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Abstract 

We study the generalized almost-Jordan nilalgebras of nilindex           

four that are not power associative. We first give some interesting 

equalities in these algebras. These equalities enable to find the 

possible multiplication tables relative to the dimension. We have one 

table in dimension three and two in dimension four. In dimension five, 

we show that the dimension of the square of an algebra satisfying 

these conditions is either 2 or 3, which shows four possible 

multiplication tables in dimension five. 
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1. Introduction 

Among the four degree-four identities exhibited by Carini et al. [1], 

       032  xyxxyxyxx  defines a class of commutative non-

associative algebras called generalized almost-Jordan algebras. This is one 

of the polynomial identities that has recently attracted the interest of many 

workers. Here, we are interested in the possible multiplication tables for 

generalized almost-Jordan nilalgebras of nilindex four, and dimension at 

most five, which are not power associative. 

A non-associative algebra A is said to be a nilalgebra of nilindex n, if 

0nx  for all Ax   and there exists Aa   such that .01 na  A is 

called power associative, if the subalgebra of A generated by any element 

Ax   is associative. It is said to be a nilpotent algebra if for some natural 

integer p, the product of any n elements from the algebra with pn   and 

any arrangement of parenthesis vanishes. The least such integer is called the 

index of nilpotency of the algebra (see [6]). 

2. Preliminaries 

In what follows, K is an infinite commutative field of characteristics not 

2, 3, 5 and A is a generalized almost-Jordan nilalgebra of nilindex 4, which is 

not power associative. The dimension of an algebra A is denoted by .dim A  

Lemma 2.1 [4]. Let A be a generalized almost-Jordan nilalgebra of 

nilindex 4. If ,03   then A satisfies 

   ,032  ytxyxx  (1) 

with .
3

3




t  

This previous lemma allows us to reduce to just one, the number of 

parameters in the study of generalized almost-Jordan nilalgebras of nilindex 

four. The particular case 0t  corresponds to the well known Lie triple 
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algebras, so we assume in this study that .0t  In addition, if ,1t  then  

we have the following results, where ,: AALx   xaa ֏  is the left 

multiplication operator by x. 

Lemma 2.2. Let A be a generalized almost-Jordan nilalgebra of nilindex 

4, satisfying  .1;0  tt  Then, for all ,,, Azyx   

    (i)      ,021 3  xyxxyxt  

   (ii)        ,021 2  xyxtxyxxt  

  (iii) ,032 xx  

  (iv)   ,022 xxx  

   (v)       ,021 43  yLyxxt x  

  (vi)     ,033  xyxyxx  

 (vii)          ,0333  yxxxxyxxxyxx  

(viii)       ,02 33  xyxxxyxx  

 (ix)        ,041 53  yLxyxxt x  

 (x)   .05 yLx  

Proof. A being a generalized almost-Jordan nilalgebra of nilindex 4 

satisfies the following identities: 

,04 x  (2) 

   .032  ytxyxx  (3) 

We use the linearization technique specified in [5, p. 174]. This 

technique applied to (2) gives 

      .0223  xyxxyxxyx  (4) 
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From the difference between (4) and (3), we have (i). 

Taking 2xy   in (i), we get (iii). 

And for 2xy   in (3), we just need to use (iii) to have (iv). 

Now, multiply (4) by t and make the difference with (3) to have (ii). 

To have (v), we just need to replace y by yx in (i). 

Multiplying (i) by x and making the difference with (v), we have (vi). 

A linearization of (i) gives us 

                 .0221 2  zyxxxyzxxyxzxzxyyzxt  (5) 

In (5), put 3xz   and use (iii) to have (vii). 

To have (viii), we just need to use (vi) in (vii). 

Now, multiply (v) by x and use (viii) to have (ix). 

Finally, to have (x), we replace y by yx in (v) and make the difference 

with (ix). □ 

Since   ,05 yLx  if yxy   for a non-zero y in A, then 05  y  and 

.0   

Now, we have the following lemma: 

Lemma 2.3. If x and y are two non-zero elements of A such that 

,yxy   then .0  

Theorem 2.4. Let A be a generalized almost-Jordan nilalgebra of 

nilindex 4 satisfying  .1;0  tt  If there are elements x and y of A such 

that   ,04 yLx  then y,  ,yLx   ,2 yLx   ,3 yLx   ,4 yLx  x, 2x  and 3x  are 

linearly independent. 

