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Abstract
Let / and J be two non-zero ideals of a Noetherian ring 4. Let ¢ be a

semi-prime operation on the set of all ideals of A. Let m and ny be

two fixed positive integers, and
By ny = {(Bmo, Brg)/B € N}
In first time, we show that:
(a) for e e B, ,, \{(0, 0)}, {o(K): G(K[)}fEEmo,no is an increasing
sequence and stabilizes at K¢,

(b) the sequence (Ass(4/ cs(ICe)))ee]Em(M0 is increasing and stabilizes
at A;(1, J) = A;(K) under certain conditions for e large enough.
First, we show

SOL, ) = Ass(4fo(K") ~ Ag(K),

for / small enough in E The elements of SP (I, J) are called

my,ngp*

o -sporadic prime divisors of (/, J).
We give some properties on the set S7 (7, J).

To finish, we conclude this paper with the equality K =[o(K")] A

under certain conditions, where L, is the A -closure of the ideal L of

A.
1. Introduction

Let 4 be a Noetherian ring as in [12], and let / be a non-zero ideal of A4.
Let o be a semi-prime operation on the set of all ideals of 4 [9, 16].
Associated prime ideals have been widely studied in the literature
[1, 10, 11, 13-15]. As an extension of this study, the paper [3] (see also
[4, 6]) examined asymptotic o -prime divisors. Indeed, the paper [3] showed

that the sequence (4ss(4/c(1 ")))n oy 18 increasing under certain conditions



On Powers of Ideals (1"J" )( m.n)en? and o-sporadic Prime ... 167

and stabilizes at Ag(7). That is, Ass(4/c(1"))= As(I) for all n large
enough in N. But for n small enough, there exist prime ideals P in

Ass(A/o(1™)) — A5(I). Such ideals are called o-sporadic prime divisors
(see [5]). S°(1) = UneN Sy (I) is the set of all o-sporadic prime divisors,
where

S91) = Ass(4/o(1") ~ Ag(1).

The paper [5] revealed interesting results about the o -sporadic prime
divisors of an ideal.

This paper is a part of the extension of certain results from [5] to adic
bifiltrations [2, 8, 17]. But for this, it is important to consider the study that
was done in [7]. Let 4 be a Noetherian ring, and / and J be two non-zero
ideals of 4. Let ¢ be a semi-prime operation on 4. We consider the product

order on Z x Z, denoted by <, such that for all my, m,, nj, n, €Z,
(my, n) < (my, ny) if and only if m; < my and n < ny. We set (my, ny)
+(my, ny) = (my + my, n; + ny) and for any k € Z, k(my, ny) = (kmy, kny).
Let K" = 7" (m, n)e N> and Fic = (K*),en2- Fic is an
(I, J)-adic bifiltration. Let m( and n; be two fixed positive integers. Then

the set

Emo,no = {(Bm()’ BnO)/B € N}
is a totally ordered subset of N 2,

We show that the sequence (4ss(4/c(K%))) is increasing from

€l g

a certain rank and stabilizes in [E We note that the sequence

mo,ng
(Ass(A4/c(K*))) stabilizes at As(I, J) = 4;(K). Moreover, if

aeEmO,nO

e € By o — 10, 0)f, then the sequence oKy G(Kt)}fGEmo,no is

increasing and stabilizes at KCg.
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We assume that for ¢ small enough in E,, ., there exist prime ideals
P in S(I,J) = Ass(4/o(K")) - 45(K). The prime ideals P of 4 in
S°(1,J) = UfeEmo,no S7(I, J) are called o-sporadic prime divisors of
(1, J). Let ag € E,,; ,,, be such that for all k € E,, ,, with k> ay and
for all e € By g o(KF¢) . k€ = o(KcF). Proposition 3.3 shows that

SP(1, J) is included in Ass(Kg/o(K")), forall £ = (1,1) in By, ,,. If 4
is an Artinian ring and if the conditions of Proposition 3.3 are satisfied, then
Proposition 3.5 reveals that SJ(I, J) is contained in Ass(K5 " /o(K"*7)),

for all ¢ large enough and for all 7 such that ¢ = r = (1, 1) in E

mo.no-*
In Proposition 3.6, we show that if e € B, ,, — {(0, 0)} and L is an

ideal of 4 such that K¢ < L < K¢, then any element of Ass(Kg/o(L))

contains (o(K¢) : K& ). For other results in this section, we assume that o is

a prime operation on the set of all ideals of 4. Thus, let # and v be two

regular elements of 4. Then, Proposition 3.7 shows that for all o = (o, aty)

€ IE’mo,no - {(09 0)}v

Ass(A/c(I*1J%?)) = Ass(A/o((ul)* (vJ)*2)).

