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Abstract

In this paper, several characterizations of fuzzy Baire sets and fuzzy
pseudo-open sets in fuzzy topological spaces are established. It is
obtained that fuzzy Baire sets in fuzzy hyperconnected and fuzzy
second category (but not fuzzy Baire) spaces are fuzzy nowhere dense
sets. It is observed that in fuzzy perfectly disconnected spaces, fuzzy
regular closed sets and fuzzy residual sets are generating fuzzy Baire
sets. Moreover, it is established that fuzzy pseudo-open sets are fuzzy
simply* open sets in fuzzy D-Baire topological spaces.
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1. Introduction

The potential of the fuzzy notion introduced by Zadeh [13] in 1965 as a
new approach to a mathematical representation of vagueness was realized
by many researchers and it has successfully been applied in all branches
of mathematics. In 1968, Chang [5] introduced the concept of a fuzzy
topological space. The paper of Chang paved the way for the subsequent

tremendous growth of the numerous fuzzy topological concepts.

In claasical topology, Baire [4] introduced the concepts of first category
and second category sets and Denjoy [6] introduced residual sets which are
the complements of first category sets. By means of first category sets, the
notion of pseudo-open sets was introduced and studied by Neubrunnova [9].
In classical topology, Szymanski [1] defined sets of the form U — E, where
U is an open set and E is a meagre set in a topological space X as Baire sets

of first type and U U F, where U is an open set and F is a meagre set in X as

Baire sets of second type.

The notion of fuzzy Baire sets was introduced by Thangaraj and Palani
[25] in terms of fuzzy open sets and fuzzy residual sets in fuzzy topological
spaces. The notion of fuzzy pseudo-open sets was introduced by Thangaraj
and Dinakaran [21] in terms of fuzzy open sets and fuzzy first category sets
in fuzzy topological spaces. The purpose of this paper is to study more
deeply the notion of fuzzy Baire sets and fuzzy pseudo-open sets in fuzzy

topological spaces.

In Section 3, several characterizations of fuzzy Baire sets are
established. It is obtained that fuzzy Baire sets in fuzzy submaximal spaces

and fuzzy globally disconnected spaces are fuzzy Gg-sets, and fuzzy Baire

sets in fuzzy hyperconnected and fuzzy second category (but not fuzzy
Baire) spaces are fuzzy nowhere dense sets. It is shown that fuzzy regular
closed sets and fuzzy residual sets in fuzzy perfectly disconnected spaces are

generating fuzzy Baire sets and fuzzy open sets and complements of fuzzy
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o-nowhere dense sets are generating fuzzy Baire sets in fuzzy topological
spaces. It is obtained that fuzzy Baire sets in fuzzy strongly hyperconnected
spaces are fuzzy open sets and fuzzy Baire sets in fuzzy extremally

disconnected spaces are having fuzzy Baire sets as their super sets.

In Section 4, several characterizations of fuzzy pseudo-open sets are
established. It is obtained that fuzzy pseudo-open sets in fuzzy D-Baire
spaces are fuzzy simply* open sets and fuzzy pseudo-open sets in fuzzy
hyperconnected and fuzzy D-Baire spaces are fuzzy simply open sets. In
Section 5, conditions under which complements of fuzzy Baire sets become
fuzzy pseudo-open sets and complements of fuzzy pseudo-open sets become

fuzzy Baire sets, are obtained.
2. Preliminaries

We assume the basic definitions on fuzzy topology known to the readers
[2, 4 -31]. However, to be as self contained as possible, we state some results

that are used eventually in this paper. Throughout (X, T) represents a fuzzy

topological space and A a fuzzy set of X.

Theorem 2.1 [2]. In a fuzzy topological space (a) the closure of a fuzzy
open set is a fuzzy regular closed set, and (b) the interior of a fuzzy closed

set is a fuzzy regular open set.
Theorem 2.2 [10]. If A is a fuzzy residual set in (X, T), then there

exists a fuzzy Gg-set | in (X, T) such that L < A.

Theorem 2.3 [22]. If A is a fuzzy regular closed set in a fuzzy perfectly
disconnected space (X , T), then N is a fuzzy open set in (X , T).

Theorem 2.4 [17]. If X is a fuzzy O-nowhere dense set in (X, T), then
1 =\ is a fuzzy residual setin (X, T).

Theorem 2.5 [26]. If A is a fuzzy somewhere dense set in (X, T), then

there exists a fuzzy regular closed set 1 in (X, T) such that n < cI(A).
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Theorem 2.6 [25]. If A is a fuzzy Baire set in (X, T), then there exists a
fuzzy Baire set Bin (X, T) such that B < \.

Theorem 2.7 [18]. If A is a fuzzy residual set in a fuzzy submaximal
space (X, T), then ) is a fuzzy Gg-setin (X, T).

Theorem 2.8 [23]. If A is a fuzzy residual set in a fuzzy globally
disconnected space (X, T), then \ is a fuzzy Gg-setin (X, T).

Theorem 2.9 [15]. The following are equivalent:

(1) (X, T) is a fuzzy Baire space.

(2) Int(N) = 0, for every fuzzy first category set N in (X, T).
(3) CI(W) =1, for every fuzzy residual set \in (X, T).

Theorem 2.10 [10]. If A < U and A is a fuzzy residual set in (X, T),

then W is also a fuzzy residual setin (X, T).