Proof. (i) Assume that   04 yLx  and consider 

   
 



4

0

3

1

.0

i j

j
j

i
xi xyL  (6) 
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Applying 4
xL  to it, we have .00   

Applying 3
xL  to it, we have .01   

Applying 2
xL  to it and using (v) of Lemma 2.2, we have    yLx

4
2  

    ,01
2

1 3
1

3
2

3
1  xyxxtx  and hence by Lemma 2.3, 12   

.0  

Applying xL  to the remaining terms and using (v) of Lemma 2.2, we 

have     ,01
2

1 3
2

3
3  xyxxt  and hence by Lemma 2.3, .023   

We have   .03
3

4
4  xyLx  Using the same argument as above gives 

us ,043   and we have the result. □ 

From Theorem 2.4, we have the following corollary: 

Corollary 2.5. Let A be a generalized almost-Jordan nilalgebra of 

nilindex 4 satisfying  .1;0  tt  Assume that for all ,, Aba     .04 bLa  

If there are two elements Ayx ,  such that   ,03 yLx  then 

      yLyLyLxxxy xxx
3232 ,,,,,,  is a linearly independent family. In this 

case, .7dim A  

Remark 2.6. With the conditions of Corollary 2.5, if ,6dim A  then 

for all ,, Aba     .03 bLa  

Since the nilindex is 4, there exists Ax   satisfying .03 x  Moreover, 

by considering K ,,  such that ,032  xxx  we just need to 

apply xL  twice successively to this equality to obtain .0  Next, we 

apply xL  once to have .0  This gives .0  Then 2, xx  and 3x  are 

linearly independent that means the dimension of this algebra is at least 

three. 
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In [2], Elduque and Labra studied commutative nilalgebras of nilindex 

four and dimension at most four. Therefore, their results also apply to 

generalized almost-Jordan nilalgebras under the conditions of our study, 

when the dimension is 3 or 4. 

In the rest of our work, for a set S, the sub-vector space generated by S is 

denoted by ,S  and the subalgebra generated by S is denoted by  .Salg  

3. Cases of Dimensions 3 and 4 

Theorem 3.1 [2]. Let A be a 3-dimensional generalized almost-Jordan 

nilalgebra of nilindex 4 satisfying  1;0  tt  which is not power 

associative. Then there exists an element Aa   such that  32,, aaa  is a 

basis of A with the following multiplication table (in which those not written 

products are zero) ,.,. 322 aaaaaa   .. 322 aaa   

Proof. Let x be an element of A such that .03 x  Then x, ,2x  3x  are 

linearly independent. Since   ,3dim A  we can write  .,, 32 xxxalgA   

Put .3222 xxxxx   Apply 2
xL  to this equality and use Lemma 2.2, 

to have 0  which gives ,3222 xxxx   and leads to  220 xxx  

3x  and finally .0  So we write .322 xxx   We can choose x such 

that 0 , otherwise, for all ,Ax   we should have 224 0 xxx   and A 

would be power associative. Put .1xa   Then 3322422 xxxaa    

.3a  Thus  32 ,, aaaalgA   which admits the following multiplication 

table (all not written products being zero) ,. 2aaa   ,. 32 aaa   

.. 322 aaa   □ 

Theorem 3.2 [2]. Let A be a 4-dimensional generalized almost-Jordan 

nilalgebra of nilindex 4 satisfying  ,1;0  tt  which is not power 

associative. Then, A admits one of the following multiplication tables in 

which the not written products are zero. 
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A basis of A is  2232 ,,, aaaaa  with the following multiplication table: 

..,.,. 2222322 aaaaaaaaaa   

A basis of A is  baaa ,,, 32  with the following multiplication table: 

,.,. 322 aaaaaa   ,. 322 aaa   .3
2

2
1

2 aab   

Proof. We consider two cases: 