In Proposition 3.8, we assume that the ideals / and J are regular. Let x

be a regular element of / and y a regular element of J such that (x) is a

reduction of 7 and (y) is a reduction of J. Then there exists r = (11, 1»)

> (1,1) in N? such that
Ass(A)o(K172)Y) ¢ gss(4/o(i((1HD e (24D a2)y)y

for all (oy, @) > (L 1) in E,/ ,. Under the same hypotheses as

Proposition 3.8, Proposition 3.9 reveals that there exist two integers r =1
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and 7 >1 such that for all integers n; >1 and ny, >1, o(K'*")=
X"y"2s(K"), where r = (1, 1), n=(n,n) and K" =112 for all
0=y, £).

We consider that / and J are two ideals of the Noetherian ring A. The set
A ={K"|K" = 1"J™}, with n = (n, ny) € By, », — (0, 0)}, is a non-

empty multiplicatively closed set of non-zero finitely generated ideals of A.
For any ideal L of 4, we denote the A -closure of L by

L= w:n.
VeA
Let (c(K" )neEm0 " be a bifiltration such that for s € B, ,, and s

large enough, K"o(K®) = o(KK"**), forall m e By, ng- Then Proposition

3.10 shows that there exists e in E,,, ,, —{(0, 0)} such that KL = [cr(ICZ)]A

forall ¢ € By, ,, and (> e.

2. Preliminaries

Throughout this paper, the letter 4 denotes a commutative ring with

unity. In this section, we provide some definitions and notations.

(1) A filtration on the ring 4 is a sequence f = (1,),_, of ideals of 4

such that [y =4, I,,,<{, and [,1, c1,,, for all n,meZ. 1t
follows that forall n < 0, [, = 4.

(2) Let I be an ideal of 4. Then a filtration f = (J,),_, on A4 is said to
be I-adic if J,, = I", forall n € N.

Definition 2.1. Let Z(A4) be the set of all ideals of a ring 4. Then we
consider the following properties of a map o : Z(A) — Z(A4):
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(@) I < o(l),
(b)if I < J, then o(I) < o(J),
(¢) o(o(1)) = o(1),
(d) o(I)o(J) < o(LJ) and
(¢) o(bI) = bo(I) for any regular element b € A,

for all 7, J € Z(A4). Then o is a semi-prime operation on Z(A) if (a)-(d)
are satisfied for all 7, J € Z(A4), it is a prime operation if (a)-(e) are

satisfied for all 7, J € Z(A) and every regular element b of 4.

Proposition 2.2. Let A be a commutative ring with unity and ¢ a semi-

prime operation on I(A). Then
o(o(l)o(J)) = o(l)), VI, J e I(A).

Proof. Let / and J be two ideals of A. Then using properties (a), (b), (d)
and (c) of Definition 2.1, respectively, we have

Ico(l) and Jco(J)= IJ co(l)o(J).
Hence, by applying o to both sides,
o(lJ) < o(o(l)a(J])). 2.1

However, we know that
G(I)G(J) c G(IJ).

Applying o again and using the idempotence property (o(c(X)) = o(X)),
o(o(I)o(J)) < o(o(l))) = o(LJ).
Combining this with inequality (2.1), we obtain
o(lJ) c o(o(l)o(J)) < o(a(L))) = o(L)).
Thus,
() = o(s(1)s(J)). 0
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B3 If f=(1,) <7 1s a filtration on 4 and & is a semi-prime operation
on Z(A), then o(f) = (c(1,)), .y is a filtration on 4, called the c-closure
of f.

