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Abstract

In this work, we show the link between the definition given by
Hazewinkel in [6] and that by given Lunts and Rosenberg in [8] on the
notion of the differential operators algebra on a noncommutative
algebra. We obtain some results for Cartesian and tensorial products
of differential operator algebras on noncommutative algebras.

1. Introduction

The concept of differential operators on commutative algebras, initially
defined by Grothendieck and Dieudonné in [1], has been extended to
noncommutative algebras through various approaches. Indeed, in 1997,
Lunts and Rosenberg introduced a new definition of the ring of differential
operators on noncommutative algebra [8] to find a localization construction
for quantum enveloping algebras described in [7]. This new approach

allowed him to show that if the enveloping algebra U(g) of a Lie algebra g

acts on R as a Hopf algebra, then it acts by differential operators. In addition,
a discussion took place on a recursive description of algebras of differential
operators on diagrams (see [1, pp. 42-43] and in [2]). Accordingly, on
commutative algebras in terms of commutators, Hazewinkel wanted to know
whether something more or less similar can be done for noncommutative
algebras, because this would be of particular interest for homotopy algebras,
higher derivative algebras [3, 4], and for the theory of deformation of
algebras and diagrams [5]. Then, focusing on the approach in [8], he
proposed in 2011, a new definition of the ring of differential operators on a

noncommutative algebra [6].
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In this paper, we show that these two previous definitions, given
separately by these authors, are equivalent. We are also interested in some
algebraic operations of differential operator algebras on noncommutative
algebras.

This paper is organized as follows: In Section 2, we give some
definitions, notations and properties of algebras of differential operators. In
Section 3, we first prove that with Hazewinkel’s definition [6], the algebra of
differential operators on a noncommutative algebra has some properties
similar to those obtained in the commutative case. Secondly, we show
that this Hazewinkel’s definition and the definition given by Lunts and
Rosenberg [8] are equivalent. In Section 4, we use Hazewinkel Michiel’s
definition to demonstrate that “the cartesian product of two algebras of
differential operators on noncommutative algebras is an algebra of
differential operators”. From Lunts and Rosenberg definition, we determine
exactly the algebra of differential operators on M, (k), the algebra of square

matrices of order n, and prove that “the tensor product of algebras of
differential operators on the algebras of square matrices is also an algebra of

square matrices”.
2. Preliminaries

Notation 1. Let 4 be a unitary algebra over a field £, M be an
(4, A)-bimodule and a € 4. Then

(1) Ly =1{l, € End;(A), a € A}, where [,(x) = ax, forall x € 4.
(2) Ry ={r, € End;(A), a € A}, where r,(x) = xa, forall x € 4.
(3) A° denotes the opposite algebra of 4.

(4) The elements of 4° will be denoted by a°, where a € A.

(5) A° = A ®, A°.

(6) M, (k) denotes the algebra of square matrices of order n.
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(7) 34M)={me M/ma =am, Va e A}.

Definition 1. Let 4 be a commutative and unitary algebra over a field £.
Then the ring of differential operators on A, denoted by D(A), is defined as

follows:

D(4) = | ] D"(4),

neN
where D!(4) =0 and for n € N,
D"(A) = {u € Endy(A):[u, a] = ua — au € D"1(4), Va e 4},
with ua(m) = u(am) and au(m) = a(u(m)), forall m e M.

Any element u € D"(A) is called the differential operator of order n

on 4.
On a commutative algebra, we have the following properties:

Proposition 1 [9]. (1) End;(A) is a (D(A4), D(A))-bimodule.

(2) Let n>0 be an integer, D"(A) be an (A, A)-subbimodule of

(3) D(A) is an (A, A)-subbimodule of End(A).
(4) D(A) is a subalgebra of Endy(A).
Proposition 2 [9]. Let m, n € N. Then

(1) D°(4) = End 4(A).

(2) D"(4) c D"*!(4).

(3) D"(4)- D"(4) < D"M"(4).

(4) [D"(4), D"(4)] < D"+ !(4).

(5) D(A) is a subalgebra of End) (A).
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In the following, the algebra 4 is noncommutative.

In this case, Hazewinkel defined the ring of differential operators as
follows:

Definition 2 ([6] by Hazewinkel). The ring of differential operators on
A is defined by

D(A4) = | Du(4),
neN

where D_;(A4) =0 and for n € N,

D' (A4)={u € End;(A) : [u, a] = ua — au € D,_;(A), Va € 4},

Dy (4) = LyD(A)Ly.
Any element u € D, (A) is called the differential operator of order n on A.