Theorem 2.11 [10]. If A is a fuzzy residual set in a fuzzy second
category (but not fuzzy Baire) space (X, T), then there exists a fuzzy closed

fuzzy residual set ) in (X, T) such that CI(\) < n.

Theorem 2.12 [10]. If a fuzzy topological space (X, T) is a fuzzy
hyperconnected fuzzy second category (but not fuzzy Baire) space and N is a

fuzzy residual setin (X, T), then
(i) A is a fuzzy nowhere dense set in (X, T).
(i) 1=\ is a fuzzy dense setin (X, T).

Theorem 2.13 [10]. If A is a fuzzy residual set in a fuzzy second
category (but not fuzzy Baire) space (X, T), then int(l = \) is a non-zero

fuzzy first category setin (X, T).
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Theorem 2.14 [16]. If (X, T) is a fuzzy Baire fuzzy open hereditarily
irresolvable space, then (X, T) is a fuzzy D-Baire space.
Theorem 2.15 [20]. If A is a fuzzy simply* open set in a fuzzy
hyperconnected space (X, T), then \ is a fuzzy simply open setin (X, T).
Theorem 2.16 [10]. If A is a fuzzy first category set in (X, T), then
there is a fuzzy first category set Win (X, T) such that A < W < cl(N).

Theorem 2.17 [29]. If (X, T) is a fuzzy strongly hyperconnected space,

then (X, T) is a fuzzy hyperconnected fuzzy submaximal space.

Theorem 2.18 [24]. If A is a fuzzy open fuzzy dense set in (X, T), then
1 =\ is a fuzzy resolvable set in (X, T).

Theorem 2.19 [27]. If A is a fuzzy open set in a fuzzy Baire space
(X, T), then \ is a fuzzy Baire dense set in (X, T).

Theorem 2.20 [30]. If W is a fuzzy residual set in a fuzzy almost P-space
(X, T), then Wis a fuzzy somewhere dense set in (X, T).

3. Fuzzy Baire Sets in Fuzzy Topological Spaces

Motivated by the works of Neubrunnova [9] and Szymanski [1] in
classical topology, the concept of fuzzy Baire sets is introduced and studied
in fuzzy topology [25]. The purpose of this section is to study more deeply

the notion of fuzzy Baire sets in fuzzy topological spaces.

Definition 3.1 [25]. A fuzzy set A in (X, T) is called a fuzzy Baire set
if A= LCn, where U is a fuzzy open set and N is a fuzzy residual set in

(x, 1)

Example 3.1. Let X ={A, B, C}. Consider the following fuzzy sets
A U, O, B, 8 and & defined on X.
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A: X - I isdefinedby A(A) =1; A(B)=0.2; A(C)=0.7;

W: X - [ isdefinedby p(A) =0.7; W(B)=04; u(C)=1;
a:X - [ isdefinedby a(A) =0.7; a(B)=03; a(C)=0.7;
B: X - I isdefined by B(A) =0.8; B(B)=06; PB(C)=09;
0:X - I isdefinedby 6(A) =0.8; 6(B)=0.9; 6(C)=0.7;
8:X - I isdefined by 8(A) = 0.7, §(B)=0.4; (C)=0.7.

Then, T ={0, A\, ., A\OW, A O, 1} is a fuzzy topology on X. By

computation,
cdAN) =1 c)=1 cdANOp)=1 cd(AOp) =1 cl(a)=1
cdB)=1 cl(®)=1 cI(d)=1 int(l-A)=0; int(l-u)=0;
intl=[AOp])=0; int(1=[AOp])=0; int(a) =A O
int(B) =A Op; int(8) =A OW;  int(d) =A Oy;  int(l —a) = 0;
int(1-B) =0; int(1-6)=0; int(l1-3)=0.
Now
clint(a) =1; clint(B) =1; clint(B) =1; clint(3) =1; and
clint(A\) =1; clint(u) =1; clint(A Op) =1; clint(A Op) =1,
Further,

a=aCBCOCS and AOu=AOpuONOW) O Op).

Thus, o and A Cy are fuzzy residual sets in (X, 7). (It should be
noted that the fuzzy residual set d is not a fuzzy open set whereas the fuzzy

residual set A C [ is a fuzzy open set in (X, T).) On computing, A C o =
AW pCa=o; AOp)Oa=a; A\Ou)Da =A0OW and A O(A Op)
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=ACK pOADOW) =A0w AOp)OAOW=A0w (AOp)OAOp) =
A C W Hence o and A C Y are the fuzzy Baire sets in (X, T). (It should

be noted that the fuzzy Baire set 0 is not a fuzzy open setin (X, T).)

Proposition 3.1. If a fuzzy set N is a fuzzy Baire set in (X, T), then
there exists a fuzzy Gg-set © in (X, T) such that © < \.

Proof. Let A be a fuzzy Baire set in (X, 7). Then, A = u C 1, where [
is a fuzzy open set and 1 is a fuzzy residual set in (X, 7). By Theorem 2.2,

for the fuzzy residual set 1), there exists a fuzzy Gg-set a in (X, T) such
that a <n. Then, uCa<pCn in (X,T). Now a = A2 (a;), where
a, 07 and W is a fuzzy open set in (X, T), pOa =pnOAZ(q;) is
a fuzzy Gg-set in (X, T). Let @ =p C a. Then 8 is a fuzzy Gg-set in

(X, T). Hence, for the fuzzy Baire set A in (X, T), there exists a fuzzy
Gg-set 0 in (X, T) such that 8 < A.

