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Abstract 

In this paper, we introduce the concept of average total domination on 

a Pythagorean anti fuzzy graph and determine the exact value of 

average total domination number of some standard Pythagorean anti 

fuzzy graphs.  

1. Introduction 

The study of dominating set in graphs was begun by Ore and Berge. 

Rosenfeld introduced the notion of fuzzy graph in 1975. In fuzzy graph,      

we attain only minimum value among objects. Sometimes, we need to attain 

maximum values. In such cases, the problem is constructed as anti fuzzy 

graph model. In 2016, the concept of anti fuzzy graph was introduced           

by Seethalakshmi and Gnanajothi [5]. Later, Muthuraj and Sasirekha               

[4] extended this concept and also introduced the idea of domination on              

anti fuzzy graph in 2018. Maheswari et al. [1] defined the notion of a 

Pythagorean anti fuzzy graph model. In this paper, we introduce the concept 

of average total domination on a Pythagorean anti fuzzy graph with suitable 

example. We determine the exact value of average total domination number 

on some standard Pythagorean anti fuzzy graph. Further, its properties are 

investigated. 

2. Preliminaries 

Definition 2.1 [5]. An anti fuzzy graph ( )µσ= ,A  is a pair of functions 

[ ]1,0: →σ V  and [ ]1,0: →×µ VV  with ( ) ( ) ( )baba σ∨σ≥µ ,  for all 

ba,  in V, where V is a finite nonempty set and ∨  denotes maximum. 

Definition 2.2 [5]. An anti fuzzy graph ( )µσ= ,A  is said to be 

complete if the underlying graph ∗
A  is complete and ( ) ( ) ( )baba σ∨σ=µ ,  

for all ( )ba,  in E. 

Definition 2.3 [1]. A Pythagorean anti fuzzy set on a universe χ  is            

an object of the form { ( ) ( ) },,, χ∈νµ= aaaa PPP  where [ ]1,0: →χµP  
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and [ ]1,0: →χνP  represent the membership and non-membership grade of 

a  and satisfies the condition ( ) ( ) 10 22 ≤ν+µ≤ aa PP  for all .χ∈a  

Definition 2.4 [1]. A Pythagorean anti fuzzy set on χ×χ  is said to be a 

Pythagorean anti fuzzy relation on ,χ  denoted by 

{ ( ) ( ) },,, χ×χ∈νµ= abababab QQQ  

where [ ]1,0: →χ×χµQ  and [ ]1,0: →χ×χνQ  represent the membership 

and non-membership grade of Q  and satisfies the condition ( ) +µ≤ ab
20 Q  

( ) 12 ≤ν abQ  for all ., χ∈ba  

Definition 2.5 [1]. A Pythagorean anti fuzzy graph on a nonempty set χ  

is a pair ( )Q,PA =∗∗  with P  a Pythagorean anti fuzzy set on χ  and Q  a 

Pythagorean anti fuzzy relation on χ  such that 

( ) ( ) ( )baab PP µ∨µ≥µQ  

and 

( ) ( ) ( )baab PP ν∧ν≤νQ  

for all ,, χ∈ba  where [ ]1,0: →χ×χµQ  and [ ]1,0: →χ×χνQ  represent 

the membership and non-membership grade of ,Q  respectively. 

3. Main Results 

Definition 3.1. Let ∗∗
A  be a Pythagorean anti fuzzy graph. The minimal 

dominating set of ∗∗
A  that contains the vertex a  and the subgraph induced 

by D has no isolated vertices is called the lower total dominating set. Among 

all lower total dominating sets in ,∗∗
A  the maximum Pythagorean fuzzy 

cardinality is called the lower total domination number on a Pythagorean 

anti fuzzy graph. It is denoted by ( ).∗∗γ Ata  The dominating set of ( )∗∗γ Ata  
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is the taγ -set of a Pythagorean anti fuzzy graph. The taγ -set is denoted by 

.tDa  

Definition 3.2. The average total domination number on a Pythagorean 

anti fuzzy graph is defined as 
( )

,
V

V t ∈
∗∗γ

a a A
 where ( )∗∗γ Ata  is the lower 

total domination number. It is denoted by ( ).∗∗γ AAgt  

Example 3.3. 

 

Figure 1. Pythagorean anti fuzzy graph. 

Table 1. Lower total domination number on a Pythagorean anti fuzzy graph 

( )∗∗∈ AVa  taγ -set ( )∗∗γ Ata  

a {a, d} 1.25 

b {b, d} 1.30 

c {c, b} 1.15 

d {d, b} 1.30 

( )
( )

.25.1
4

3.115.13.125.1 =+++=
γ

=γ  ∈
∗∗

∗∗
V

Va at

Agt

A

A  

Theorem 3.4. If ∗∗
A  is the Pythagorean anti fuzzy path with equal 

Pythagorean fuzzy vertex and edge cardinality, then 
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where .,1 nVm =≥  

Proof. Let ∗∗
A  be the Pythagorean anti fuzzy path with equal 

Pythagorean fuzzy vertex and edge cardinality and the vertex set be 

{ }....,,, 21 naaa  Then 1a  is adjacent to 2a  and 1−na  is adjacent to .na  ia  is 

adjacent to 1−ia  and .12,1 −≤≤+ niia  It is obvious that 1a  dominates 2a  

and 1−na  dominates .na  ia  is dominated by 1−ia  and .12,1 −≤≤+ niia  

Let tDa  be the Pythagorean anti fuzzy lower total dominating set. 

