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Abstract 

Let I and J be two non-zero ideals of a Noetherian ring A. Let   be a 

semi-prime operation on the set of all ideals of A. Let 0m  and 0n  be 

two fixed positive integers, and 

  ., 00, 00
NE  nmnm  

In first time, we show that: 

(a) for   ,0,0\
00 , nme E      

0,0
:

nmt
tte

E
  KK  is an increasing 

sequence and stabilizes at ,e
K  

(b) the sequence    
0,0 nme

eAAss E K  is increasing and stabilizes 

at    K  AJIA ,  under certain conditions for e large enough. 

First, we show 

      ,, KK 
  AAAssJIS ℓ
ℓ  

for ℓ  small enough in .
00 , nmE  The elements of  JIS ,

ℓ  are called 

 -sporadic prime divisors of  ., JI  

We give some properties on the set  ., JISℓ  

To finish, we conclude this paper with the equality     ℓℓ
KK  

under certain conditions, where L  is the  -closure of the ideal L of 

A. 

1. Introduction 

Let A be a Noetherian ring as in [12], and let I be a non-zero ideal of A. 

Let   be a semi-prime operation on the set of all ideals of A [9, 16]. 

Associated prime ideals have been widely studied in the literature                            

[1, 10, 11, 13-15]. As an extension of this study, the paper [3] (see also           

[4, 6]) examined asymptotic  -prime divisors. Indeed, the paper [3] showed 

that the sequence     N n
nIAAss  is increasing under certain conditions         



On Powers of Ideals    2, Nnm
nmJI  and -sporadic Prime … 167 

and stabilizes at  .IA  That is,     IAIAAss n
  for all n large 

enough in .N  But for n small enough, there exist prime ideals P in 

    .IAIAAss n
  Such ideals are called  -sporadic prime divisors 

(see [5]).    ∪ N
 

n n ISIS  is the set of all  -sporadic prime divisors, 

where 

      .IAIAAssIS n
n 
   

The paper [5] revealed interesting results about the  -sporadic prime 

divisors of an ideal. 

This paper is a part of the extension of certain results from [5] to adic 

bifiltrations [2, 8, 17]. But for this, it is important to consider the study that 

was done in [7]. Let A be a Noetherian ring, and I and J be two non-zero 

ideals of A. Let   be a semi-prime operation on A. We consider the product 

order on ,ZZ   denoted by ,≺  such that for all ,,,, 2121 Znnmm  

   2211 ,, nmnm ≺  if and only if 21 mm   and .21 nn   We set  11, nm  

   212122 ,, nnmmnm   and for any ,Zk     .,, 1111 knkmnmk   

Let   ,, nmnm JIK    2, N nm  and   .2N
 KKF  KF  is an 

 JI , -adic bifiltration. Let 0m  and 0n  be two fixed positive integers. Then 

the set 

  NE  00, ,
00

nmnm  

is a totally ordered subset of .2N  

We show that the sequence    
0,0 nm

AAss E


 K  is increasing from 

a certain rank and stabilizes in .
00 , nmE  We note that the sequence 

   
0,0 nm

AAss E


 K  stabilizes at    ., K  AJIA  Moreover, if 

  ,0,0
00 ,  nme E  then the sequence     

0,0
:

nmt
tte

E


 KK  is 

increasing and stabilizes at .e
K  
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We assume that for ℓ  small enough in ,
00 , nmE  there exist prime ideals 

