .1 mk  We have 

iL
m
iji

m
iiL

m
iiij

m
iiiL

m
ii xjlppjlxppyjly 1

,
1

,
1

,
1

,,,  

L
m
iiiiiijL

m
i

m
iiij

m
ii jlyxppjlppp 11

,,
11

,,
1

, ,  

., 1
, iL

m
iiji xjlyp  

Thus, equation (1) holds when .1k  Assume .1k  We have 

L
m
i

k
i jly ,  

L
m
i

k
ip

mk
iiij

m
iii jlykpppy

ii
121

,,
1

, ,1, 1
,

 

iL
m
i

k
ijiL

m
i

k
ii

k
iiij xjlypjlyxpp 11

,
111

,, ,,  

(by inductive hypothesis) 

L
m
i

k
ip

mk
iiij

m
ii jlykppp

ii
111

,,
1

, ,1 1
,

 

L
m
i

k
ii

k
iiijL

m
i

k
i

k
iiij jlyxppjlypp 1

,,
111

,, ,,  

L
m
i

k
i

mk
iijijiiL

m
i

k
iji jlypppxjlyp 11

,
1

,,
1

, ,,  

 the right hand side of (1). Consequently, (1) holds. 

Now we show (2) by induction on m. (2) is clear when .1m  By (1), 
we have 

L
m
i

m
ipij

m
iiL

m
i

m
i jlymppjly

ii
11

,
1

, ,1, 1
,

 

L
m
i

m
ipij jlymp

ii
11

, ,1
,

 

jp
m

ijpij xmpmp
iiii

!1
,, ,,

111  

(by inductive hypothesis) 

 the right hand side of (2). Therefore, (2) and (3) hold. 
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(iv) If ,1, iip  then 

!1, , mpjlyy m
jiL

m
ij

m
i  and !1, , mpjlyy m

ijL
m
i

m
ij  

by (ii) and (iii). 

(v) It follows from (ii) and (iii).  

Proposition 5.8. Assume that VB  is a Nichols algebra of diagonal 

type. Then 

(i) RVLdim  when there exist i and j with ,ji  2
,, ijji pp  or 

2
,, jiij pp  and 1ord , iip  or .  

(ii) LVLdim  when there exist i and j with ,ji  1, jip  or 

1, ijp  and 1ord , iip  or .  

Lemma 5.9 (See [22, Lemma 5.1]). The set of monomials t
ij

s
i xxx  with 

,0 ijms  1ord0 , iipt  for ji  and the set of monomials 

t
ij

s
i xxx  with ,0 ijmt  1ord0 , iips  for ji  are linearly 

independent. 

We know .1ord , iiij pm  

Proposition 5.10. For ., jim N  

(i) Assume that .11
,, ijji pp  Then 0L

m
i jl  if and only if 

,0ord , mp ii  0R
m
i jl  if and only if 3, Rp ij  and iip ,ord  

.0m  

(ii) Assume that .1,1ord ,,, ijjiiiij pppm  Then 0L
m
i jl  if 

and only if iiij pmm ,ord10  if and only if .0R
m
i jl  
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Proof. (i) We show mm
ji

mm

iiL
m
i jippjl ,

2
1

, 1  and R
m
i jl  

mm
ij

m
ji

mm

ii jippp 3
,

2
,

2
1

, 1  by induction on m since ,, jipij ji  the 

other is clear by [9, Lemma 1.3.3]. 

(ii) We obtain 

m

k

k
ij

km
i

km
ij

k
ji

k
mm

iiL
m
i xxxpp

k
m

pjl
0

,,
2

1

, 1  

by Lemma 5.5(ii). Then 

L
pm

i jl iiij ,ord1
 

2
3ord22ord2

,
2ord2

,,
,

iiii
ii

pp

iiL
p

i pjl  

2ord2

0

2ord22ord2
,,

,
,

,,2ord2
1

ii
iiii

p

k

k
ij

kp
i

kp
ij

k
ji

iik xxxpp
k
p

 

1ord
2ord2

1
,

,1ord2
3ord22ord2

,
,

,,

ii

iip
pp

ii p
p

p ii
iiii

 

1ord1ord1ord
,,

,,, iiiiii p
ij

p
i

p
ijji xxxpp  

by [9, Lemma 1.3.3(i)]. It is clear 0,ord1
L

pm
i jl iiij  since 

1ord1ord1ord ,,, iiijiiii p
ij

m
i

p
ij

p
i xxxxxx  or ijii m

ij
p

i xxx
1ord ,  

is a basic element by Lemma 5.5. Then 0L
m
i jl  if 10 ijmm  

.ord , iip  On the other hand, 
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L
pm

i jl iiij ,ord
 

1ord
2ord2

1
,

,1ord2
3ord22ord2

,
,

,,

ii

iip
pp

ii p
p

p ii
iiii

 

L
p

ij
p

ii
p

ijji
iiiiii xxxxpp

1ord1ord1ord
,,

,,, ,  

.0  

The rest of the proof is similar.  

Lemma 5.11. Assume that VB  is a connected Nichols algebra of 

diagonal type with .1dimV  Then 

(i) If 1,, jjii pp  and ijji pp ,,ord  for .ji  Then 

,dim RVL  .dim LVL  

(ii) If VB  is an arithmetic root system and there exists Du  such 

that ,ord , uup  then there exists ni1  such that iip ,ord  or 

,dim RVL  .dim LVL  

Proof. (i) It follows from Theorem 3.3 and Theorem 3.5. 

(ii) If there exists Du  such that ,ord , uup  then there exists a 

ni1  such that iip ,ord  except the cases of [9, Row 3 Diagram 2, 

Table 1], [9, Row 8, Diagram 2, Table 2; Row 9, Diagram 4, Table 2; Row 
10, Diagram 3, Table 2] and [10, Row 10, Diagram 6, Appendix B; Row 12, 
Diagram 5, Appendix B. Row 2, Appendix C; Row 10, Diagram 2, Appendix 
C]. By (i), ,dim RVL  .dim LVL   

5.3. Finiteness of LVL  and RVL  

Proposition 5.12. Assume that VB  is a connected Nichols algebra of 

diagonal type. Then VBdim  and LVLdim  if and only if 

1dimV  and 1ord 1,1p  or .  
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Proof. The if part of the assertion is obvious. It remains to prove the only 
if part. Assume .1dimV  Then by Theorem 5.4, VB  is an arithmetic 

root system. Consequently, there exists Du  such that .ord , uup  

Considering Lemma 5.11(ii) and Proposition 5.8(ii) we get a contradiction.  

Proposition 5.13. Assume that VB  is a connected Nichols algebra of 

diagonal type. Then VBdim  and RVLdim  if and only if 

,1dimV  1ord 1,1p  or .  

Proof. Sufficiency is clear. Assume .1dimV  Then by Theorem 5.4, 
VB  is an arithmetic root system. Consequently, there exists Du  

such that .ord , uup  Considering Lemma 5.11(ii) and Proposition 5.8(i) 

we have ,, 2
,,

2
,, jiijijji pppp  then ,,1 3,,, Rppp jiijji  which is a 

contradiction.  

Using Proposition 5.12 and Proposition 5.13, we obtain the following 
result. 

Theorem 5.14. Assume that VB  is a connected Nichols algebra of 

diagonal type with ,1dimV  then the following conditions are equivalent: 
(i) VB  is finite-dimensional; (ii) LVL  is finite-dimensional; (iii) RVL  

is finite-dimensional. 
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