Case 1. If there is an Aa   such that 03 a  and ,,, 3222 aaaaa   

then   ,,,, 2232 aaaaaaalg   with ,4dim A  and we conclude that 

2232 ,,, aaaaaA   and A admits the following multiplication table (in 

which those products which not written are zero) ,. 2aaa   ,. 32 aaa   

.. 2222 aaaa   

Case 2. Otherwise, for all Ax   such that ,03 x  we have 22xx  

32 ,, xxx  and   .,, 32 xxxxalg   For all  ,xalgAy     ∩xalg  

 yalg  is a proper subalgebra of  ,xalg  otherwise     .Ayalgxalg   

This is a contradiction. Thus        .2xalgyalgxalg ∩  Since  xalg   

has codimension 1,    yalgxalg ∩  also has codimension 1 in  ,yalg           

and we can write           .
22

xalgyalgxalgyalg  ∩  Therefore, 

   .
22 xalgy   So    3222 , xxxalgA   has codimension 2. Note 

that for all ,Ay     .03 ALy  Particularly,   03 ALx  and  .0Ker xL  

Hence there exists  xalgAy 0  such that .00 xy  We have ,33 xA   

and then ,3
00

2 xyx   ,00
3 yx  ,322

0 xxy   22xx  .3x  Taking 

xa 1  on ,322 aaa   we have ,3
10

2 aya   2
0

2
0 ay   .3

0a  From 

,3
10

2 aya   we have   ,010
2  aya  and setting ,10 ayb   .02 ba  

In the basis  ,,,, 32 baaa  ,3
2

2
1

2 aab   0ab  and .02 ba  Finally, 
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A admits the following multiplication table (all not written products being 

zero): ,. 2aaa   ,. 32 aaa   ,. 322 aaa   .3
2

2
1

2 aab   □ 

4. Case of Dimension 5 

Lemma 4.1. Every 5-dimensional generalized almost-Jordan nilalgebra 

of nilindex 4 satisfying  1;0  tt  satisfies .3dim2 2  A  

Proof. Since A is a nilalgebra of nilindex 4, we necessarily have 

.2dim 2 A  

Now, we show that .3dim 2 A  Since, for some ,Ax   ,03 xL  

according to [3], the algebra A is nilpotent, that means there is 4p  such 

that .0pA  We easily see that .2 AA   This leads to .4dim 2 A  Now, 

we prove that .4dim 2 A  Assume that .4dim 2 A  Then there should 

exist Ay   such that ,2AKyA   providing ,322 AKyA   and 

., 32 AyyA   Therefore, .,,, 42232 AyyyyyA   In the same 

way, we have ,,,, 52232 AyyyyyA   that gives .45 AA   Since A is 

nilpotent, we have ,045  AA  which gives  yalgA   and ;4dim A   

a contradiction. Hence, .3dim 2 A  □ 

Theorem 4.2. Let A be a generalized almost-Jordan nilalgebra of 

nilindex 4 satisfying  1;0  tt  and dimension 5. If there is Aa   such 

that   ,,,, 2232 aaaaaaalg   then there exists  aalgAb \0   such that 

,00 ab  22
2

3
10

2 aaaba   and .22
3

3
2

2
1

2
0 aaaab   

Proof. Consider Aa   such that   .,,, 2232 aaaaaaalg   Then          

for every  ,\ aalgAb      balgaalg ∩  is a proper subalgebra of  ,aalg  

otherwise, we should have    balgaalg   and  .balgA   It is impossible. 

Thus       .2aalgbalgaalg ∩  
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Since  aalg  has codimension 1,    balgaalg ∩  also has codimension 

1 in  .balg  So we have         .22 aalgbalgaalgbalg  ∩  Therefore, 

we can write   .22 aalgb   Then   223222 ,, aaaaaalgA   which 

has codimension 2. Since for every ,Ay   we have   ,03 aRy  particularly 

 .0 3 ARa  So 0aRKer  and there exists  aalgAb \0   such that 

.00 ab  This leads to ,,,,, 2232
0 aaaaabA   22322 ,, aaaaA   and 

., 2233 aaaA   Finally, we have the following products: ,00 ab  2
0b  

,22
3

3
2

2
1 aaaa   ,22

2
3

10
2 aaaba   00

3 ba  and   0
22 baa  

.0  □ 

Remark 4.3. If A does not contain any element x such that   xalgdim  

,4  then if Aa   is such that ,03 a  we have   .,, 32 aaaaalg   

Thus   3322 aaalgaa   which means .322 aaa   We can chose           

a such that ,0  otherwise, A should be power associative. Putting 

,1aa   .322 aaa   

In the remainder of this work, when   ,,, 32 aaaaalg   we consider 

.322 aaa   

Proposition 4.4. Let A be a 5-dimensional generalized almost-Jordan 

nilalgebra of nilindex 4 satisfying  .1;0  tt  Assume that A does not 

contain any element x such that    .4dim xalg  If ,3dim 2 A  then there 

are Axy ,  such that .,,,, 322 xxxyyA   

Proof. Consider Ax   such that .03 x  Then   .,, 32 xxxxalg   

Let  .xalgX   Then we show that there exists Ay   such that 2y  

.,,, 32 xxxy  
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We proceed by negation. Assume that for all ,Az   we have 2z  

.,,, 32 xxxz  Since ,3dim 2 A  there exists Az   such that 2A  

.,, 322 xxz  Indeed,  if for all ,Az   we have ,, 322 xxz   then for all 

,, Aba   we should have      .,
4

1 3222
xxbabaab   This 

leads to ,, 322 xxA   contradicting .3dim 2 A  Since 32 ,, xxxz   

,X  32 ,,, xxxzD   is such that Dz 2  by hypothesis. We have 

DxxzA  3222 ,,  and then D is an ideal of A. Thus D is a nilalgebra 

of nilindex 4 in dimension 4. Since, by hypothesis, there is no Ax   such 

that    ,4dim xalg  the algebra D satisfies Table 3 of [2, Theorem 3]. 