P in       ., KK 
  AAAssJIS ℓ
ℓ  The prime ideals P of A in 

   ∪ℓ ℓ
0,0

,,
nm

JISJIS
E

   are called  -sporadic prime divisors of 

 ., JI  Let 
00 ,0 nmE  be such that for all 

00 , nmk E  with 0≻k  and 

for all ,
00 , nme E     .: keek

KKK    Proposition 3.3 shows that 

 JIS ,
ℓ  is included in   ,ℓℓ

KK Ass  for all  1,1≻ℓ  in .
00 , nmE  If A 

is an Artinian ring and if the conditions of Proposition 3.3 are satisfied, then 

Proposition 3.5 reveals that  JIS ,
ℓ  is contained in   ,rrAss 

  ℓℓ
KK  

for all ℓ  large enough and for all r such that  1,1≻≻ℓ r  in .
00 , nmE  

In Proposition 3.6, we show that if   0,0
00 ,  nme E  and L is an 

ideal of A such that ,ee L  KK  then any element of   LAss e K  

contains    .: ee
 KK  For other results in this section, we assume that   is 

a prime operation on the set of all ideals of A. Thus, let u and v be two 

regular elements of A. Then, Proposition 3.7 shows that for all  21,   

  ,0,0
00 ,  nmE  

        .2121 
 vJuIAAssJIAAss  

In Proposition 3.8, we assume that the ideals I and J are regular. Let x  

be a regular element of I and y a regular element of J such that  x  is a 

reduction of I and  y  is a reduction of J. Then there exists  21, rrr   

 1,1≻  in 2N  such that 

            ,221121 1,1, 


rrrr
AAssAAss KK  

for all    1,1, 21 ≻  in .
00 , nmE  Under the same hypotheses as 

Proposition 3.8, Proposition 3.9 reveals that there exist two integers 11 r  
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and 12 r  such that for all integers 11 n  and ,12 n     nr
K  

 ,21 rnn
yx K  where  ,, 21 rrr    21, nnn   and 21 ℓℓℓ JIK  for all 

 ., 21 ℓℓℓ   

We consider that I and J are two ideals of the Noetherian ring A. The set 

 ,21 nnnn JI KK  with     ,0,0,
00 ,21  nmnnn E  is a non-

empty multiplicatively closed set of non-zero finitely generated ideals of A. 

For any ideal L of A, we denote the  -closure of L by 

 ∪


 

V

VLVL .:  

Let   
0,0 nmn

n
E K  be a bifiltration such that for 

00 , nms E  and s 

large enough,    ,smsm  KKK  for all .
00 , nmm E  Then Proposition 

3.10 shows that there exists e in   0,0
00 , nmE  such that     ℓℓ

KK  

for all 
00 , nmEℓ  and .e≻ℓ  

2. Preliminaries 

Throughout this paper, the letter A denotes a commutative ring with 

unity. In this section, we provide some definitions and notations. 

(1) A filtration on the ring A is a sequence   Z nnIf  of ideals of A 

such that ,0 AI   nn II 1  and mnmn III   for all ., Zmn  It 

follows that for all .,0 AIn n   

(2) Let I be an ideal of A. Then a filtration   Z nnJf  on A is said to 

be I-adic if ,n
n IJ   for all .Nn  

Definition 2.1. Let  AI  be the set of all ideals of a ring A. Then we 

consider the following properties of a map     :: AA II   
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(a)  ,II   

(b) if ,JI   then    ,JI   

(c)     ,II   

(d)      IJJI   and 

(e)    IbbI   for any regular element ,Ab   

for all  ., AJI I  Then   is a semi-prime operation on  AI  if (a)-(d) 

are satisfied for all  ,, AJI I  it is a prime operation if (a)-(e) are 

satisfied for all  AJI I,  and every regular element b of A. 

Proposition 2.2. Let A be a commutative ring with unity and   a semi-

prime operation on  .AI  Then 

        .,, AJIIJJI I  

Proof. Let I and J be two ideals of A. Then using properties (a), (b), (d) 

and (c) of Definition 2.1, respectively, we have 

 II     and        .JIIJJJ   

Hence, by applying   to both sides, 

      .JIIJ   (2.1) 

However, we know that 

     .IJJI   

Applying   again and using the idempotence property      ,XX   

         .IJIJJI   

Combining this with inequality (2.1), we obtain 

           .IJIJJIIJ   

Thus, 

      .JIIJ   □ 
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(3) If   Z nnIf  is a filtration on A and   is a semi-prime operation 

on  ,AI  then      Z nnIf  is a filtration on A, called the  -closure 

of f. 