We consider the product order on Z x Z which is denoted by <
such that for all m, n, p, g € Z, (m, n) < (p, q) if and only if m < p

and n<gq. We set (m,n)+(p,q)=(m+ p,n+q) and for any k €Z,
k(m, n) = (km, kn).

Definition 2.3. (i) A bifiltration on the ring A is a decreasing family
F = (Im’n)(m nyez? of ideals of 4 (with respect to the product order on

Z x 7)) such that Iyo=4 and for all integers m, n, p, q € Z,

1, I

lp.g S Imsp,n+g-

It follows that for all m, n <0, [, , = 4.
(i1) The set of all bifiltrations on the ring A4 is ordered by
F =L, n)om myez? < H = Um,n)m, n)ez?
if I, , < Jp,p forall m,neZ.
(4) Let I and J be two ideals of A. Then a bifiltration F =

(L, n)m, n)ez2 on A is said to be (I, J)-adic if 1, , = 1"J", for all

m, n € N.
(5) Let F = (Im,n)(m n)ez? be a bifiltration on a ring 4 and o a semi-

prime operation on Z(A4). Then o(F) = (G(Im’n))(m n)ez? s a bifiltration

on A, called the o -closure of F.

Remark 2.4. Let / be an ideal of a ring 4 and let P be a prime ideal of 4
such that / < P. Then for any x € 4, we have

P/I = Ann(X) & P=1: x.
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3. Results

3.1. (I, J)-adic bifiltration and o -sporadic prime ideals

Let A be a Noetherian ring and ¢ a semi-prime operation on the set of

all ideals of 4. Then we assume that for every prime ideal P, there exists

a semi-prime operation c/s]\; on the set of all ideals of A4p such that
c;; (IAp)=0c(1)Ap for every ideal I of 4 (see [5]).
Let m( and ny be two fixed positive integers. Then the set

Emo,no = {(Bmo, BnO)/B e N}

is a totally ordered subset of N2, Let 7 and J be two non-zero ideals of the
ring 4. Then for any e = (e}, €;) € By, We set K¢ = [1J2. K¢ is an
ideal of 4.

Lemma 3.1. Let A be a Noetherian ring and I, J be two non-zero ideals
of A. Let ¢ be a semi-prime operation on I. Then for every element e of

Bmg, ng \{(0, 0)}, the sequence

(oK) - ol ez,

is increasing and stationary.
Proof. Let e € B, ,,\{(0, 0)}. Letzand ¢ be two elements of B,

such that ¢ < ¢ (in the product order).
Let x be an element of o(K°*") : 6(K'). Then
xo(K') < o(KeH). ()
Using property (d) of Definition 2.1, we have

G(ng_t)G(lCt) c G(ng_tht) = G(le).
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Using property (a) of Definition 2.1, we have
xo(K' ™) o(K") < ofxas(K ™) o(K)).
Hence
xo(K") < ofa(K' ™) (xs(K))].
Then, from relation (*), we have
XG(]CE) c G[G(ICZ_I)G(KeH)].
According to Proposition 2.2,
G[G(le_t)G(lCeH)] _ G(ICZ_theH) _ G(Kue).
Thus,
XG(]CE) c G(IC“e).
Therefore, x € o(K'™¢) : o(K").
Consequently, o(K¢™"): o(K') < o(K'*¢): o(K"). Thus the sequence
is increasing.
Since o(K°*"): o(K") is an ideal of 4 for each ¢ € E and 4 is

mo, ng
Noetherian, the sequence is stationary. U
Lemma 3.2. Let A be a Noetherian ring, G a semi-prime operation on I,
and I, J two non-zero ideals of A. Suppose that there exists e € Emoano
large enough such that

o(K'*¢) : K = o(K°), for e < 1.

Then the sequence

{dss(4/o(CD} e, o

is increasing.
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Proof. By taking F' = (ICk i €Epo. o as the bifiltration of 4 and applying
Theorem 3.8 of [7], we obtain the result. O

Proposition 3.3. Let o € By, ,, be such that for all k € B, ,, with
k= og and for all ee B, ,, o(KK*¢): K¢ = o(KK). Then for all
C= (1) in By ny» SCULJ) < Ass(ICE Jo(KD)).