Therefore, 2322 , XxxD   and so we have .22 Xz   This is a 

contradiction. So there exists Ay   such that .,,,, 322 xxxyyA   □ 

Theorem 4.5. Let A be a 5-dimensional generalized almost-Jordan 

nilalgebra of nilindex 4 satisfying  .1;0  tt  Assume that A does not 

contain any element x such that    .4dim xalg  If 3dim 2 A  and 

,1dim 3 A  then there are Ayx ,  such that ,,,,, 32 xxxyxyA   

  ,32 xxxy     ,3xxxy     ,32 xxy     3xxyy   and  yxy 1
2   

.3
3

2
2 xx   

Proof. Let Ax   such that .03 x  Then   .,, 32 xxxxalg   For 

 ,xalgX   we show that there exists Ay   such that  2Xyx  

., 32 xx  We proceed by negation. 

Because of Proposition 4.4, we know that there exists Ay   such      

that .,,,, 322 xxxyyA   Because of our hypothesis, 2Xxy   which 

means .3
2

2
1 xxxy   If  ,2

21 xxyy   then 0yx  and 
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.,,,, 322 xxxyyA   We can therefore assume in the initial basis 

 322 ,,,, xxxyy  that .0xy  

Note that there is  K  such that   .03  xy  Then, we should 

have by hypothesis,      32 , yxyxxyy   which means 2y  

    .3
3

2
2 xyxy   So we have 0

22
2

2
2

2 zxyy   with 

.33
0 XAz   This leads to 12   and .3

0
22 Xzx   This is a 

contradiction. We therefore conclude that there exists Ay   such that xy  

., 322 xxX   

Since ,Xy   .,,, 32 xxxyxy   Indeed, assume that xy  

.3
3

2
210 xxxy   Then     .33

2
2

10 Xxxxyxyx   However, 

we have   3Xxyx   because 33 dim1dim XA   implies that ,33 XA   

which means that .232
10 XXxxy   This implies that 00   and 

,32
1 Xx   which means .01   So, we have .3

3
2

2 xxxy   This is a 

contradiction. 

Finally,  32 ,,,, xxxyxy  is a basis of A. 

Let .32 xyx   Then, we have   .02  xxy  We can then assume 

that in the basis  ,,,,, 32 xxxyxy  .02 yx  The other products are  

written as   ,3xxyx     ,32 xxyx     ,32 xyx     3xyxy   and 

 .3
3

2
2

1
2 yxxxy   □ 

Lemma 4.6. Let A be a generalized almost-Jordan nilalgebra of nilindex 

4 satisfying  1;0  tt  and of dimension .6  Then, for all ,, Ayx   

   .22 yxyxyx   
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Proof. Because of Remark 2.6, in dimension ,6  A satisfies   03 yLx  

for all ., Ayx   Linearization of    0xyxx  gives 

          .0 zyxxxyzxxyxz  (7) 

Taking yz   in (7), we have 

          .02  yxxxyyxxyxy  (8) 

Interchanging x and y in (8), we have 

          .02  xyyxyxyxyyx  (9) 

Difference between (8) and (9) gives    .22 yxyxyx   □ 

Lemma 4.7. Let A be a 5-dimensional generalized almost-Jordan 

nilalgebra of nilindex 4 satisfying  .1;0  tt  Then, for all ,,, Azyx   

  (i)   ,02 yxx  

 (ii)   ,022 yxx  

(iii)     .022 yxzx  

Proof. Since ,6dim A  by (ii) of Lemma 2.2, we have 

      ,021 32  ytLyxxt x  which establishes (i). 

A linearization of (i) gives  

      .022  xzyxyxz  (10) 

Taking 2xz   in (10), we have     .02 322  yxxyxx  But Lemma 2.2 

gives       ,0
1

2 433 


 yL
t

yxxyxx x  because .6dim A  Thus follows 

(ii). 