We consider the product order on ZZ   which is denoted by ≺                 

such that for all ,,,, Zqpnm     qpnm ,, ≺  if and only if pm             

and .qn   We set      qnpmqpnm  ,,,  and for any ,Zk  

   .,, knkmnmk   

Definition 2.3. (i) A bifiltration on the ring A is a decreasing family 

   2,, Z nmnmIF  of ideals of A with  respect to the product order on 

ZZ   such that AI 0,0  and for all integers ,,,, Zqpnm  

.,,, qnpmqpnm III   

It follows that for all .,0, , AInm nm   

(ii) The set of all bifiltrations on the ring A is ordered by 

      22 ,,,, ZZ   nmnmnmnm JHIF  

if nmnm JI ,,   for all ., Znm  

(4) Let I and J be two ideals of A. Then a bifiltration F  

   2,, ZnmnmI  on A is said to be  JI , -adic if ,,
nm

nm JII   for all 

., Nnm  

(5) Let    2,, Z nmnmIF  be a bifiltration on a ring A and   a semi-

prime operation on  .AI  Then       2,, Z nmnmIF  is a bifiltration 

on A, called the  -closure of F. 

Remark 2.4. Let I be an ideal of a ring A and let P be a prime ideal of A 

such that .PI   Then for any ,Ax   we have 

  .: xIPxAnnIP   
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3. Results 

3.1.  JI , -adic bifiltration and  -sporadic prime ideals 

Let A be a Noetherian ring and   a semi-prime operation on the set of 

all ideals of A. Then we assume that for every prime ideal P, there exists           

a semi-prime operation �P  on the set of all ideals of PA  such that 

�    P P PIA I A    for every ideal I of A (see [5]). 

Let 0m  and 0n  be two fixed positive integers. Then the set 

  NE  00, ,
00

nmnm  

is a totally ordered subset of .2N  Let I and J be two non-zero ideals of the 

ring A. Then for any   ,,
00 ,21 nmeee E  we set .21 eee JIK  e

K  is an 

ideal of A. 

Lemma 3.1. Let A be a Noetherian ring and I, J be two non-zero ideals 

of A. Let   be a semi-prime operation on I. Then for every element e of 

  ,0,0\
00 , nmE  the sequence 

    
0,0

:
nmt

tte
E


 KK  

is increasing and stationary. 

Proof. Let   .0,0\
00 , nme E  Let t and ℓ  be two elements of 

00 , nmE  

such that ℓ�t  (in the product order). 

Let x be an element of    .: tte
KK    Then 

   .tetx  KK     

Using property (d) of Definition 2.1, we have 

       .ℓℓℓ
KKKKK   tttt  
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Using property (a) of Definition 2.1, we have 

        .tttt xx KKKK   ℓℓ  

Hence 

       .tt xx KKK  ℓℓ  

Then, from relation  ,  we have 

      .tetx   KKK
ℓℓ  

According to Proposition 2.2, 

        .etettet   ℓℓℓ
KKKKK  

Thus, 

   .ex  ℓℓ
KK  

Therefore,    .: ℓℓ
KK  ex  

Consequently,        .:: ℓℓ
KKKK   ette  Thus the sequence 

is increasing. 

Since    tte
KK   :  is an ideal of A for each 

00 , nmt E  and A is 

Noetherian, the sequence is stationary. □ 

Lemma 3.2. Let A be a Noetherian ring,   a semi-prime operation on I, 

and I, J two non-zero ideals of A. Suppose that there exists 
00 , nme E  

large enough such that 

   ,: etet
KKK    for .te �  

Then the sequence 

   
0,0 nm

AAss E ℓ
ℓ
K  

is increasing. 
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Proof. By taking  
0,0 nmk

