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Abstract

We study the generalized almost-Jordan nilalgebras of nilindex
four that are not power associative. We first give some interesting
equalities in these algebras. These equalities enable to find the
possible multiplication tables relative to the dimension. We have one
table in dimension three and two in dimension four. In dimension five,
we show that the dimension of the square of an algebra satisfying
these conditions is either 2 or 3, which shows four possible
multiplication tables in dimension five.
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1. Introduction

Among the four degree-four identities exhibited by Carini et al. [1],
Bx(x2y) + yx>y — (B + y)x(x(xy)) = 0 defines a class of commutative non-
associative algebras called generalized almost-Jordan algebras. This is one
of the polynomial identities that has recently attracted the interest of many
workers. Here, we are interested in the possible multiplication tables for
generalized almost-Jordan nilalgebras of nilindex four, and dimension at

most five, which are not power associative.

A non-associative algebra A is said to be a nilalgebra of nilindex n, if

x" =0 for all x e A4 and there exists @ € 4 such that a" ' 2 0. 4 is
called power associative, if the subalgebra of 4 generated by any element
x € A is associative. It is said to be a nilpotent algebra if for some natural
integer p, the product of any n elements from the algebra with n > p and
any arrangement of parenthesis vanishes. The least such integer is called the
index of nilpotency of the algebra (see [6]).

2. Preliminaries

In what follows, K is an infinite commutative field of characteristics not
2,3, 5 and 4 is a generalized almost-Jordan nilalgebra of nilindex 4, which is

not power associative. The dimension of an algebra A4 is denoted by dim 4.

Lemma 2.1 [4]. Let A be a generalized almost-Jordan nilalgebra of
nilindex 4. If 3B + v # 0, then A satisfies

x(xy) + oy = 0, (1)

B+ 3y

wztht=3B+Y.

This previous lemma allows us to reduce to just one, the number of
parameters in the study of generalized almost-Jordan nilalgebras of nilindex
four. The particular case ¢t = 0 corresponds to the well known Lie triple
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algebras, so we assume in this study that ¢ # 0. In addition, if ¢ # 1, then
we have the following results, where L, : 4 — A, a > xa is the left

multiplication operator by x.

Lemma 2.2. Let A be a generalized almost-Jordan nilalgebra of nilindex
4, satisfying 0 ¢ {t; t —1}. Then, forall x, y, z € A,

@) (¢ = 1)’y = 2x(x(x)) = 0,

(i) (£ — Dx(x*y) + 20x(x(xy)) = 0,

(iii) x%x> =0,

(iv) x(x*x%) = 0,

W) (£ = D) = 2L(y) = 0,

(vi) x(x°y) = x* () = 0,

(vid) 2 (x(x0)) + x(r () + x(x(x*y)) = 0,
(viii) x*(x(xy)) + 2x(x (xp)) = 0,

(i) (¢ = DX (x()) + 4L3(y) = 0,

x) L(y) = 0.

Proof. 4 being a generalized almost-Jordan nilalgebra of nilindex 4
satisfies the following identities:

Xt =0, (2)
x(x%y) + 0’y = 0. 3)

We use the linearization technique specified in [5, p. 174]. This
technique applied to (2) gives

yx3 + x(yxz) + 2x(x(xy)) = 0. 4)
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From the difference between (4) and (3), we have (i).

Taking y = x° in (i), we get (iii).

And for y = x?

in (3), we just need to use (iii) to have (iv).
Now, multiply (4) by ¢ and make the difference with (3) to have (ii).
To have (v), we just need to replace y by yx in (i).

Multiplying (i) by x and making the difference with (v), we have (vi).

A linearization of (i) gives us
(¢ = D[(=x")y + 2p(x(x2))] = 22(x(x)) + x(z()) + x(x(zp))] = 0. (5)

In (5), put z = x> and use (iii) to have (vii).
To have (viii), we just need to use (vi) in (vii).
Now, multiply (v) by x and use (viii) to have (ix).