For any A-bimodule M, Lunts and Rosenberg have defined an

A-subbimodule, the differential part of M denoted by M diff in [8]. The

A-bimodule M ;5 has a filtration My < M| < ..., where M; is called the

ith differential part of M. In particular, the elements of differential part of
the A-bimodule End;(A) are called the differential operators on A. Denoted

by D(A4), this A-bimodule, which is an algebra, is called the algebra of
differential operators on A.
Definition 3. D(4) = | Diff"(4), where Diff '(4) =0 and for
neN
neN, Diff"(4) = A°C,(A4), with

C,(4) = {u € Endi(A)u e BA[%J}

Any element u € Diff "(A) is called the differential operator of order n

onA.
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Proposition 3 [10]. Let M and N be two A-modules.

Furthermore assume that M and N are two free A-modules. If (m; )i </
and (n; )jeJ are two bases of M and N, respectively, then (m; @ n )iel;jeJ
is a basis of M ®;, N.

Proposition 4 (Corollary of the Azumaya-Nakayama theorem). If 4 is a
simple k-algebra with center k and B a simple k-algebra, then A ®; B is a
simple k-algebra.

In the next section, 4 and B are noncommutative algebras over £.

3. Equivalence between Two Definitions of Differential

Operators on Noncommutative Algebras

3.1. Algebra of differential operators on a noncommutative algebra

according to Hazewinkel

With Hazewinkel’s definition, we get the following properties, similar to

Propositions 1 and 2.
Proposition 5. Let n € N. Then
(1) End;(A) is an (A, A)-bimodule.
(2) Endy(A) is a (D(A), D(A))-bimodule.
(3) D,(A) is an (A, A)-subbimodule of End;(A).
(4) D(A) is an (A, A)-subbimodule of End; (A).

Proof. (1) Since End) (A) is an additive group, it is an (4, 4)-bimodule

with the external laws
0r - A x El’ldk(A) i Endk(A)

(a,u)P> 1, ou
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and
0y : Endi(A)x A — End;(A)
(u, a) P> uol,.
(2) The following laws
03 : D(A) x End;.(A) - End;(A)
(u, V) uov
and

(OF/ Endk(A) X D(A) - El’ldk(A)
(v,u)yp vou

justify that D(A4) is an (4, 4)-subbimodule of End (A).

111

(3) Let (n,a)e NxA4 and ue D,(4). In fact that au =1, ou
€ D,(4) and ua =u ol, € D,(A), then D,(A) is an (A4, A)-subbimodule

of End; (A).
(4) From (3), we obtain (4).
Proposition 6. Let m, n € N. Then
(1) id 4 € Dy(A).
(2) Dy(4) < Dy y1(4).
(3) Dy(4) - Dy(4) € Dy n(4).
(4) D(A) is a subalgebra of End) (A).
Proof. (1) id 4 € Dy(4) because id 4 =1 .

(2) By induction on n € N.

Let u € D, (A).
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» For n=0,Dy(4)=LyRyL,. Therefore, there exist a, b, c € 4

such that u =/, or. o [. Then, forall s € 4, we have

[u, s]=14 0 [g, sloly +log—sa 0 g olp + 14 ° g ©lps_gp € Do(A).
It follows that u € Dj(A4) < D;(A).

Hence, Dy(A4) < D;i(4).

» Now, assume that the result is true for an integer #» > 0 and prove it

for n + 1.
> Let u € D, 1(4) = Ly Dy 1(A) L4
Thus, there exist a,b,c € 4 and g € D), {(A) suchthat u =1, 0gol,.
Then, for all s € A4, we get
[, s1=1, o[, sloly +los—sa ° 8 lp + 1y ° & ° lps—sp-

Therefore, we have [u, s]€ D, ,(4), for all s € A. Thus, u € D), ,(4)
- D11-4—2(14)~

» We conclude that
D,(4A) <D, 1(4), VneN.
(3) See in [6, pp. 9-10].

(4) From (1)-(3), we obtain (4). U

3.2. Equivalence between two definitions of differential operators on

noncommutative algebras

Here, we show that the definitions of the algebra of differential operators

given by Hazewinkel and by Lunts and Rosenberg are equivalent.