k
F E K  as the bifiltration of A and applying 

Theorem 3.8 of [7], we obtain the result. □ 

Proposition 3.3. Let 
00 ,0 nmE  be such that for all 

00 , nmk E  with 

0≻k  and for all ,
00 , nme E     .: keek

KKK    Then for all 

 1,1≻ℓ  in ,
00 , nmE      ., ℓℓ

ℓ KK  
 AssJIS  

Proof. Let  1,1≻ℓ  in 
00 , nmE  and assume that there exists 

      .,, JIAAssJISP 
  AK

ℓ
ℓ  

Assume that  M,A  is a local ring, by Theorem 4.5 of [7], M  

    ., JIAAss  AK
ℓ  Then there exists  ℓK Ax  such that 

  .: xℓ
KM  Assume that x:ℓK  is a proper ideal of A. Since 

  ,ℓℓ
 KK  we have 

  .:: MM   xx ℓℓ
KK  

Then x:ℓ KM  and  .ℓ KAAssM  Since the sequence 

  
0,0 nm

AAss E ℓ
ℓ
K  is increasing and stabilizes at  JI ,A  (see [7, 

Theorem 4.5]),  ,, JI AM  which is a contradiction. Thus Ax  :ℓK  

and .ℓ Kx  Hence   .ℓℓ
KK  AssM  

Assume that A is not local and  ., JISP  ℓ  Consider  PP PAA ,  

which is local. Then by Theorem 4.5 of [7], 

 �    
PP A P P PPA Ass A A  ℓ

K  

for   large enough in .
00 , nmE  Since A is a Noetherian ring, PA  is local 

and with the above, we have 
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 �
�   .

P
P

P A P P pPA Ass A A


 
ℓ ℓ

K K  

Since 

 �
�         ,

P
P P p PA A K A

 ℓ ℓ ℓ ℓ
≃K K K  

it follows that   .ℓℓ
KK  AssP  □ 

Proposition 3.4. Let   be a semi-prime operation. Assume that 

     KKK
ℓℓ :  for all 

00 , nmE  large enough and for all 

.
00 , nmEℓ  Let    1,1, 21 ≻eee   in .

00 , nmE  If L is an ideal of A such 

that ,ee L  KK  then there exists an integer 10 s  such that  es0K  

 .0s
L  

Proof. Let   .,
00 ,21 nmeee E  Then for any integer ,1s  we have 

     
.212121 , sseeesseseseese LJIJI  KKK  

Thus    .sse L K  Conversely, we know that ,eL  K  so for any 

integer ,1s  we have   sesesL   KK  (see [7, Proposition 4.2]). Since 

se
K  is  -closed, we have   sesL  K  for any integer .1s  We know 

that if      KKK
ee :  with 

00 , nmE  and large enough, then 

   
  KK  (we refer to Proposition 3.3) and   .

  KK  Let 

10 s  be an integer such that es0  is large enough in .
00 , nmE  Thus 

  .00 eses
 KK  Hence    .00 ess

L K  Therefore, there exists an 

integer 10 s  such that    .00 ess
L K  □ 

Proposition 3.5. Assume that A is an Artinian ring and   is a semi-

prime operation. Let 
00 ,0 nmE  be such that for all ,

00 , nmk E  0≻k  
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and for all ,
00 , nme E     .: keek

KKK    Then 

    ,, rrAssJIS 


  ℓℓ
ℓ KK  

for all ℓ  large enough and for all r such that  1,1≻≻ℓ r  in .
00 , nmE  

Proof. For all  1,1≻ℓ  in ,
00 , nmE  we have 

    ℓℓ
ℓ KK  
 AssJIS ,  

(we refer to Proposition 3.3). If   ,ℓℓ
KK  AssP  then there exist 

ℓ
 Kx  and  ℓKx  such that   .: xP ℓ

K  Since r
  ℓℓ
KK  for 

all 
00 , nmr E  and  1,1≻≻ℓ r  (see [7, Theorem 4.6]), it follows           

that rx 
 ℓ
K  and  ℓKx  such that   .: xP ℓ

K  Then P  

  ℓℓ
KK 


rAss  and 

     ,ℓℓℓℓ
KKKK  


rAssAss  

for all 
00 , nmr E  and  .1,1≻≻ℓ r  Let   .ℓℓ

KK  


rAssP  Then 

there exist rz 
 ℓ
K  and  ℓKz  such that   .: zP ℓ

K  Since 

    zz ts :: KK   for all st ≺  in 
00 , nmE  and since the ring A is 

Artinian, we have     zzP r ::  ℓℓ
KK  for all ℓ  large enough and 

for all r in .
00 , nmE  Thus   ,rrAssP 

  ℓℓ
KK  for all ℓ  large enough 

and for all r such that  1,1≻≻ℓ r  in .
00 , nmE  □ 

Proposition 3.6. Let   .0,0
00 ,  nme E  Let L be an ideal of A such 

that .ee L  KK  If   ,LAssP e  K  then     .: Pee  KK  

Proof. Let P be a prime ideal of A such that   .LAssP e  K  Then 

there exists  Lx e  K  such that   .: xLP   We know that e
K  
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.eL  K  Since   is a semi-prime operation and e
K  is  -closed, it  