Finally, to have (x), we replace y by yx in (v) and make the difference
with (ix). 0

Since Li(y) =0, if xy = ay for a non-zero y in 4, then o’y = 0 and
a=0.
Now, we have the following lemma:

Lemma 2.3. If x and y are two non-zero elements of A such that
xy = oy, then o = 0.

Theorem 2.4. Let A be a generalized almost-Jordan nilalgebra of
nilindex 4 satisfying 0 ¢ {t; t — 1}. If there are elements x and y of A such

that Li(y) # 0, then y, L.(y), IA(»), Lo(»), Ly(»), x, x* and x> are

linearly independent.

Proof. (i) Assume that Li (v) # 0 and consider

4 3
> oL (y)+ D gl =0 6)
i=0 j=1
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Applying Li to it, we have o = 0.

Applying Li to it, we have o = 0.

Applying L%C to it and using (v) of Lemma 2.2, we have ochi(y) +
B’ = %ocz(t ~1)x°(yx) + Byx> = 0, and hence by Lemma 2.3, o, = B
=0.

Applying L, to the remaining terms and using (v) of Lemma 2.2, we

have %og(t ~1)x°(yx) + Box> = 0, and hence by Lemma 2.3, a3 =B, = 0.

We have oc4L§( )+ B3x3 = (0. Using the same argument as above gives

us B3 = a4 = 0, and we have the result. g

From Theorem 2.4, we have the following corollary:

Corollary 2.5. Let A be a generalized almost-Jordan nilalgebra of
nilindex 4 satisfying 0 ¢ {t, t — 1}. Assume that for all a, b € A, L?, (b) = 0.
If there are two elements x,ye A such that Li(y) # 0, then
. x, x2, X3, L.(y), L%C(y), Li(y)} is a linearly independent family. In this
case, dimA4 > 7.

Remark 2.6. With the conditions of Corollary 2.5, if dim 4 < 6, then
forall a, b e A, L(b) = 0.

Since the nilindex is 4, there exists x € A4 satisfying x> #0. Moreover,
by considering o, B, y € K such that ox + sz + yx3 = 0, we just need to
apply L, twice successively to this equality to obtain o = 0. Next, we

apply L, once to have B = 0. This gives y = 0. Then x, x? and x> are

linearly independent that means the dimension of this algebra is at least

three.
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In [2], Elduque and Labra studied commutative nilalgebras of nilindex
four and dimension at most four. Therefore, their results also apply to
generalized almost-Jordan nilalgebras under the conditions of our study,
when the dimension is 3 or 4.

In the rest of our work, for a set S, the sub-vector space generated by S is
denoted by (S), and the subalgebra generated by S is denoted by alg(S).

3. Cases of Dimensions 3 and 4

Theorem 3.1 [2]. Let A be a 3-dimensional generalized almost-Jordan
nilalgebra of nilindex 4 satisfying 0 ¢ {t; t —1} which is not power
associative. Then there exists an element a € A such that {a, az, a3} is a
basis of A with the following multiplication table (in which those not written

products are zero) a.a = az, aa’ = a3, ata’ =d.

Proof. Let x be an element of 4 such that x> # 0. Then X, x2, x> are

linearly independent. Since dim(A4) =3, we can write 4 = alg(x, x%, x°).

Put x°x? = ox + sz + yx3 . Apply Li to this equality and use Lemma 2.2,

to have a = 0 which gives x’x? = Bx> + yx°, and leads to 0 = x(x’x?)
= Bx3 and finally B = 0. So we write x*x? = yx3. We can choose x such

that y # 0, otherwise, for all x € 4, we should have x* =0 =x%x% and 4

would be power associative. Put a = y_lx. Then a’a’ = y_4x2x2 = y_3x3
=a’. Thus A=alg(a,a’,a’) which admits the following multiplication
table (all not written products being zero) a.a = a’, aa’=d,
ata’ =d. O

Theorem 3.2 [2]. Let A be a 4-dimensional generalized almost-Jordan
nilalgebra of nilindex 4 satisfying 0 ¢ {t; t — 1}, which is not power
associative. Then, A admits one of the following multiplication tables in

which the not written products are zero.
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A basis of A is {a, a’, a’, azaz} with the following multiplication table:

a.a = az, a.a® = a3, a’a® = a*ad?.