Corollary 3.1. If a fuzzy set N is a fuzzy Baire setin (X, T), then there
exists a fuzzy Fg-set & in (X, T) such that 1 -\ < &.

Proof. Let A be a fuzzy Baire set in (X, T). By Proposition 3.1, there
exists a fuzzy Gg-set 0 in (X, T) such that 8 < A. Then, 1-A <1-6, in
(X, T). Let 3=1-6. Then, 3 is a fuzzy Fg-set & in (X, T) such that
I-A<o

Proposition 3.2. If a fuzzy set N is a fuzzy Baire set in a fuzzy Baire
space (X, T), then N = L1, where U is a Baire dense set and 1 is a
fuzzy residual setin (X, T).

Proof. Let A\ be a fuzzy Baire set in (X, 7). Then, A = p L n, where
W is a fuzzy open set and N is a fuzzy residual set in (X, 7). Because

(X, T) is a fuzzy Baire space, by Theorem 2.19, the fuzzy open set [ is a
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Baire dense set in (X, T). Hence A = L1, where [ is a Baire dense set

and 1 is a fuzzy residual set in (X, T).

Proposition 3.3. If a fuzzy set A is a fuzzy Baire set in a fuzzy strongly

hyperconnected space (X, T), then \ is a fuzzy open set in (X, T).

Proof. Let A be a fuzzy Baire set in (X, T). Then, A = p L1, where
W is a fuzzy open set and n is a fuzzy residual set in (X, 7). Now
1-n is a fuzzy first category set in (X, T). Since (X, T) is a fuzzy
strongly hyperconnected space, by Theorem 2.17, (X, T) is a fuzzy
hyperconnected fuzzy submaximal space. By Theorem 2.16, there is a
fuzzy first category set W in (X, T) such that 1-n < < cl(l = n). Now
U < cl(1 -n), which implies that i <1 —int(n). Thus, int(n) <1 - W This
implies that cl[int(n)] < cI(1 — ). Since int(n) is a fuzzy open set in the
fuzzy hyperconnected space (X, T), cl[int(n)] =1 and thus cI(1 —p) = 1.
Now 1-n <y, which implies that 1= <1 and thus c/(1 - 1) < cl(n)
and 1<cl(n). That is, cl(n) =1, in (X, T). Since (X, T) is a fuzzy
submaximal space, cl(n) =1, which implies that n is a fuzzy open set in
(X, T). Thus, A =pLCn, where uOT and nO7, implying that A is a
fuzzy open set in (X, T).

Example 3.2. Let X ={A, B, C}. Consider the following fuzzy sets
a, B, y and O defined on X:

a:X - [ isdefinedby a(A) =0.6; a(B)=0.9; a(C)=0.58,
B: X - I isdefined by B(A) =0.7; B(B) =0.8; B(C)=0.9,

y: X - I isdefined by y(A) =0.8; y(B)=0.6; y(C)=0.7.
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Then,

T={0,0,B,v,a0B, a0y, B0y, adB oy, B0y, a O[Oy,
yO[a OBL BO[a Oy, a OB Dy, 1}

is a fuzzy topology on X. By computation, cl(a) =1; cl(B) =1, cl(y)=1;
cdlaOB) =1 c(aOy)=1; cBOY)=1 cl(aOB) =1; cl(a Oy) =1
dPOy) =15 c(aOBOY) =5 c(yOlaOp) =1 c(@O[aOy])=1
and cl(a OB Oy) =1, in (X, T). It is observed that all the fuzzy open sets
in (X, T) are fuzzy dense sets and thus (X, T) is a fuzzy hyperconnected
space. Also, fuzzy dense sets are fuzzy open sets in (X, 7) which implies
that (X, T) is a fuzzy submaximal space and hence (X, 7T) is a fuzzy

strongly hyperconnected space.

Since all the fuzzy open sets are fuzzy dense, their complements 1 — a,
1=B, 1=y, 1=(aOp), 1-(aDOy), 1-(BOy), 1-(aOp), 1-(aDOy),
1-@0y), 1-(aOBOy), 1-(yOlaOB), 1-@0[a0y]) and
1 - (o OB Oy) are fuzzy nowhere dense sets in (X, T). Further, fuzzy first
category sets in (X, T) are 1=y, 1-(a0y) and 1- (@ O[a Oy]) and
fuzzy residual sets in (X, T) are y, (a Oy) and (B O[a Oy]). As fuzzy
Baire dense setsin (X, T) arey, a CB, a Cy, BLYy, these are fuzzy open
in (X, T).

Proposition 3.4. If A is a fuzzy Baire set in a fuzzy D-Baire space
(X, T), then there exists a fuzzy regular closed set & in (X, T) such that
A <o

Proof. Let A be a fuzzy Baire set in (X, T). Then, A = u C 1, where [
is a fuzzy open set and 1 is a fuzzy residual set in (X, 7). Now 1-n is

a fuzzy first category set in (X, T). Because (X, T) is a fuzzy D-Baire
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space, 1 —n is a fuzzy nowhere dense set and thus intc/(1—n) =0, in
(X, T). Because int(l -n) <intc/(1-n), int(l-n) =0, by Lemma 2.1,
1-cl(n) =int(1-n) =0 and thus c/(n) =1, in (X, T). Now A =pLn,
which implies that cI/(A) =cl(uOn) < cl(u) Ocl(n) = cl(n) O1 = cl(p).
Let & = cl(u). By Theorem 2.1, cl(u) is a fuzzy regular closed set. Let
d=cl(n) and A < cI(A) < 8. Then, for the fuzzy Baire set A in (X,T),

there exists a fuzzy regular closed set & in (X, T) such that A < &.