follows that       .eee L   KKK  Let    .: eez  KK  Then 

   .Lz ee  KK  Since ex  K  and  ,Lx   it follows that 

 Lzx   and   .: PxLz   

Thus Pz   and therefore     .: Pee  KK  □ 

Proposition 3.7. Let   be a prime operation on the set of all ideals of A. 

Let I and J be two ideals of A. Let u and v be two regular elements of A. 

Then for all     ,0,0,
00 ,21  nmE  

        2121 
 vJuIAAssJIAAss  

     .21 
 vJuIAAss  

We set 
 K21JI  and       .212121 

 KuvvJuIJIvu  Thus 

      .  KK uvAAssAAss  

Proof. Let      .21 
 KAAssJIAAssP  Then there exists 

 21 
 JIAx  such that   .:21 xJIP


  

If   ,:21 xJIa


  then  21 
 JIax  and 

   .2121212121 
 JIvuJIvuvaxu  

Hence   .: 212121 
 vxuJIvua  

Conversely, if   ,: 212121 
 vxuJIvub  then 

 .212121 
 JIvuvbxu  

Since     ,0,0,
00 ,21  nmE  21 

vu  is a regular element of 

A and   is a prime operation, it follows that  21 
 JIbx  and b  
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  .:21 xJI


  Therefore, 

    21212121 ::


 vxuJIvuxJIP  

and 

  .2121 
 JIvuAAssP  □ 

Proposition 3.8. Let   be a prime operation. Let x be a regular element 

of I and y a regular element of J such that  x  is a reduction of I and  y  is 

a reduction of J. Then there exists    1,1, 21 ≻rrr   in 2N  such that 

            ,221221 1,1, 


rr
AAssAAss KK  

for all    1,1, 21 ≻  in .
00 , nmE  

Proof. We know that  x  is a reduction of I, so there exists an integer 

11 r  such that   ,
111 


rr

IIx  and that  y  is a reduction of J, so there 

exists an integer 12 r  such that   .
122 


rr

JJy  We set 1rIL   and 

.2rJV   Let    1,1, 21 ≻  in .
00 , nmE  Then 

    221, 


r
AAss K  

  2211 


rr
JIAAss  

  21 
 VLAAss  

  2211 
 VyLxAAss  

     21  yVxLAAss  

     2211 
rr

yJxIAAss  

      2211 11 


rr
JIAAss  

       .2211 1,1 


rr
AAss K  □ 
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Proposition 3.9. Let   be a prime operation. Let I and J be two regular 

ideals of A. Let x  yresp.  be a regular element of I  Jresp.  such that  x  

  yresp.  is a reduction of I  .. Jresp  Then there exist two integers 

11 r  and 12 r  such that for all integers 11 n  and ,12 n     nr
K  

 ,21 rnn
yx K  where  ,, 21 rrr    21, nnn   and 21 ℓℓℓ JIK  for all 

 ., 21 ℓℓℓ   

Proof.  x  is a reduction of I, so there exists an integer 11 r  such that 

for any integer ,11 n  we have   .1111 nrrn IIx


   y  is a reduction of J, 

so there exists an integer 12 r  such that for any integer ,12 n  we have 

  .2222 nrrn JJy


  Thus     .22112121 nrnrrrnn JIJIyx


  

Since   is a prime operation and     21 nn yx  is a regular element, it 

follows that 

       .22112121 nrnrrrnn JIJIyx


  

Consequently,    ,21 nrrnn
yx  KK  where  ,, 21 rrr    ,, 21 nnn   

21 rrr JIK  and .2211 nrnrnr JI
 K  □ 

3.2.  JI , -adic bifiltration and  -closure 

Let I and J be two non-zero ideals of a Noetherian ring A. Set 

,21   JIK  for all   2
21, N  and 

     .0,0,;
00 ,21  nm

n nnn EK  

  is a non-empty multiplicatively closed set of non-zero ideals of A. For any 

ideal L of A, we denote the  -closure of L by 

 ∪


 

V

VLVL .:  
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The  -closure is a semi-prime operation on the set of ideals of A (see 

Proposition 1-(v) of [11]). 