A basis of A is {a, a®, a’, b} with the following multiplication table:
aa = az, aa® = a3, ata® = a3, p? = Blaz + B2a3.
Proof. We consider two cases:

Case 1. If there is an a € 4 such that a> # 0 and a’a’ & (a, az, a3),

then alg(a) = (a, a*, ad, azaz), with dim 4 = 4, and we conclude that

A4 ={a, a?, a?, a*d? ) and A admits the following multiplication table (in

which those products which not written are zero) a.a = az, aa’ = a3,

az.az = azaz.

Case 2. Otherwise, for all x € 4 such that x>z 0, we have ¥’x? e

(x, X2, x3) and alg(x) = (x, x2, x3>. For all y e 4 —alg(x), alg(x)N
alg(y) is a proper subalgebra of alg(x), otherwise alg(x) < alg(y) = A.
This is a contradiction. Thus alg(x) N alg(y) < (alg(x))’. Since alg(x)
has codimension 1, alg(x)()alg(y) also has codimension 1 in alg(y),
and we can write (alg(y))® < alg(x)Nalg(y) < (alg(x))>. Therefore,
y? e (alg(x))*. So 4% =(alg(x))* = (x?, x*) has codimension 2. Note
that for all y € 4, Li, (4) = 0. Particularly, 2(4) =0 and Ker L, # {0}.

Hence there exists yy € 4 — alg(x) such that xyy = 0. We have 4° = <x3),

and then x2y0 = ocox3, x3yo =0, yg = sz + M3, x2x? = yx3. Taking

a= y_lx on a’a® = a’, we have a2y0 = ocla3, yg = B0a2 + Bba3. From
2 _ 3 2 _ : _ 2y
a“yy=oqa”, we have a“(yg—oya)=0, and setting b = yg —oya, a“b=0.

In the basis {a, a>,a>, b}, b> = Ba® + Pya’, ab=0 and a’b = 0. Finally,
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A admits the following multiplication table (all not written products being

Zero): a.a = az, a.a’ = a3, a*a® = a3, p? = Blaz + B2a3. O

4. Case of Dimension 5

Lemma 4.1. Every 5-dimensional generalized almost-Jordan nilalgebra

of nilindex 4 satisfying 0 ¢ {t; t — 1} satisfies 2 < dim 4> < 3.

Proof. Since 4 is a nilalgebra of nilindex 4, we necessarily have
dim 4% > 2.

Now, we show that dim A% < 3. Since, for some x € 4, Li =0,
according to [3], the algebra 4 is nilpotent, that means there is p > 4 such
that 47 = 0. We easily see that A? # A. This leads to dim 4° < 4. Now,
we prove that dim A% < 4. Assume that dim 4% = 4. Then there should
exist y € A such that 4= Ky + Az, providing A% = Ky2 + A3, and
A=y, y2>+ A, Therefore, A = (v, y2, 33, y2y2> + 4% In the same
way, we have 4 = (y, y2, 57, y2y2) + A4, that gives 4° = A*. Since 4 is
nilpotent, we have 4> = A* = 0, which gives 4 = alg(y) and dim 4 < 4;
a contradiction. Hence, dim 4% <3, O

Theorem 4.2. Let A be a generalized almost-Jordan nilalgebra of

nilindex 4 satisfying 0 ¢ {t; t — 1} and dimension 5. If there is a € A such

that alg(a) = (a, a, a, azaz), then there exists by € A\alg(a) such that

aby =0, azbo = ocla3 + oczazaz and bg = Blaz + B2a3 + B3a2a2.

Proof. Consider a € 4 such that alg(a) = (a, a’, a, a2a2>. Then
for every b € A\alg(a), alg(a) alg(b) is a proper subalgebra of alg(a),
otherwise, we should have alg(a) < alg(b) and 4 = alg(b). It is impossible.