Example 3.3. Let X ={A, B, C}. Consider the following fuzzy sets a,
B, yand O defined on X.

a:X - I isdefinedby a(A) =0.5; a(B)=03; a(C)=0.5,
B: X - I isdefined by B(A) =0.6; B(B) =0.5 PB(C)=0.7,
y: X - I isdefined by y(A) =0.5; y(B)=04; y(C)=0.6,
0: X - I isdefined by 8(A) =0.5, 6(B) =0.6; 6(C)=04.

Then, T ={0,a,B,Vy.1} is a fuzzy topology on X. By computation,
cla)=1-a; cB)=1 cl(y)=1 and int(l-a)=a; int(l-B)=0;
int(l-y) =0, in (X,T). Now intcl(l-a)=a; intc/(l1-B) =0 and
int c/(1 = y) = 0. Thus fuzzy nowhere dense sets in (X, T) are 1 - and
1 —vy. Further, 6 = (1-B) O(1 -y) and thus O is a fuzzy first category set
in (X, T). Also, intc/(B) = int(l1 — y) = 0. Thus, the fuzzy first category set
y is a fuzzy nowhere dense set in (X, T'), which implies that (X, T) is a

fuzzy D-Baire space.
Now 1-0 =Yy is a fuzzy residual set in (X,7T) and a Ly =a and
BLy=y, implying that a and y are fuzzy Baire sets in (X, T). By

computation, c/int(l = a) =cl(a) =1-a and thus 1 —a is a fuzzy regular
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closed setin (X, T), a<(1-a), in (X, T) and clint(1) =1 and y <1, in
(x,T).

Proposition 3.5. I[f A = uW L n, where W is a fuzzy regular closed set
and N is a fuzzy residual set in a fuzzy perfectly disconnected space (X, T),

then \ is a fuzzy Baire setin (X, T).

Proof. Suppose that for a A defined on X, A =uCn, where 4 is a
fuzzy regular closed set and n is a fuzzy residual set in (X, T). Since
(X, T) is a fuzzy perfectly disconnected space, by Theorem 2.3, the fuzzy
regular closed set [ is a fuzzy open setin (X, 7). Hence A = p C 1, where
W is a fuzzy open set and N is a fuzzy residual set in (X, T), implying that

A is a fuzzy Baire setin (X, T).

Proposition 3.6. If A = u O[1 — n], where W is a fuzzy open set and N
is a fuzzy ©-nowhere dense set in a fuzzy topological space (X, T), then the

fuzzy set N\ is a fuzzy Baire setin (X, T).

Proof. Suppose for a A defined on X, A = u O[l —n], where p is
a fuzzy open set and n is a fuzzy ©-nowhere dense set in (X, T). By
Theorem 2.4, for the fuzzy 0 -nowhere dense set N, 1 — N is a fuzzy residual
set in (X, T). Hence A = O[l —n], where W is a fuzzy open set and
1 —n is a fuzzy residual set in (X, T), implying that A is a fuzzy Baire set
in (X, T).

Corollary 3.2. If A =Ly, where W is a fuzzy open set and Y is a
fuzzy Gg-set with cl(y) =1, in (X, T), then the fuzzy set N is a fuzzy Baire
setin (X, T).

Proof. Suppose for a A defined on X, A = uCy, where U is a fuzzy
open set and Y is a fuzzy Gg-set set with cl(y) =1, in (X, T). By Lemma
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2.1, int(l-y)=1-cl(y) and then int(l-y)=1-1=0. Let y=1-n.
Then, N =1-y and n is a fuzzy Fg-set with int(n) = 0. This implies
that n is a fuzzy o-nowhere dense set in (X, T). Hence A = p O[1 - n],
where [ is a fuzzy open set and N is a fuzzy O-nowhere dense set in

(X, T). By Proposition 3.6, A is a fuzzy Baire setin (X, T).

Proposition 3.7. If A is a fuzzy somewhere dense set in a fuzzy perfectly

disconnected space (X, T), then there exists a fuzzy Baire set & in (X, T)

such that & < cl(\) O n, where N is a fuzzy residual set in (X, T).

Proof. Let A be a fuzzy somewhere dense set in (X, 7). Then, by
Theorem 2.5, there exists a fuzzy regular closed set W in (X, T) such that
U< cl(N). Thus, pOn < cl(N)On, where n is a fuzzy residual set in
(X,T). Let 8=pLn. Since (X, T) is a fuzzy perfectly disconnected
space, by Theorem 2.3, the fuzzy regular closed set | is a fuzzy open set in
(X, T). Hence d=p L1, where pOT and n is a fuzzy residual set in
(X, T), implying that & is a fuzzy Baire set in (X, T'). Hence, for the fuzzy
somewhere dense set A, there exists a fuzzy Baire set 0 in (X , T) such that

d < cI(\) On, where n is a fuzzy residual setin (X, T).

Proposition 3.8. If A is a fuzzy Baire set in a fuzzy extremally

disconnected space (X , T), then there exists a fuzzy Baire set O in (X , T)
such that A < 0.

