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Abstract 

In this work, we show the link between the definition given by 

Hazewinkel in [6] and that by given Lunts and Rosenberg in [8] on the 

notion of the differential operators algebra on a noncommutative 

algebra. We obtain some results for Cartesian and tensorial products 

of differential operator algebras on noncommutative algebras. 

1. Introduction 

The concept of differential operators on commutative algebras, initially 

defined by Grothendieck and Dieudonné in [1], has been extended to 

noncommutative algebras through various approaches. Indeed, in 1997, 

Lunts and Rosenberg introduced a new definition of the ring of differential 

operators on noncommutative algebra [8] to find a localization construction 

for quantum enveloping algebras described in [7]. This new approach 

allowed him to show that if the enveloping algebra  gU  of a Lie algebra g 

acts on R as a Hopf algebra, then it acts by differential operators. In addition, 

a discussion took place on a recursive description of algebras of differential 

operators on diagrams (see [1, pp. 42-43] and in [2]). Accordingly, on 

commutative algebras in terms of commutators, Hazewinkel wanted to know 

whether something more or less similar can be done for noncommutative 

algebras, because this would be of particular interest for homotopy algebras, 

higher derivative algebras [3, 4], and for the theory of deformation of 

algebras and diagrams [5]. Then, focusing on the approach in [8], he 

proposed in 2011, a new definition of the ring of differential operators on a 

noncommutative algebra [6].  
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In this paper, we show that these two previous definitions, given 

separately by these authors, are equivalent. We are also interested in some 

algebraic operations of differential operator algebras on noncommutative 

algebras.  

This paper is organized as follows: In Section 2, we give some 

definitions, notations and properties of algebras of differential operators. In 

Section 3, we first prove that with Hazewinkel’s definition [6], the algebra of 

differential operators on a noncommutative algebra has some properties 

similar to those obtained in the commutative case. Secondly, we show          

that this Hazewinkel’s definition and the definition given by Lunts and 

Rosenberg [8] are equivalent. In Section 4, we use Hazewinkel Michiel’s 

definition to demonstrate that “the cartesian product of two algebras of 

differential operators on noncommutative algebras is an algebra of 

differential operators”. From Lunts and Rosenberg definition, we determine 

exactly the algebra of differential operators on  ,kMn  the algebra of square 

matrices of order n, and prove that “the tensor product of algebras of 

differential operators on the algebras of square matrices is also an algebra of 

square matrices”. 

2. Preliminaries 

Notation 1. Let A be a unitary algebra over a field k, M be an          

 AA, -bimodule and .Aa   Then 

(1)   ,,: AaAEndlL kaA   where   ,axxla   for all .Ax   

(2)   ,,: AaAEndrR kaA   where   ,xaxra   for all .Ax   

(3) oA  denotes the opposite algebra of A. 

(4) The elements of oA  will be denoted by ,oa  where .Aa   

(5) .: o
k

e AAA   

(6)  kMn  denotes the algebra of square matrices of order n. 
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(7)    .,: AaammaMmMA Z  

Definition 1. Let A be a commutative and unitary algebra over a field k. 

Then the ring of differential operators on A, denoted by  ,AD  is defined as 

follows: 

   ∪
N


n

n
AA ,DD  

where   01  AD  and for ,Nn  

         ,,,: 1 AaAauuaauAEnduA n
k

n  
DD  

with    amumua   and     ,muamau   for all .Mm   

Any element  Au n
D  is called the differential operator of order n  

on A. 

On a commutative algebra, we have the following properties: 

Proposition 1 [9]. (1)  AEndk  is a     AA DD , -bimodule. 

(2) Let 0n  be an integer,  An
D  be an  AA, -subbimodule of 

 .AEndk  

(3)  AD  is an  AA, -subbimodule of  .AEndk  

(4)  AD  is a subalgebra of  .AEndk  

Proposition 2 [9]. Let ., Nnm  Then 

(1)    .0 AEndA AD  

(2)    .1 AA nn  DD  

(3)      .AAA nmnm  DDD  

(4)       ., 1 AAA nmnm  DDD  

(5)  AD  is a subalgebra of  .AEndk  
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In the following, the algebra A is noncommutative. 