Thus alg(a) N alg(b) < alg(a)’.
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Since alg(a) has codimension 1, alg(a) () alg(b) also has codimension
1 in alg(b). So we have alg(b)* < alg(a) N alg(b) = alg(a)*. Therefore,
we can write b° € alg(a)’. Then A = alg(a)® = (az, a’, a2a2> which
has codimension 2. Since for every y € 4, we have R; (a) = 0, particularly

0=R)A). So KerR, =0 and there exists by € A\alg(a) such that
aby = 0. This leads to 4 = (b, a, . a, azaz), 4% = (az, a, a2a2> and

A = (a3, a*a? ). Finally, we have the following products: ab, = 0, bg =

2

Bia’ + Bora’ + Bsa’a®, a’by = aja’ + aya’a®, a’by =0 and (a’a?)by

=0. O

Remark 4.3. If 4 does not contain any element x such that dim(alg(x))

3

=4, then if a € 4 is such that ¢’ # 0, we have alg(a) = (a, a’, a3).

2,2 = 0

Thus a’a” € alg(a)® = (a®) which means a aa’. We can chose

a such that o # 0, otherwise, 4 should be power associative. Putting

a = (x_la, a12a12 _ Cl’3.

In the remainder of this work, when alg(a) = (a, a’, a3>, we consider
a’a® = a’.

Proposition 4.4. Let A be a 5-dimensional generalized almost-Jordan
nilalgebra of nilindex 4 satisfying 0 ¢ {t; t —1}. Assume that A does not
contain any element x such that dim(alg(x)) = 4. If dim A% = 3, then there
are y, x € A such that 4 = (y, y2, x, x2, x3>.

Proof. Consider x € 4 such that x> # 0. Then alg(x) = (x, x>, x°).

Let X = alg(x). Then we show that there exists y € 4 such that y? ¢

<y, X, xz, x3>.
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We proceed by negation. Assume that for all z € 4, we have 2 e
<z, X, xz, x3>. Since dim 4% = 3, there exists z € 4 such that 4% =

(zz, X2, x3>. (Indeed, if for all z € 4, we have 2 e (xz, x3>, then for all
_1 2 2 2 3 .
a,b e A, we should have ab = Z[(a +b)" —(a—-0b)"]e(x*, x”). This

leads to 4% < (x?, x°), contradicting dim 4% = 3.) Since z ¢ (x, x*, x°)

2

=X, D={zx, X2, x3) is such that z“ € D by hypothesis. We have

4> = (z?, x*, x’) < D and then D is an ideal of 4. Thus D is a nilalgebra

of nilindex 4 in dimension 4. Since, by hypothesis, there is no x € 4 such
that dim(alg(x)) = 4, the algebra D satisfies Table 3 of [2, Theorem 3].

Therefore, D> =(x2, x3) = X% and so we have z% e X%, This is a
contradiction. So there exists y € 4 such that 4 = ( ¥, yz, X, xz, x3>. O

Theorem 4.5. Let A be a 5-dimensional generalized almost-Jordan
nilalgebra of nilindex 4 satisfying 0 ¢ {t; t —1}. Assume that A does not
contain any element x such that dim(alg(x)) = 4. If dimA> =3 and
dim 4% =1, then there are x,y € A such that A = (v, yx, x, X2, x3>,
()x® = ax’, (w)x =B, () =, ) =1 and y* = & (yx)
+ 82x2 + 83x3.

Proof. Let x € 4 such that x> # 0. Then alg(x) = (x, X2, x3>. For
X = alg(x), we show that there exists y € A such that yr g X° =
<x2, X3 ). We proceed by negation.

Because of Proposition 4.4, we know that there exists y € A such
that A4 = (y, y2, x, x2, x3>. Because of our hypothesis, xy € X? which

means xy = oclxz + 0c2x3. If y'=y—(oyx+ oczxz), then xy' =0 and
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A=y, y'z, x, X, x3>. We can therefore assume in the initial basis

(v, ¥*, x, x*, x°} that xy = 0.