Proof. Let A be a fuzzy Baire set in (X, 7). Then, A = u C 1, where [
is a fuzzy open set and n is a fuzzy residual set in (X, T). Now W < cl(u),
which implies that p0On < ¢l(u) On, in (X, T). Since (X, T) is a fuzzy
extremally disconnected space, for the fuzzy open set W, cl(l) is a fuzzy
open set in (X, T). Let &=cl(4) On. Then, & is a fuzzy Baire set in
(X, T) such that A < &.
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Remark 3.1. In Example 3.1, for fuzzy open sets A, g, AL, A LCH,
cddN)=10T; cl(u)=10T; c/NOW)=10T; cI(A On) =10T. Thus,
(X, T) is a fuzzy extremally disconnected space. By computation, o and

A C Y are fuzzy Baire setsin (X, 7T) and A Cu < a, in (X, 7).

Corollary 3.3. If A is a fuzzy Baire set in a fuzzy extremally

disconnected space (X, T), then there exist fuzzy Baire sets &, and 8, in
(X, T) suchthat 3, < \ < 3,.
Proof. The proof follows from Proposition 3.8 and Theorem 2.6.

The following proposition ensures that fuzzy Baire sets are fuzzy

Gg -sets in fuzzy submaximal spaces.

Proposition 3.9. If a fuzzy set N is a fuzzy Baire set in a fuzzy

submaximal space (X, T), then \ is a fuzzy Gg-setin (X, T).

Proof. Let A be a fuzzy Baire set in (X, T). Then, A = p L1, where
W is a fuzzy open set and 1 is a fuzzy residual set in (X, T'). Since (X, T)

is a fuzzy submaximal space, by Theorem 2.7, the fuzzy residual set n
is a fuzzy Gg-set in (X, T). Then, n = A;=(0;), where o; OT. Now
A =p0n=p0OAZ(a;) and thus A is a fuzzy Gg-setin (X, T).
Example 3.4. Let X ={A, B, C}. Consider the following fuzzy sets 0, B
and y defined on X:
a:X - [ isdefinedby a(A) =0.6; a(B)=0.9; a(C)=0.58,
B: X - I isdefinedby B(A) =0.7; B(B)=0.8; B(C)=0.9,

y: X - I isdefined by y(A) =0.8; y(B)=0.6; y(C)=0.7.
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Then,

T={0,0,B v,alB, a0y, B0y, a 0B, a0y, Oy, a O[Oy,

yOla O] 0o Oy} a OB Oy, 1}
is a fuzzy topology on X. By computation, cl(a) =1; cl(B) =1; cl(y)=1;
cdlaOB) =1 claOy)=1 cdBOY)=1 c(aOB)=1 cl(aOy)=1
cdOy) =1 c(aDBOY])=1 cyOla0B]) =15 c@Oa0y])=1
and cl(a OB OyY) =1, in (X, T). It is observed that all fuzzy dense sets are
fuzzy open sets in (X, T) which implies that (X, T) is a fuzzy submaximal
space. Further, fuzzy Gg-sets in (X, T) arey, a LB, aCy, BCy and
B O[a Ovy]. Also, fuzzy Baire sets in (X, T) arey, a LB, aCy, BCy
and B O[a Ovy]. It is observed that all fuzzy Baire sets are fuzzy Gg-sets in
(X, 7).

Corollary 3.4. If A is a fuzzy Baire set in a fuzzy submaximal space
(X, T), then 1 =\ is a fuzzy Fg-setin (X, T).

Proof. Let A be a fuzzy Baire set in (X, T). Then, by Proposition 3.9, A

is a fuzzy Gg-setin (X, T') and thus the fuzzy set 1 = A is a fuzzy Fg-setin
(X, 7).

Proposition 3.10. If A is a fuzzy Baire set in a fuzzy globally
disconnected space (X, T), then N is a fuzzy Gg-setin (X, T).

Proof. Let A be a fuzzy Baire setin (X, 7). Then, A = g L n, where [
is a fuzzy open set and n is a fuzzy residual set in (X, T). Since (X, T) is
a fuzzy globally disconnected space, by Theorem 2.8, the fuzzy residual set
n is a fuzzy Gg-setin (X, T). Then, N = Aj=(0;), where a; OT. Now

A=p0n=u0AZ(a;) and thus A is a fuzzy Gg-setin (X, T).
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Corollary 3.5. If A is a fuzzy Baire set in a fuzzy globally disconnected
space (X, T), then 1 =\ is a fuzzy Fg-setin (X, T).

Proof. Let A be a fuzzy Baire set in (X, T'). Then, by Proposition 3.10,
A is a fuzzy Gg-setin (X, T) and thus the fuzzy set 1 =\ is a fuzzy Fg-set
in (X, T).

Proposition 3.11. If A is a fuzzy Baire set in a fuzzy globally
disconnected fuzzy almost P-space (X , T), then N =N, where | is a

fuzzy open set and N is a fuzzy somewhere dense set in (X, T).