In this case, Hazewinkel defined the ring of differential operators as 

follows:  

Definition 2 ([6] by Hazewinkel). The ring of differential operators on 

A is defined by 

   ∪
N


n

n AA ,DD  

where   01  AD  and for ,Nn  

         ,,,: 1 AaAauuaauAEnduA nkn  DD  

    .AnAn LALA DD   

Any element  Au nD  is called the differential operator of order n on A. 

For any A-bimodule M, Lunts and Rosenberg have defined an                    

A-subbimodule, the differential part of M denoted by diffM  in [8]. The            

A-bimodule diffM  has a filtration ...,10  MM  where iM  is called the 

ith differential part of M. In particular, the elements of differential part of 

the A-bimodule  AEndk  are called the differential operators on A. Denoted 

by  ,AD  this A-bimodule, which is an algebra, is called the algebra of 

differential operators on A. 

Definition 3.    ∪
N


n

n AiffA ,DD  where   01  AiffD  and for 

,Nn     ,AAAiff n
on
CD   with  

     
 

.
1



















 Aiff

AEnd
uAEnduA

n
k

Akn
D

C Z  

Any element  Aiffu n
D  is called the differential operator of order n 

on A. 
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Proposition 3 [10]. Let M and N be two A-modules.  

Furthermore assume that M and N are two free A-modules. If   Iiim   

and   Jjjn   are two bases of M and N, respectively, then   JjIiji nm  ;  

is a basis of .NM k  

Proposition 4 (Corollary of the Azumaya-Nakayama theorem). If A is a 

simple k-algebra with center k and B a simple k-algebra, then BA k  is a 

simple k-algebra.  

In the next section, A and B are noncommutative algebras over k. 

3. Equivalence between Two Definitions of Differential 

Operators on Noncommutative Algebras 

3.1. Algebra of differential operators on a noncommutative algebra 

according to Hazewinkel 

With Hazewinkel’s definition, we get the following properties, similar to 

Propositions 1 and 2. 

Proposition 5. Let .Nn  Then 

(1)  AEndk  is an  AA, -bimodule. 

(2)  AEndk  is a     AA DD , -bimodule. 

(3)  AnD  is an  AA, -subbimodule of  .AEndk  

(4)  AD  is an  AA, -subbimodule of  .AEndk  

Proof. (1) Since  AEndk  is an additive group, it is an  AA, -bimodule 

with the external laws  

   AEndAEndA kk  :1  

                ulua a �֏,  
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and 

   AEndAAEnd kk  :2  

                  ., aluau �֏  

(2) The following laws 

     AEndAEndA kk  D:3  

   vuvu �֏,  

and  

     AEndAAEnd kk  D:4  

                      uvuv �֏,  

justify that  AD  is an  AA, -subbimodule of  .AEndk  

(3) Let   Aan  N,  and  .Au nD  In fact that ulau a �  

 AnD  and  ,Aluua na D �  then  AnD  is an  AA, -subbimodule 

of  .AEndk  

(4) From (3), we obtain (4). □ 

Proposition 6. Let ., Nnm  Then 

(1)  .0 Aid A D  

(2)    .1 AA nn  DD  

(3)      .AAA nmnm  DDD  

(4)  AD  is a subalgebra of  .AEndk  

Proof. (1)  Aid A 0D  because .1A
rid A   

(2) By induction on .Nn  

Let  .Au nD   
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► For   .,0 0 AAA LRLAn  D  Therefore, there exist Acba ,,  

such that .bca lrlu ��  Then, for all ,As   we have  

     .,, 0 Algllgllsglsu sbbsabsaasba D  ������  

It follows that    .11 AAu DD   

Hence,    .10 AA DD   

► Now, assume that the result is true for an integer 0n  and prove it 

for .1n  

► Let     .11 AnAn LALAu   DD  

Thus, there exist Acba ,,  and  Ag n 1 D  such that .ba lglu ��  

Then, for all ,As   we get 

    .,, sbbsabsaasba lgllgllsglsu   ������  

Therefore, we have    ,, 1 Asu n D  for all .As   Thus,  Au n 2D  

 .2 An D  

► We conclude that 

    .,1 N  nAA nn DD  

(3) See in [6, pp. 9-10]. 

(4) From (1)-(3), we obtain (4). □ 

3.2. Equivalence between two definitions of differential operators on 

noncommutative algebras  

Here, we show that the definitions of the algebra of differential operators 

given by Hazewinkel and by Lunts and Rosenberg are equivalent.  