Note that there is A € K* such that (y + Ax)’ # 0. Then, we should
have by hypothesis, y(y + Ax) € {(x + W), (x + ky)3) which means y* =
By(y +Ax)? + B3(y + Ax)>. So we have 2 =PByy? +Boax? +z5 with

zg € A3 = X3, This leads to B, =1 and W2x? = -z € X3, This is a

contradiction. We therefore conclude that there exists y € 4 such that xy ¢

X2 = <x2, x3>.

Since ye¢ X, xy¢ (y, X, x2, x3>. Indeed, assume that xy =
Yoy +V1x + yzxz + y3x3. Then x(xy)—(yoxy + ylxz) = ny3 e X°. However,
we have x(xy)e X3 (because dim 4> =1=dim X implies that 4% = X?),
which means that ygzxy + ylxz e X3 c X2, This implies that vy =0 and
y1x2 € X3, which means y; = 0. So, we have xy = yzxz + y3x3. This is a
contradiction.

Finally, {y, yx, x, x>, x*} is a basis of 4.

Let yx? = ox°. Then, we have (y — ox)x> = 0. We can then assume

that in the basis {y, yx, x, xz, X }, yx2 = 0. The other products are
- 3 2 a3 2 .3 .3

written as (yx)x = ax”, (x)x” =Bx”, (Ox)° =y, y(x)=Aix" and

1?2 = gx + £yx° + g53(yx). O

Lemma 4.6. Let A be a generalized almost-Jordan nilalgebra of nilindex

4 satisfying 0 ¢ {t; t —1} and of dimension < 6. Then, for all x, y € A,

x(x?) = y(?).
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Proof. Because of Remark 2.6, in dimension < 6, A satisfies Li (y)=0

forall x, y € A. Linearization of x(x(xy)) = 0 gives

2(x()) + x(z(xp)) + x(x(2y)) = 0. ™)

Taking z = y in (7), we have

y(x(x)) + x(¥(xp)) + x(x(3%)) = 0. ®)

Interchanging x and y in (8), we have
() + p(x()) + y(r(x*)) = 0. ©)
Difference between (8) and (9) gives x(xy?) = y(yx?). O

Lemma 4.7. Let A be a 5-dimensional generalized almost-Jordan
nilalgebra of nilindex 4 satisfying 0 ¢ {t; t —1}. Then, for all x, y, z € A,

(i) x(yx?) = 0,
(i) x*(3x%) = 0,
(iii) (zx?)(3x%) = 0.

Proof. Since dim4 <6, by (ii)) of Lemma 2.2, we have

(t = 1) x(yx?) = =2tL2(y) = 0, which establishes (i).
A linearization of (i) gives
z(yx?) + 2x(y(x2)) = 0. (10)
Taking z = x> in (10), we have x>(yx°)+ 2x(yx>) = 0. But Lemma 2.2
gives x(3x°) = x> (yx) = t—zlLi(y) = 0, because dim 4 < 6. Thus follows
(i1).

To have (iii), we just need to replace z by zx? in (10) and use (i). ([
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Theorem 4.8. Let A be a 5-dimensional generalized almost-Jordan

nilalgebra of nilindex 4 satisfying 0 ¢ {t; t —1}. Assume that A does not
contain any element x such that dim(alg(x)) = 4. If dimA> =3 and

dim 4° = 2, then there exist Xg, Yo € A4 such that
2 2 3 2 2 2 3
A= (0, ¥0X0, X0, X3, Xp) and Yy = 01yXy + GpX) + 03X,

Proof. Let x € A4 such that x> = 0. Then alg(x) = (x, x>, x°). Set
X = alg(x).