Proof. Let A be a fuzzy Baire set in (X, 7). Then, A = u C 1, where [
is a fuzzy open set and 1 is a fuzzy residual set in (X, T'). Since (X, T) is
a fuzzy globally disconnected space, by Theorem 2.8, the fuzzy residual
set N is a fuzzy Gg-set in (X, T). Since (X,T) is a fuzzy almost
P-space, int(n) # 0, in (X, 7). Now int(n) < int c¢/(n), which implies that
intcl(n) 20, in (X,T). Hence n is a fuzzy somewhere dense set in
(X, T). Thus, it follows that A = i C 1, where [ is a fuzzy open set and N

is a fuzzy somewhere dense setin (X, T).

Proposition 3.12. If A\ is a fuzzy Baire set in a fuzzy second category
(but not fuzzy Baire) space (X, T), then there exists a fuzzy Baire set © in
(X, T) such that N < p Ocl(n) < 6, where W is a fuzzy open set and 1 is
a fuzzy residual set in (X, T).

Proof. Let A be a fuzzy Baire setin (X, 7). Then, A =y L1, where [
is a fuzzy open set and N is a fuzzy residual set in (X, T'). Because (X, T)

is a fuzzy second category (but not fuzzy Baire) space, by Theorem 2.11,

for the fuzzy residual set n in (X, T), there exists a fuzzy closed fuzzy
residual set B in (X, T) such that c/(n) < B. Then, n < cI(n) < B implies
that pON<pOcl(n)<p OB and A <pOcl(n) <p OB Let 6= LCPR.
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Since W is a fuzzy open set and B is a fuzzy residual set in (X, T), 0 is a

fuzzy Baire setin (X, T'). Thus it follows that A < p Ocl(n) < 6.

Example 3.5. Let X = {A, B, C}. Consider the following fuzzy sets Q,
[ and y defined on X:

a:X - [ isdefinedby a(A)=1; a(B)=02; a(C)=0.7,
B: X - I isdefinedby B(A)=0.3; B(B)=1 B(C)=02,
y: X - I isdefined by y(A) =0.7; y(B)=04; y(C)=1.
Then,
T={0,0,Bv,a0B a0y,B0y,alp aly B0y a0y,
BO[a Oyl yOla OB, a OB DY, 1}
is a fuzzy topology on X.
By computation,
c(a)=1 cB)=1 cly)=1 c(aOB)=1 cl(aOy) =1
cdOY) =1 cl(a OB)=1-(yO[aOB]): cl(aOy)=1-(BOY):;
clOy)=1-(yOla OB]); c(BDOy) =1~ (yOfa OB]);
cl@OBOY) =1 c@O[a0y)=1 c(yOlaOp)=1-(0Y)
and c/(a OBOy) =1, in (X, T). Furthher, the fuzzy nowhere dense sets
in (X,T) are 1-a, 1-B, 1-y, 1-(adp), 1-(aOy), 1-(B0y),
1-(aO[BOY]) and 1 - (B O[a Oy]). Also,
I=(a0p)=(1-a)0@-p)O01-y)00-(a0B))
O@-(a0y)O@-(0y)).

1= (yOlaOB) =(-y) 01~ (aOB) O -(aDy)O-(@EOY).
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Thus, fuzzy first category sets in (X, T) are (1-a OB), 1-(yO[a OB))
and hence a C and y O[a O] are fuzzy residual sets in (X, T). By
computation, a CB, a Cy, BLCy and y O[a OP] are fuzzy Baire sets in
(X, T). Following can easily be verified:

() aOB<aOcl(o OB)<yO[a OB], where a 0T and a CB isa

fuzzy residual setin (X, T).

(i) yO[oa OBl < (a O[BOY]) Ocl(y Ofa OB]) < yO[a OB], where
aOBOy|OT and y O[a OB is a fuzzy residual setin (X, T).

Gii) BOy < (a O[BOY]) Oecl(a OB) <y O[a O], where a O[BOY]
OT and a [ B is a fuzzy residual set in (X, T).

(v) aOy<(aOBOY])Oel(y Ofa OB]) < yO[a OB], where a C
[BOY]OT and y O[a OB is a fuzzy residual set in (X, T).

Remark 3.2. It is observed that fuzzy Baire sets in fuzzy hyperconnected

spaces need not be fuzzy open. For, in Example 3.1, c/(A) =1; cl(4) = 1;
cdNOp)=1; cI(AOu) =1, in (X, T). Since all the fuzzy open sets are

fuzzy dense sets in (X, T'), (X, T) is a fuzzy hyperconnected space.

By computation, A L and o are fuzzy residual sets in (X, 7) in
which A Cu OT whereas a O7. Fuzzy Baire sets in (X, T) are A C U
[FANO) O Op)] and o [= (A Op) Oal. It should be noted that the
fuzzy Baire set O is not a fuzzy open set in (X, T') and also is not a fuzzy

closed setin (X, T).

The following proposition shows that fuzzy Baire sets in fuzzy
hyperconnected fuzzy second category (but no fuzzy Baire) spaces are fuzzy

nowhere dense sets.
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Proposition 3.13. If A is a fuzzy Baire set in a fuzzy hyperconnected
fuzzy second category (but not fuzzy Baire) space (X, T), then \ is a fuzzy

nowhere dense set in (X, T).

Proof. Let A be a fuzzy Baire set in (X, 7). Then, A = u C 1, where [
is a fuzzy open set and n is a fuzzy residual set in (X, T). Since (X, T) is

a fuzzy hyperconnected fuzzy second category (but not fuzzy Baire) space,

by Theorem 2.12, the fuzzy residual set | is a fuzzy nowhere dense set in

(X, T). Then, intcl(n) =0, in (X, T). Now
int c/(A) = int cI(u On) < int[cl (1) Ocl(n)]
= int cl/(n) Oint cl(n) =intcl(n) 00 =0
and then int c/(\) = 0. Hence A is a fuzzy nowhere dense setin (X, T).