Lemma 1.  AEndk  is a left eA -module. 
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Proof. The morphism 

                                   AEndAEndA kk
e  :  

                                   














j

ba

j

o
jj jj

luluba ��֏,  

shows that  AEndk  has an eA -module structure on the left.  

Remark 1. Let .Nn  Then any element  Aiffu n
D  is written as 

follows:  

 



q

j

ba jj
lulu

1

,��  where   oo
jj AAbaqj  ,,,1  and .nCu   

Proposition 7.   .0
AAAA RLLRAiff D  

Proof. Let    .0
0 AAAiffu e

CD   Then 

     
 

.
10 A

k
Ak R

Aiff

AEnd
uAEnduA 




















D

C Z  

Thus, 

  .0
A

oRAAiff D  

Hence, there exist As Rr   and   o
mj

o
jj AAba 1,  such that 

 



m

j

bsa jj
lrlu

1

.��  

Since  ,0 AiffLRL AAA D  so  

   .0
AAAAAAA RLLRLRLAiff D  □ 

Proposition 8.    ,AiffA n
n DD   for all . Nn  
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Proof. Let . Nn  

► Since 

     
 

,:
1



















 Aiff

AEnd
uAEnduA

n
k

Akn
D

C Z  

so 

         .,,: 1 AaAiffluAEnduA n
akn  

DC  

Then,  

   ,AA nn CD   for all . Nn  (1) 

► Let  .Aiffu n
D  

According to Remark 1, there exist  Af nC  and   mj
o
jj ba 1,  

oAA   such that  

 



m

j

ba jj
lflu

1

.��  

We deduce from (1) that    .ALALu nAnA DD   It follows that  

   .AAiff n
n

DD   (2) 

► Let     .AnAn LALAu DD   

In this case, there exist  Ag nD  and Aba ,  such that u  

.bn lgl ��   

According to (2), we have  .AAu n
e
C  Thus,  

   .AiffA n
n DD   

From (1) and (2), we get    ,AiffA n
n DD   for all . Nn  □ 
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Corollary 1. The definitions given by Hazewinkel and by Lunts and 

Rosenberg are equivalent.  

Proof. According to Propositions 7 and 8.  □ 

4. Cartesian Product and Tensor Product of Algebras 

of Differential Operators 

4.1. Cartesian product of algebras of differential operators 

In this sequel, we use Hazewinkel’s approach to prove that                         

“the Cartesian product of two algebras of differential operators on 

noncommutative k-algebras is an algebra of differential operators”. 

Notation 2. (1) 1p  and 2p  denote the projections defined as follows: 

  ;,:1 abaABAp ֏  

  .,:2 bbaBBAp ֏  

(2) 1j  and 2j  denote the injections defined as follows:  

 ;0,:1 BaaBAAj ֏  

 .,0:2 bbBABj A֏  

Proposition 9. Let     BAbaba ,,,  and  .BAf  D  Then,  

(1)     BB AAf 00,   and      .00 BBf AA   

(2)    babaf  ,,  is equivalent to    0,0, aaf   and   bf ,0  

 .,0 b  

Proof. By induction on .Nn  (1) Let  BAf n  D  and .Aa   

► For ,0n  we have  

   



l

j

tsyx jjjj
rlf

1
,, ,  

where for all     .,,,,,1 BAtsyxlj jjjj   Thus,    .00, BAaf   
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► Now, assume that the result is true for an integer 0n  and prove it 

for .1n  

► Let 

     


 
l

j

ntsjyx BAlglf
jjjj

1
1,, D��  

  ,1 BAnBA LBAL   D  

where for all  BAglj nj  D,,1  and     .,,, BAtsyx jjjj   For 

all ,Aa   we obtain  

           



l

j

jjjjjj agsasgyxaf

1

.0,.0,0,0,,,0,  

Since for all       ,00,0,,,,1 Bjj Aasglj      .00, BAaf   

Hence,     .00, BB AAf   

Similarly, we have      .00 BBf AA   

According to (1), we obtain (2) because for all   ,, BAba   

     .,00,, bfafbaf   □ 

Lemma 2. Let   BAba ,  and  .BAf  D  Then 

(1)   1,1 pllp aba ��   and   ,2,2 pllp bba ��   

(2)   aba ljjl �� 11,   and   ,22, bba ljjl ��   

(3)   1,1 prrp aba ��   and   ,2,2 prrp bba ��   

(4)   aba rjjr �� 11,   and   ,22, bba rjjl ��   

(5) 
    