We first show that there exists y € 4 such that yx2 ¢ X3 We proceed

by negation, that means for all z € 4, we have o’ e X

Since X7 = (x3> is an ideal because x°y =0 for all y e 4, the
hypothesis implies that X 2 = <x2, x3) is also an ideal and the algebra
A/ X 2 is of dimension 3. On account of Proposition 4.4, there exists z € 4
such that 4 = (z, 22, x, x2, x3>, which implies that A/X2 =(z, 72, X) is
a nilalgebra of nilindex 3. Thus, [2, Theorem 1] implies that 4° = (4/X?)
= 0 which means 4° — X2 However, dim A =2 = dim X2 , which gives
A= x%

Since X is an ideal, consider 4 = Al X 3 which is of dimension 4. 4

is a nilalgebra of nilindex 4. Indeed, if the nilindex was 3, because of

[2, Theorem 1], we should have 4% = 0 which means 4°> = X% < X3, 1tis

a contradiction.
The nilindex is thus 4. So there exists y € A such that )73 # 0, and
hence y3 ¢ X3. Since y3 e £ = X2, y3 = oczxz + (x3x3 with a, # 0.

However, xy3 =0= a2x3, which implies a, = 0. Itis a contradiction.



162 Abdoulaye DEMBEGA et al.

So, there is y € A such that yx2 ¢ X3. Since A= A/X3 is a
nilalgebra of nilindex 4 and dimension 4, because of [2, Theorem 3],

we have A*=0. Thus 4* c x°. However, we have y € 4 such that
yx2 3 X3, which implies that y ¢ X. In addition, yx2 ¢ (y, x, xz, x3>.
Indeed, if we assume that yx2 =By +P1x + B2x2 + B3x3, then multiplying
by x2, we have 0 = x>(yx?) = Boyx> + (B; + B, )x> by (ii) of Lemma 4.7.
It implies that By =0 and B; +PB, = 0. So, we have yx2 =Bix + Bzxz
+B3x>. Multiplying by x, (i) of Lemma 4.7 gives 0 = x(yx?) = x>

+ Bzx3 and B; = B, = 0. Thus yx2 =pB5 € X3, This is a contradiction.

Thus, yx2 &(y, x, X2, x3) and A=y, yxz, x, x°, x3>. Since yx € A%,
X = 61yx2 + 82x2 + 63x3. If xp =x—- 61x2, then yxy = nyg + y3x(3). Let
Yo =¥ = (v2%0 +v3x3). Then xgyg =0 and {yy, ox5, X0, X5, X3} is a
basis of 4.

Consider y§ = ayxg + ayxg + azvoxa and (yoxg)? = Axg.

Lemma 4.6 gives

Y0(%0x0) = Xo(x035) = Xo (a3x0(yox5) + o) = 0.

Taking z = y = ), in Lemma 4.7(iii), we have A = 0. (]

Theorem 4.9. Let A be a 5-dimensional generalized almost-Jordan
nilalgebra of nilindex 4 satisfying 0 ¢ {t; t —1}. Assume that A does not
contain any element x such that dim(alg(x)) = 4. If dim 4> =2, then
there exist Xg, vy, a € A such that A = (xy, yo, a, a’, a3) and xg =

wa® +oya’, y§ = Ma’ +hya’, xoyg = Bra® + Bra’.
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Proof. Let a e A such that > #0. Since dim 4> = 2, we have

A% =(a*, a®), 4% =(a®). Thus there exist x, y € A\alg(a) such that 4 =
(x, y, a, a?, a3) and x% = oclaz + a2a3, ax = ylaz + y2a3, ya = slaz +

82613, Xy = Blaz + Bza3, xa’ = 8a3, ya2 = ua3 and y2 = Xlaz + X2a3.

In equality ax = ylaz + Y2a3, taking x' = x —yja — yZaz, we have

ax' = 0.
: _ 2 3 r_ 2 . r_
In equality ay = gja” + e5a”, y' =y —g1a —gpa” gives ay’ = 0.
Thus, in the basis {x, y, a, a?, a3}, we can assume that ax = 0 = ay.

In the same way, in equalities xa’ = 8a> and ya2 =ua’, by,

respectively, setting xy = x —da and yy = y —pa, we have x0a2 =0=

yoaz. Thus, in the basis {xq, yg, @, a?, a3}, we have xg = oclaz + a2a3,
2 302 2 3
xoyo = Bra” +Bra”, yg = Ma“ + hya. g
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