Corollary 3.6. If A is a fuzzy Baire set in a fuzzy hyperconnected fuzzy
second category (but not fuzzy Baire) space (X, T), then 1-cl(A) is a

fuzzy open fuzzy dense setin (X, T).

Proof. Let A be a fuzzy Baire set in (X, T). Since (X,T) is a

fuzzy hyperconnected fuzzy second category (but not fuzzy Baire) space,

by Proposition 3.13, A is a fuzzy nowhere dense set in (X, T). Then,
intcI(A\) =0, in(X,T). Now cI(A) is a fuzzy closed set in (X, T),
implying that 1 —cI(\) is a fuzzy open set in (X, T). Also, cl[l — cI(A)] =
1 —int[cI(\)] =1 -0 =1, which implies that 1 - cI(\) is a fuzzy dense set
in (X, T). Thus, 1 —cl(\) is a fuzzy open fuzzy dense setin (X, T).

Proposition 3.14. If A is a fuzzy Baire set in a fuzzy hyperconnected
fuzzy second category (but not fuzzy Baire) space (X, T), then cl(\) is a

fuzzy resolvable set in (X, T).
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Proof. Let A be a fuzzy Baire set in (X, 7). Since (X, T) is a fuzzy

hyperconnected fuzzy second category (but not fuzzy Baire) space (X, T),

by Corollary 3.6, 1 —cI(\) is a fuzzy open fuzzy dense set in (X, T). By

Theorem 2.18, 1—[1—cl(A)] is a fuzzy resolvable set in (X, T). Hence,
cl(N) is a fuzzy resolvable setin (X, T).

Proposition 3.15. If (\;)’s (i =110 ) are fuzzy Baire sets in a fuzzy

hyperconnected fuzzy second category (but not fuzzy Baire) space (X, T),
then int(Vi=;(A;)) # 0, in (X, T).

Proof. Let (A\;)’s (i =1 to ») be fuzzy Baire sets in (X, T). Because
(X, T) is a fuzzy hyperconnected fuzzy second category (but not fuzzy
Baire) space, by Proposition 3.13, (A;)’s are fuzzy nowhere dense sets in
(X, T). Then, VjZ;(A;) is a fuzzy first category set in (X, T). Because

(X , T) is not a fuzzy Baire space, it follows, by Theorem 2.9, that
int(ve,(\)) # 0, in (X, T).

Proposition 3.16. If A\ is a fuzzy Baire set in a fuzzy second category
(but not fuzzy Baire) space (X, T), then N =1, where W is a fuzzy

open set and 1\ is a fuzzy cs dense setin (X, T).

Proof. Let A be a fuzzy Baire set in (X, T). Then, A = p L1, where
W is a fuzzy open set and 1 is a fuzzy residual set in (X, T'). Since (X, T)
is fuzzy second category (but not fuzzy Baire) space, by Theorem 2.13,
int(1 - n) is a fuzzy first category set in (X, T). Since (X, T) is not a
fuzzy Baire space, it follows, by Theorem 2.9, that int(l - 1) # 0. Now
int(1 - n) < intcl(1 = n), which implies that int c/(1 =) # 0 and thus 1 -1
is a fuzzy somewhere dense set in (X, 7). Then, n is a fuzzy cs dense set in
(X, T). Hence A = L n, where U is a fuzzy open set and 1 is a fuzzy cs
dense setin (X, T).
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Proposition 3.17. If there exists a fuzzy Baire set in a fuzzy

hyperconnected fuzzy second category (but not fuzzy Baire) space (X, T),

then (X, T) is not a fuzzy hereditarily irresolvable space.

Proof. Suppose A is a fuzzy Baire set in (X, T'). Because (X, T) is a

fuzzy hyperconnected fuzzy second category (but not fuzzy Baire) space, by

Proposition 3.14, cI(\) is a fuzzy resolvable set in (X, T). This implies that

(X, T) is not a fuzzy hereditarily irresolvable space.

Proposition 3.18. If A is a fuzzy Baire set in a fuzzy almost P-space
(X, T), then A\ =L n, where WU is a fuzzy open set and N is a fuzzy

somewhere dense setin (X, T).

Proof. Let A be a fuzzy Baire setin (X, 7). Then, A =y L1, where [
is a fuzzy open set and n is a fuzzy residual set in (X, T). Since (X, T) is
a fuzzy almost P-space, by Theorem 2.20, the fuzzy residual set n is a fuzzy
somewhere dense setin (X, 7). Hence A = i L1, where W is a fuzzy open

set and 1 is a fuzzy somewhere dense set in (X, T).

4. Fuzzy Pseudo-open Sets in Fuzzy Topological Spaces

The purpose of this section is to study more deeply the notion of fuzzy

pseudo-open sets in fuzzy topological spaces.

Definition 4.1 [21]. A fuzzy set A in a fuzzy topological space (X, T) is
called a fuzzy pseudo-open set if A = p Ly, where W is a fuzzy open set

and Y is a fuzzy first category set in (X, T).