Proof. Let (> (1, 1) in E,,  , and assume that there exists

Pe S, J) = Ass(4/o(K")) = As(1, J).

Assume that (4, M) is a local ring, by Theorem 4.5 of [7], M €
ASS(A/G(/CZ)) — Ag(Z, J). Then there exists x € 4 — o(K") such that
M =o(K'): x. Assume that ICf, :x is a proper ideal of A4. Since
G(/CZ) c ICf,, we have

EJJI:G(ICE):ngCf,:xgi)ﬁ.
Then M =KL:x and M e Ass(4/K5). Since the sequence
{ASS(A/]CfF)}ZeEmo " is increasing and stabilizes at Ag(Z, J) (see [7,
Theorem 4.5]), M € A(I, J), which is a contradiction. Thus le, ix=A

and x € K. Hence M e dss(KL /o(K")).

Assume that 4 is not local and P e S7(I, J). Consider (4p, PAp)
which is local. Then by Theorem 4.5 of [7],

PAp € Ass 4, (4p/op[(KAp)'])

for o large enough in K, , . Since 4 is a Noetherian ring, Ap is local

and with the above, we have
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= !
Pip < 4554, ((CAp )= [ [(K, ) ]).
Since

(Kap) [op[(KA,) 1= Ko/ (K")) 4p,

it follows that P e Ass(KC5/o(K")). O

Proposition 3.4. Let o be a semi-prime operation. Assume that

c;(]Co“ff) Kl = o(K*) for all aeE large enough and for all

mo,no

0 € By ny Let e= (e, €)= (1 1) in By, 0. If L is an ideal of A such

that K¢ < L < K¢, then there exists an integer sy > 1 such that o(K°0¢)
= o(L).

Proof. Let e = (¢, e) € E Then for any integer s > 1, we have

my,ngp*
(K°) = (IelJez ) = Jes jers _ ]Cs(el,ez) =K% < I,

Thus o(K*¢) < o(L*). Conversely, we know that L < K¢, so for any
integer s > 1, we have I’ < (K§)* < K& (see [7, Proposition 4.2]). Since
K% is o-closed, we have o(L’) < K for any integer s > 1. We know
that if o(K**¢): K¢ = o(K*) with o e E

mg,ny and large enough, then

o(K%) = o(K%) (we refer to Proposition 3.3) and o(K*)=KZ. Let

sp 21 be an integer such that sye is large enough in Eing, ng- Thus

o(K%0¢) = 0. Hence o(L) < o(K°0°). Therefore, there exists an
integer sy > 1 such that o(L*0) = o(K°0¢). O

Proposition 3.5. Assume that A is an Artinian ring and © is a semi-

prime operation. Let o € By, - be such that for all k € E k> o

mgp, ngy?
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and for all e € By 40, o(KFte) . K€ = o(KF). Then

SP(1, J)  Ass(K5 " [o(K"T)),
for all U large enough and for all r such that ¢ = r = (1, 1) in B, , .

Proof. Forall £ (1, 1) in E,,, ,,, we have
SP(1. J) < Ass(Kg/o(K")

(we refer to Proposition 3.3). If P e Ass(le7 / o(K')), then there exist
x e K. and x ¢ o(K") such that P = o(K"): x. Since K5 < KL for
all reE, , and (>7r> (1,1) (see [7, Theorem 4.6]), it follows
that x e KL and x ¢ o(K’) such that P=o(K'):x. Then Pe
Ass(K5" /o(KC")) and
Ass(Kg/o(K")) < Ass(Kg " /o(K")).

for all e B, , and (>7r>(,1). Let Pe Ass(KE /o(K")). Then
there exist z e ICf;r and z ¢ o(K") such that P =o(K'):z Since
o(K¥):zco(K'):z forall t<s in Epg,n, and since the ring 4 is
Artinian, we have P = o(K): z = o(K'™"): z for all ¢ large enough and
for all in E,,  , . Thus P e Ass(K5"/o(K"*T)), for all ¢ large enough
and for all r such that £ > 7 > (1, 1) in B, . O

Proposition 3.6. Let ¢ € B, ,,, —{(0, 0)}. Let L be an ideal of A such
that K¢ < L < K. If P e Ass(Kg/o(L)), then (o(K€): K¢) < P.