    







.,0,,

,0,,,

2222

1111

jbfpbjfp

jafpajfp

����

����
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Proof. Let     .,,, BAyxba   

(1) We have    axyxlp ba ,,1 �  and   .,1 axyxpla �  Thus, 

  .1,1 pllp aba ��   Similarly, we obtain all other equalities.  □ 

Proposition 10. Let Nn  and  .BAf  D  

If  ,BAf n  D  then  Ajfp nD11 ��  and  .22 Bjfp nD��  

Proof. By induction on .Nn  

Let  .BAf n  D  Then 

► For ,0n    .0 BABA RLBA D  Thus, 

   



l

q

tsyx qqqq
rlf

1
,, ,�  

where     .,,, 11 BAtsyx lpqqlpqq   

From Lemma 2, we get  

 



l

q

sx Arljfp
qq

1
011 .D���  

► Now, assume that the result is true for an integer .0n  Then we 

prove it for .1n  

Case 1. 

 BAf n  1D  

         .,,,,: BAbaBAbauBAEndu nk  D  

Let .Aa   Then  

     .0,,, 1111 jafpajfp ����   
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Since     ,0,, Aaf nD     .,11 Aajfp nD��  Hence,  

   .1111 AAjfp nn   DD��  (3) 

Case 2. If  ,1 BAf n  D  then  

   



l

q

tsqyx qqqq
lglf

1
,, ,��  

where  

    .,,, 11 BAtsyx lpqqlpqq   

According to Lemma 2, we get  

 



l

j

sqx qq
ljgpljfp

1
1111 .������  (4) 

From (3), we get 

   .1111 ALALjfp nAnA   DD��  

► Similarly, we obtain  .22 Bjfp nD��  □ 

Theorem 1.      .~ BABA  DDD  

Proof. Consider the morphism: 

     BABA  DDD:  

     BABAfff :, 2,121 ֏  

                                       .,, 21 bfafba ֏  

► For all   BAba ,  and      ,, 21 BAff DD   we have  

         .,,,,,, 2121 bfafbaff   (5) 

Due to (5), we obtain by induction on  srMaxn ,  that 

       ,, BABA srMaxsr  DDD  for all   ., 2
Nsr  
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Thus,   is well defined. 

► In addition,   is an injective algebra morphism and according to 

Proposition 10, it is also surjective.  

Therefore,   is an isomorphism of algebras.  □ 

4.2. Tensor product of algebras of differential on  kMn  

We prove by Lunts and Rosenberg’s definition that “the tensor product 

of algebras of differential operators on the algebras of square matrices is also 

an algebra of square matrices”. 

Proposition 11. For all , Nn      .~
2 kMkM

nn D  

Proof. Consider the following morphism:  

       kMEndkMkM nk
o

nn  :  

                  kMkMBABA nn
oo  :,, ֏  

                                                         .ACBC ֏  

Since   is bilinear, it induces a morphism of k-modules: 

      kMEndkMkM nk
o

nkn  :  

                       oo
k BABA , ֏  

which is an algebra morphism.  

► According to Proposition 4,    onkn kMkM   is a simple k-algebra. 

Thus,   is injective. Since  

         ,dimdim kMEndkMkM nkk
o

nknk   

  is an isomorphism of algebras, and hence  

      .kMEndkMkM nk
o

nkn �  (6) 
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► According to Definition 3 of Lunts and Rosenberg, we have  

         .kMEndkMkMkM nkn
o

nkn  D  (7) 

From (6) and (7), we obtain     .2 kMkM
nn �D  □ 

Corollary 2. For all ,,  Nmn  

       .~
22 kMkMkM

mnmn  DD  

Proof. Let .,  Nmn  

From the previous proposition and Proposition 3, it follows that  

       .22 kMkMkM
mnnn �DD   □ 

Corollary 3. For all ,,  Nmn  

          .kMkMkMkM mnmn  DDD �  

Proof. It follows from Propositions 7, 10 and Corollary 2. □ 
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