Lemma 1. End; (A) is a left A° -module.
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Proof. The morphism

¢ A° x El’ldk(A) i Endk(A)

0
Lzaj ®bj,uJHZ(laj cuoly)
J J

shows that End(A4) has an A°-module structure on the left.

Remark 1. Let n € N. Then any element u € Diff "(A4) is written as

follows:

q —
u= Z(laj ou olbj), where Vj €1, g, (a;,b7) e Ax A° and u € C,.
j=1

Proposition 7. Diff®(4) = RyL, = LR,

Proof. Let u € Diff °(4) = 4°Cy(A). Then

Co(4) = {u € Endy(A)/u BA[%J} = Ry.

Thus,
Diff°(4) = A°R,,.

Hence, there exist r, € R, and (a

s b;?)ISjSm € A x A° such that

m
u= Z(la/ ° rS ° lb/ )
j=1

Since L R L, < Diff°(4), so
Diff*(A) = LyRyLy = RyLy = LyRy. U

Proposition 8. D, (4) = Diff"(A), forall n € N*.
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Proof. Let n € N*.

» Since

C,(4) = {u € Endy(A): 7 e 3{%}

SO
C,(4) = {u € Endy(A):[u, 1,] € Diff"~(4), Va e A}.
Then,
D!, (4) = C,(A), forall n e N*. (1)
» Let u € Diff " (A).
According to Remark 1, there exist f e C,(4) and (a;, b;?)lﬁjﬁm

€ Ax A° such that
m
u= Zl(la‘,. o foly,).
J:

We deduce from (1) that u € LD, (A4)L, = D,(4). It follows that
Diff "(4) < D,(A). (2)
» LetueD,(A)=L,D,(A)Ly.
In this case, there exist g € D) (4) and a,be A such that u =
l,ogoly.
According to (2), we have u € A°C,(A4). Thus,
D,(4) = Diff " (4).

From (1) and (2), we get D, (4) < Diff "(4), forall n e N*. O
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Corollary 1. The definitions given by Hazewinkel and by Lunts and
Rosenberg are equivalent.

Proof. According to Propositions 7 and 8. (]

4. Cartesian Product and Tensor Product of Algebras
of Differential Operators

4.1. Cartesian product of algebras of differential operators

In this sequel, we use Hazewinkel’s approach to prove that
“the Cartesian product of two algebras of differential operators on

noncommutative k-algebras is an algebra of differential operators”.
Notation 2. (1) p; and p, denote the projections defined as follows:
p:AxB—> A4 (a,b) a
py:AxB —> B (a,b) b.
(2) j; and j, denote the injections defined as follows:
ji:A—> AxB a (a,0p);
Jo:B—> AxB b (04, D).
Proposition 9. Let (a, b), (a', b') € Ax B and | € D(A x B). Then,
(1) f(4,{0p}) = Ax{0p} and f({04}x B) = {04} x B.

(2) f(a, b)=(d', 1) is equivalent to f(a, 0)=(a',0) and f(0, b) =
(0, b).

Proof. By induction on n € N. (1) Let / € D, (4 x B) and a € A.

» For n = 0, we have

/
f= Zl(xstj)r(sjatj)’
j=1

where forall j e, [, (x;, yi)(sj,tj) € Ax B. Thus, f(a, 0) € Ax{0g}.



116 Anzoumana Sama, Idrissa Yaya and Kolo F. Soro

» Now, assume that the result is true for an integer #» > 0 and prove it
for n +1.

» Let

!
S = Zl(xj',yj) °gjlis;,i;) € Dysi(4x B)
j=1

= LDy y1(Ax B)x Lyyp,

where for all j e, /, gj € Dy(4AxB) and (x;, y;), (s, t;) € Ax B. For

all a € 4, we obtain
/
f(a9 0) = Z(xj9 yj)([gj9 (Sj’ 0)](&, 0)+ (Sj’ 0)'gj(a’ 0))
j=1
Since forall j e, I, [g;, (57, 0)](a, 0) € Ax{0g}, f(a, 0)e Ax{0g}.
Hence, f(4, {05}) < 4x{0p}.
Similarly, we have f({04}x B) < {04} x B.

According to (1), we obtain (2) because for all (a, b) e 4Ax B,
f(a, b) = f(a, 0)+ £(0, D). O

Lemma 2. Let (a, b) € Ax B and f € D(A x B). Then
(1) preligp)y=1la°prand py ol p)y =1y pa,

) La,py e 1 = Jrely and g py o o = jo o lp,

() P1oNap) =7Tq °P1 and py © 1 p) =1 © P2

D Ra,p)° 1 = J1o1g and lig py° jo = jp © 1p,

) {[m o fojial=pelf,(a 0)]° j,
[pZ °f°j2’ b]=p2 o[f’ (0’ b)]OJZ'
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Proof. Let (a, b), (x, y) € Ax B.