Proof. Let P be a prime ideal of 4 such that P € Ass(Kg/o(L)). Then

there exists x € Kg — o(L) such that P = (L) : x. We know that K¢ <
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L c le,. Since o is a semi-prime operation and le, is o-closed, it
follows that o(K¢) < o(L) < o(K§) = K. Let z € (6(K¢) : K¢). Then
K < o(K) < o(L). Since x e K and x ¢ o(L), it follows that
zx eo(L) and z e o(L) : x = P.

Thus z € P and therefore (o(K€): K&) < P. O

Proposition 3.7. Let G be a prime operation on the set of all ideals of A.
Let I and J be two ideals of A. Let u and v be two regular elements of A.
Then for all o. = (o, 0p) € By, =10, 0)},

Ass(A)c(IM1J2)) < Ass(A)o((wl)* (vJ)*2))
= Ass(A/o((l)™ (w)*2)).
We set IJ*? = K* and u®\v*21%1J%? = (ul)* (vJ)*2? = (uvK)*. Thus
Ass(A[o(K*)) < Ass(A[o[(uvk)*]).

Proof. Let P € Ass(A4/c(I1J%?)) = Ass(4/c(K*)). Then there exists

x e A-oc(I*1J%?) such that P = c(I*1J2): x.
If a € 6(I*1J%2): x, then ax € o(I*1J%?) and
axu®v®? e u*W*R26(1*1J%*?) < o(u*v*21*1J%2),
Hence a € o(u®1v*21%1J%2) : xu®1v92,
Conversely, if b € o(u*v*21*1J%2) : xu®1v*2 | then
bxu®v?? e o(u®v*21*J%2),
Since o = (o, 0p) € By o = 1(0, 0)}, u™1v?2 is a regular element of

A and o is a prime operation, it follows that bx € c(/*1J%2) and b €
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o(1*1J9?) : x. Therefore,
P=oc(I*J%?): x = o(u®*v*21*1J%2) : xu*1v*2

and

P e Ass(A/oc(u®v*21%1J92)), O

Proposition 3.8. Let ¢ be a prime operation. Let x be a regular element

of I and y a regular element of J such that (x) is a reduction of I and (y) is

a reduction of J. Then there exists r = (1, ry) = (1, 1) in N* such that
Ass(4)o(KM1:292))) = gs5(4/o(((FD o1 (24D az)y)
forall (ay, ap) > (1, 1) in By, 0.
Proof. We know that (x) is a reduction of /, so there exists an integer
1 > 1 such that (x)I1 = 1" and that (y) is a reduction of J, so there
exists an integer 7» > 1 such that (y)J? = J2%! We set L =1 and
V =J%2. Let a=(a, ap) = (I, 1) in By, , . Then
ASS(A/G(;C(WLOM)))

= Ass(A/o(111J72%2))

= Ass(A4/c(LMV *2))

c Ass(A4/o(xM LM y*2p%2))

= Ass(4/o((xL)*1 (yV)*2))

= Ass(A/o((xI")™1 (yJ"2)*2))

= Ass(A/c(11FDu 2oy

= ASS[A/G(IC((’HI)“la(’Z +1)0t2))]' 0
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Proposition 3.9. Let ¢ be a prime operation. Let I and J be two regular
ideals of A. Let x (resp. y) be a regular element of I (resp. J) such that (x)

(resp. (v)) is a reduction of I (resp.J). Then there exist two integers
n =1 and r, > 1 such that for all integers ny > 1 and n, > 1, o(K'™*") =
x"y"o(K"), where r = (1, 1), n=(n, ny) and KE=17"2 for all
0= (L, £p).