Let   be a semi-prime operation on the set of all ideals of the 

Noetherian ring A. In Proposition 3.10 and Corollary 3.11, we consider that 

the bifiltration   
0,0 nmn

n
E K  is such that for 

00 , nms E  and s large 

enough,    ,smsm  KKK  for all .
00 , nmm E  For the existence of 

such a bifiltration, one may refer to [16, Theorem 3.1.3]. 

Proposition 3.10. Let   
0,0 nmn

n
E K  be a bifiltration such that for 

00 , nms E  and s large enough, 

   ,smsm  KKK  

for all .
00 , nmm E  

Then there exists e in   0,0
00 , nmE  such that     ℓℓ

KK  for 

all 
00 , nmEℓ  and .e≻ℓ  

Proof. Let   0,0
00 ,  nmEℓ  and 

      ∪
ℓℓ



 

V

VVx .:KK  

Since  ,21 nnnn JI KK  with     ,0,0,
00 ,21  nmnnn E  

there exists   0,0
00 ,  nmk E  such that   .kkx KKK

ℓ  Since   is a 

semi-prime operation, 

         .kkkk xx  ℓℓ
KKKKK  

Thus    .: kkx KK  ℓ  We know that     
0,0

:
nmn

nn
E


 KK

ℓ  is 

an increasing sequence that stabilizes at .ℓK  Consequently, ℓ
 Kx  and           
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it follows that    .ℓℓ
  KK  Conversely, let ℓ

 Kx  and assume that 

   . ℓ
Kx  Then ℓ

 Kx  implies    nnx  ℓ
KK  for all n large 

enough in .
00 , nmE  Thus  .nnx  ℓ

KK  Also,    , ℓ
Kx  so ⊈mxK  

   ,ℓℓ
KKKK  mm  for all   .0,0

00 ,  nmm E  There exists e  

00 , nmE  such that for all es ≻  and ,
00 , nms E     ,smsm  KKK   

for all   .0,0
00 ,  nmm E  Thus for e≻ℓ  and for n large enough          

in ,
00 , nmE   nnx  ℓ

KK ⊈  and  .nnx  ℓ
KK  This is a contradiction, 

therefore we have the equality. □ 

The following corollary is a consequence of Proposition 3.10. 

Corollary 3.11. Let I and J be two ideals of a Noetherian ring A, and   

be a semi-prime operation compatible with the closure operation   such 

that for an 
00 , nmE  large enough, 

    .,
00 , nm

smsm m E 
KKK  

Then there exists   0,0
00 , nme E  such that 

 (i)     ℓℓ
KK  for all 

00 , nmEℓ  with .ℓ≺e  

(ii)       ℓℓ nn
KK  for all ,

00 , nmEℓ  ℓ≺e  and for any integer 

.1n  

Proof. (i) Since   
0,0 nmn

n
E K  is a bifiltration such that for some 

00 , nms E  large enough, we have 

    .,
00 , nm

smsm m E 
KKK  

According to Proposition 3.10, there exists   0,0\
00 , nme E  such 

that 
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  
00 ,, nmE  ℓ

ℓℓ
KK  with .ℓ≺e  

Hence the result. 

(ii) Since  
0,0 nmE ℓ

ℓ
K  is a bifiltration, we have 

  .ℓℓ nn
  KK  

According to (i), 

  .  ℓℓ nn
KK  

Hence, 

      ℓℓ nn
KK  

for all 
00 , nmEℓ  with ℓ≺e  and for all integers .1n  □ 
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