(1) We have pjo/gp)(x,y)=ax and [, o p(x, y)=ax. Thus,

P1° la,p) =1y ° p1- Similarly, we obtain all other equalities. O
Proposition 10. Let n € N and f € D(A x B).

If f € Dy(Ax B), then pyofojieD,(A) and pyo fo j, €Dy(B).
Proof. By induction on n € N.

Let f € D, (A4 x B). Then

» For n =0, Do(4x B) =Ly gRyxp- Thus,

/
f - Zl(xqsyq) ° r(sqatq)’
q=1

where (xg, ¥y i< p<rs (8q:g < pes € A% B.

From Lemma 2, we get
/
by e Sfo J1 = leq ° rsq € DO(A)'
g=1

» Now, assume that the result is true for an integer n > 0. Then we
prove it for n + 1.

Case 1.

f € Dyii(4xB)

={u € Endi (A% B) :[u, (a, b)l € D, (4% B), ¥(a, b) € Ax B}.

Let a € A. Then

[p1ofoji,al=peolf,(a, 0)]e j.
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Since [f, (a, 0)] € D,(A4), [py° f ° ji» al € D,(A). Hence,

prefoj€Dy(d) < Dyy(A). 3)

Case 2.If ' € D, .1(4x B), then

/
f - Zl(xqsyq) °8q° l(sqstq)’
q=1

where

According to Lemma 2, we get

I
P1°f°j1=zlxq°(P1°gq°j1)°lsq- 4)
=1

From (3), we get

prefeji€LyDy(A)Ly =Dyy(4).
» Similarly, we obtain p, o f o j, € D,(B). O
Theorem 1. D(A) x D(B) = D(A4 x B).

Proof. Consider the morphism:
0 : D(4) x D(B) — D(4 x B)
(i, 2) P fia:AxB—> AxB
(a, b) = (fi(a), f2(b)).
» Forall (a, b) € Ax B and (f;, f,) € D(4) x D(B), we have

[6(f1, f2), (a, b)] = 6([f1, ], [f2, b)) (%)
Due to (5), we obtain by induction on n = Max{r, s} that

(D, (4) x Ds(B)) S Dpgaxiy. 5)(A x B), forall {r, s} € N°,
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Thus, 0 is well defined.

» In addition, 0 is an injective algebra morphism and according to

Proposition 10, it is also surjective.
Therefore, 0 is an isomorphism of algebras. U

4.2. Tensor product of algebras of differential on M, (k)

We prove by Lunts and Rosenberg’s definition that “the tensor product
of algebras of differential operators on the algebras of square matrices is also

an algebra of square matrices”.

Proposition 11. For all n € N*, D(M ,(k)) = M, (k).

Proof. Consider the following morphism:

0" : M, (k) x M, (k)* — Endy (M, (k))
(4, B°) = ¢/(4, B®) : M, (k) —> M, (k)
C— ACB.
Since ¢’ is bilinear, it induces a morphism of k-modules:
¢ : M, (k) ® M, (k)” — Endi(M,(k))
A®; B > ¢'(4, B®)

which is an algebra morphism.

» According to Proposition 4, M, (k) ®; M, (k)° is a simple k-algebra.

Thus, ¢ is injective. Since
dimy [M, (k) ® M, (k)°] = dimy[End} (M ,(k))],
¢ is an isomorphism of algebras, and hence

Mn(k) ®k Mn(k)o = Endk(Mn(k))- (6)
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» According to Definition 3 of Lunts and Rosenberg, we have
M, (k) ®; M,(k)* < DM, (k)) < Endi(M,(k)). (7)

From (6) and (7), we obtain D(M ,(k)) = M (k). O

Corollary 2. Forall n, m e N*,

D(M,, (k) ® DM, ()= M , (k).

Proof. Let n, m € N*.
From the previous proposition and Proposition 3, it follows that

D(M,, (k) ® DM, (k) = M > (k). O

Corollary 3. For all n, m € N*,
D(M (k) ® D(M,,(k)) = D(M ,(k) ® M, (k)).

Proof. It follows from Propositions 7, 10 and Corollary 2. (]
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