Case 1. For 14 −= mn  

The set  ∈V tD
a a  having Pythagorean fuzzy cardinality am2  in 3m 

times and ( ) a12 +m  in 1−m  times. 

Therefore, 

( ) ( ) ( ) ( ) ( )[ ] ∈
∗∗ −++=γ

V t mmmm
a

a a11232A  

[ ] a1226 22 −+−+= mmmm  

[ ] .18 2
a−−= mm  

Hence, ( ) ( )
.

18 2

V

mm
Agt

a−−=γ ∗∗
A  
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Case 2. For mn 4=  

The set  ∈V tD
a a  having Pythagorean fuzzy cardinality ( ) a12 +m  in 

2

n
 times and ( ) am2  in 

2

n
 times. 

Therefore, 

( ) ( ) ( ) ∈
∗∗





 ++=γ

V t
n

m
n

m
a

a a
2

2
2

12A  

a




 ++=

2

22 mnnmn
 

.
2

4
a





 += nmn

 

Hence, ( ) ( )
.

2

4

V

nmn
Agt

a+=γ ∗∗
A  

Case 3. For 14 += mn  

The set  ∈V tD
a a  having Pythagorean fuzzy cardinality ( ) a22 +m  in 

1+m  times and ( ) a12 +m  in 3m times. 

Therefore, 

( ) ( ) ( ) ( ) ( )[ ] ∈
∗∗ ++++=γ

V t mmmm
a

a a312112A  

[ ( ) ] ammm 3612 22 +++=  

[ ] .278 2
a++= mm  

Hence, ( ) ( )
.

278 2

V

mm
Agt

a++=γ ∗∗
A  

Case 4. For 24 += mn  

The set  ∈V tD
a a  has Pythagorean fuzzy cardinality a  in 22 +m  

times. 
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Therefore, 

( ) ( ) ( ) ∈
∗∗ +=+=γ

V t mm
a

a aa .1222A  

Hence, ( ) ( )
.

12

V

am
Agt

+=γ ∗∗
A  

Theorem 3.5. If ( )Q,PA =∗∗  is a complete Pythagorean anti fuzzy 

graph ,nK  then ( )
( )

,1

V
K

n

i ji
nAgt

 = +
=γ

aa
 where ja  is the vertex of 

maximum Pythagorean fuzzy cardinality among all vertices other than ,ia  

....,,2,1 ni =  

Proof. Let nK  be the complete Pythagorean anti fuzzy graph and the 

vertex set be { }.,...,,, 121 nn aaaa −  Then by the definition of complete 

Pythagorean anti fuzzy complete graph, each ia  dominates all other 

Pythagorean fuzzy vertices, ....,,2,1 ni =  

Let tDa  be the Pythagorean anti fuzzy lower total dominating set. Then, 

{ },, jiti
D aaa =  where ja  is the vertex of maximum Pythagorean fuzzy 

cardinality among all vertices other than ....,,2,1, nii =a  

Therefore, 

{ },...,,,max 3211 naaaaa +=γ  

{ } ...,,...,,,max 3122 naaaaa +=γ  

{ },...,,,max 121 −+=γ nnn
aaaaa  

( ) ∈
∗∗ γ++γ+γ=γ

V t na
aaaa ⋯

21
A  

{ }naaaa ...,,,max 321 +=  

{ }naaaa ...,,,max 312 ++  
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{ }121 ...,,,max −+++ nn aaaa⋯  

( ) =
+=

n

i ji1
,aa  

where ja  is the vertex of maximum Pythagorean fuzzy cardinality among all 

vertices other than ....,,2,1, nii =a  Hence, 

( )
( )

.1

V
K

n

i ji

nAgt
 =

+
=γ

aa
 

Corollary 3.6. Let ∗∗
A  be the complete Pythagorean anti fuzzy graph 

with equal Pythagorean fuzzy vertex and edge cardinality. Then ( )∗∗γ AAg  

.
2

1

V

n

i i ==
a

 

Proof. By previous theorem, ( )
( )

.1

V

n

i ji
Agt

 =∗∗ +
=γ

aa
A  

Since ∗∗
A  is the complete Pythagorean anti fuzzy graph with equal 

Pythagorean fuzzy vertex and edge cardinality, 

( )
( )

.
2

11

VV

n

i i

n

i ii

Agt
 ==∗∗ =

+
=γ

aaa
A  

Theorem 3.7. For any Pythagorean anti fuzzy graph ,∗∗
A  ( )∗∗γ AAgt  

.
3

2
1 =≤

n

i ia
 

Proof. Let ∗∗
A  be the Pythagorean anti fuzzy graph and the vertex set 

be { }....,,, 21 naaa  Clearly, ( ) .
3

2
1 =∗∗ ≤γ

n

i i
t

a
A  

Let ( )∗∗γ Ata  be the Pythagorean anti fuzzy total dominating number. 

Then 
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Hence 
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
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