To have (iii), we just need to replace z by 2zx  in (10) and use (i). □ 
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Theorem 4.8. Let A be a 5-dimensional generalized almost-Jordan 

nilalgebra of nilindex 4 satisfying  .1;0  tt  Assume that A does not 

contain any element x such that    .4dim xalg  If 3dim 2 A  and 

,2dim 3 A  then there exist Ayx 00,  such that 

3
0

2
00

2
000 ,,,, xxxxyyA     and   .3

03
2
02

2
001

2
0 xxxyy   

Proof. Let Ax   such that .03 x  Then   .,, 32 xxxxalg   Set 

 .xalgX   

We first show that there exists Ay   such that .32 Xyx   We proceed 

by negation, that means for all ,Az   we have .32 Xzx   

Since 33 xX   is an ideal because 03 yx  for all ,Ay   the 

hypothesis implies that 322 , xxX   is also an ideal and the algebra 

2XA  is of dimension 3. On account of Proposition 4.4, there exists Az   

such that ,,,,, 322 xxxzzA   which implies that xzzXA ,, 22   is 

a nilalgebra of nilindex 3. Thus, [2, Theorem 1] implies that  323 XAA   

0  which means .23 XA   However, ,dim2dim 23 XA   which gives 

.23 XA   

Since 3X  is an ideal, consider 3~
XAA   which is of dimension 4. A

~
 

is a nilalgebra of nilindex 4. Indeed, if the nilindex was 3, because of           

[2, Theorem 1], we should have 0
~3 A  which means .323 XXA   It is 

a contradiction. 

The nilindex is thus 4. So there exists Ay
~

  such that ,03 y  and 

hence .33 Xy   Since ,233 XAy   3
3

2
2

3 xxy   with .02   

However, ,0 3
2

3 xxy   which implies .02   It is a contradiction. 
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So, there is Ay   such that .32 Xyx   Since 3~
XAA   is a 

nilalgebra of nilindex 4 and dimension 4, because of [2, Theorem 3],          

we have .0
~4 A  Thus .34 XA   However, we have Ay   such that 

,32 Xyx   which implies that .Xy   In addition, .,,, 322 xxxyyx   

Indeed, if we assume that ,3
3

2
210

2 xxxyyx   then multiplying 

by ,2x  we have     3
21

2
0

220 xyxyxx   by (ii) of Lemma 4.7. 

It implies that 00   and .021   So, we have 2
21

2 xxyx   

.3
3x  Multiplying by x, (i) of Lemma 4.7 gives   2

1
20 xyxx   

3
2x  and .021   Thus .3

3
2 Xyx   This is a contradiction. 

Thus, 322 ,,, xxxyyx   and .,,,, 322 xxxyxyA   Since ,2Ayx  

.3
3

2
2

2
1 xxyxyx   If ,2

10 xxx   then .3
03

2
020 xxyx   Let 

 .2
03020 xxyy   Then 000 yx  and  3

0
2
00

2
000 ,,,, xxxxyy  is a 

basis of A. 

Consider 2
003

3
02

2
01

2
0 xyxxy   and   .3

0
22

00 xxy   

Lemma 4.6 gives 

        .03
01

2
00030

2
000

2
000  xxyxxyxxxyy  

Taking 0yyz   in Lemma 4.7(iii), we have .0  □ 

Theorem 4.9. Let A be a 5-dimensional generalized almost-Jordan 

nilalgebra of nilindex 4 satisfying  .1;0  tt  Assume that A does not 

contain any element x such that    .4dim xalg  If ,2dim 2 A  then  

there exist Aayx ,, 00  such that 32
00 ,,,, aaayxA   and 2

0x  

,3
2

2
1 aa   ,3

2
2

1
2
0 aay   .3

2
2

100 aayx   
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Proof. Let Aa   such that .03 a  Since ,2dim 2 A  we have 

,, 322 aaA   .33 aA   Thus there exist  aalgAyx \,   such that A  

32 ,,,, aaayx  and ,3
2

2
1

2 aax   ,3
2

2
1 aaax    2

1aya  

,3
2a  ,3

2
2

1 aaxy   ,32 axa   32 aya   and .3
2

2
1

2 aay   

In equality ,3
2

2
1 aaax   taking ,2

21 aaxx   we have 

.0xa  

In equality ,3
2

2
1 aaay   2

21 aayy   gives .0ya  

Thus, in the basis  ,,,,, 32 aaayx  we can assume that .0 ayax   

In the same way, in equalities 32 axa   and ,32 aya   by, 

respectively, setting axx 0  and ,0 ayy   we have  02
0ax  

.2
0ay  Thus, in the basis  ,,,,, 32

00 aaayx  we have ,3
2

2
1

2
0 aax   

,3
2

2
100 aayx   .3

2
2

1
2
0 aay   □ 
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