Proof. (x) is a reduction of 7, so there exists an integer 1 > 1 such that

for any integer n; > 1, we have (x)"1 1" = 1" (y) is a reduction of J,

so there exists an integer » > 1 such that for any integer n, > 1, we have

(»)'2J2 = J72""2 Thus (x)"(y)211J"2 = [T g"2772,

Since o is a prime operation and (x)"(y)"? is a regular element, it

follows that
(1 ()2 6(I172) = (11172412,

Consequently, x"y"c(K") = o(K"*"), where r = (11, »), n = (n), ny),
K'=11J"7 and K" = [1TM 272 O
3.2. (I, J)-adic bifiltration and A -closure

Let / and J be two non-zero ideals of a Noetherian ring A. Set
K% = 1*1J% forall a = (o, 0p) € N? and

A= {]Cn’ n = (nlv 1’12) € Emo,no - {(0’ O)}}

A is a non-empty multiplicatively closed set of non-zero ideals of 4. For any
ideal L of 4, we denote the A -closure of L by

Ly = U(LV:V).

VeA
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The A -closure is a semi-prime operation on the set of ideals of A4 (see
Proposition 1-(v) of [11]).

Let o be a semi-prime operation on the set of all ideals of the

Noetherian ring 4. In Proposition 3.10 and Corollary 3.11, we consider that

the bifiltration (o(K")), g is such that for s € B, , and s large
mo. no :

enough, K"o(K*) = o(K™**), for all m By, ny- For the existence of

such a bifiltration, one may refer to [ 16, Theorem 3.1.3].
Proposition 3.10. Ler (o(K")), g be a bifiltration such that for
mo, no

s € By, n, and s large enough,

ICmO'(,CS) — G(ICWH_S),

forall m € By, .

Then there exists e in B, , —{(0,0)} such that KL = [cs(ng)]A for

all € By, p, and (> e.

Proof. Let £ € B, ,, —1(0, 0)} and
xelo(Kh), = U (KN 2 V).
VeA
Since A ={K"|K" = 1"J"2, with n=(n, ny) € Emg,ny — {(0, 0)}},
there exists k € B, ,,, —{(0, 0)} such that XK < o(KP)KK. Since o isa
semi-prime operation,

xo(K¥) < o(xKF) < ofa(K")KF] < o(KHH).

Thus x € o(K"F): o(KF). We know that {o(K""): o(K")}, g s
mgy, 1

an increasing sequence that stabilizes at )Cf,. Consequently, x € le, and
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it follows that [o(K")] A C© KL. Conversely, let x e K and assume that
X ¢ [G(ICZ)]A. Then x e K. implies xo(K") < o(K*™") for all n large
enough in By, , . Thus xK" ¢ (K. Also, x ¢ [O'(ICK)]A, so xK™ ¢
s(KHK™ = K"s(K"), for all m e By, ny —1(0, 0)}. There exists e ¢
By, n, Such that for all s > e and s € B, ., K"o(K*)=o(K""),
for all m € By, », =100, 0)}. Thus for > e and for n large enough

in By, py» K" & o(K"™) and xK" = o(K'*"). This is a contradiction,

therefore we have the equality. O

The following corollary is a consequence of Proposition 3.10.

Corollary 3.11. Let I and J be two ideals of a Noetherian ring A, and c
be a semi-prime operation compatible with the closure operation A such

that for an By, ng large enough,

K"o(KC*) = o(K™*), Vm e B

mg,ng -

Then there exists e € Emoano J(0, 0)} such that
(i) Kg = o[(K),] forall { € B, , with e < 1.

(ii) (Ké)n c G[(ICM)A] forall 1 e Emoano’ e < { and for any integer

n=>1.

Proof. (i) Since (o(K")), Fom o is a bifiltration such that for some

s € By, pn, large enough, we have

K"o(K*) = o(K"**), VmeRE

mgy, ng-*

According to Proposition 3.10, there exists e € E,,, ,,\{(0, 0)} such

that
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K& =ol(K")pl, VL€ By py with e < L.
Hence the result.

(ii) Since (KL) = is a bifiltration, we have
mg, ng

(Ko)" € K.
According to (i),
ke = oK™,
Hence,
(Kg)" < ol(KK""),]

forall ¢ € B, ,, with e < ( and for all integers n > 1. O
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