Example 4.1. Let X ={A, B, C}. Consider the following fuzzy sets
A W, O, B, 8 and & defined on X:

A:X - I isdefinedby A(A) =1; A(B)=0.2; A(C)=0.7;
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W:X - [ isdefined by u(A) =0.7; w(B)=0.4; u(C)=1;

a:X - I isdefinedby a(A) =1 a(B)=0.8 a(C)=07,
B: X - I isdefined by B(A) =0.7, B(B)=038; B(C)=1;
0:X - I isdefinedby 8(a) =1; 06(b) =0.8; 6(c)=1;
8:X - I isdefined by &(a) =0.7; 3(b) =0.8; d(c) =0.7.

Then, T ={0, A\, i, A O, A Oy, 1} is a fuzzy topology on X. By computation,
cdAN) =1, c(p)=1 cAOu)=1 c(ADOu)=1 and int(l-A)=0;
int(1-p)=0; int(1—[A Ou]) =0; int(1-[A Ou]) =0. Now, intcl/(1-A) =0;
intcl(1-p) =0; intcl(1-[AOu])=0; intcl(1 —[A Op]) =0. Thus fuzzy
nowhere dense sets in (X, T) are 1 - A, 1 -, 1 —-[A Op] and 1 -[A Op).
Further, 1-[A Op]=(1-A)00-p) 00 -[A Op])O(1—[A Op]) and 1-[A Oy]
is a fuzzy first category set in (X, 7). Also, AO(1-[AOp]) =a;
ROA-[AOp) =B AOWO@0-[ATu)=6 and (\Op)O(1-[A Oy
= 3. Hence a, B, 0 and & are fuzzy pseudo-open sets in (X, 7). (It should

be noted that fuzzy pseudo-open sets are not fuzzy open sets in (X, T).)

Proposition 4.1. If A is a fuzzy pseudo-open set in a fuzzy topological
space (X, T), then there is a fuzzy pseudo-open set © in (X, T) such that
A<6.

Proof. Let A be a fuzzy pseudo-open set in (X, 7). Then, A =p Ly,
where | is a fuzzy open set and Y is a fuzzy first category set in (X, T). By
Theorem 2.16, there is a fuzzy first category set o in (X, T) such that
y<a <cl(y). This implies that pCy<pCa and then A <pLCa, in
(X, T). Let 8=p L a. Since Y is a fuzzy open set and a is a fuzzy first
category set in (X, T), O is a fuzzy pseudo-open set 8 and A <8, in
(x, 7).



52 G. Thangaraj and N. Raji
The following proposition gives a condition under which fuzzy simply*
open sets become fuzzy pseudo-open sets in fuzzy topological spaces.
Proposition 4.2. If A is a fuzzy simply* open set in a fuzzy topological
space (X, T) in which fuzzy nowhere dense sets are Fg-sets, then N is a

fuzzy pseudo-open setin (X, T).

Proof. Let A be a fuzzy simply* open set in (X, 7). Then, A = p L,
where W is a fuzzy open set and y is a fuzzy nowhere dense set in (X, 7).

By hypothesis, the fuzzy nowhere dense set y is a fuzzy Fg-set and

then y = V2 (y;), where (y;)’s are fuzzy closed sets in (X, T). Since

y is a fuzzy nowhere dense set, intcl(y) =0 in (X, T). Since int(y) <
intcl(y), int(y) =0, in (X, T). Now int(y) = int(Vi2(y;)) = Viz int(y;) =
Vjzyint cl(y;), which implies that Vj=; intc/(y;) = 0 and then intcl(y;) =0
and thus (y;)’s are fuzzy nowhere dense sets in (X, 7). Then y = V;2(y;),
where (y;)'s are fuzzy nowhere dense sets in (X, 7), implying that y is a
fuzzy first category set in (X, 7). Thus, A = Ly, where W is a fuzzy
open set and Yy is a fuzzy first category set in (X, T'), implying that A is a
fuzzy pseudo-open setin (X, T).

The following proposition establishes that fuzzy pseudo-open sets in a

fuzzy D-Baire topological space are fuzzy simply* open sets.

Proposition 4.3. If A is a fuzzy pseudo-open set in a fuzzy D-Baire space
(X, T), then N is a fuzzy simply™* open set in (X, T).

Proof. Let A be a fuzzy pseudo-open set in (X, 7). Then, A =p Ly,
where W is a fuzzy open set and Y is a fuzzy first category set in (X, T).
Since (X, T) is a fuzzy D-Baire space, the fuzzy first category set y is a

fuzzy nowhere dense set in (X, 7). Thus, A = Cy, where pO7T and vy
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is a fuzzy nowhere dense set in (X, 7). Hence A is a fuzzy simply* open set

in (X, T).

Remark 4.1. It is to be mentioned that fuzzy pseudo-open sets in fuzzy
D-Baire topological spaces need not be fuzzy simply open sets.

Example 4.2. Let X ={A, B, C}. Consider the following fuzzy sets
o,B,0,v,6,p,0,n and ¢ defined on X:

a:X - [ isdefined by a(A) =0.5 a(B)=03; a(C)=0.5,
B: X - I isdefinedby B(A) =0.6; B(B)=0.5 PB(C)=0.7,
8: X - I isdefined by &(A) =0.5; &B)=04; &(C) = 0.6,
y: X - I isdefined by y(A4) =0.5; y(B)=0.6; y(C)=0.4,
0: X - I isdefined by 8(A) = 0.5, 6(B) =0.6; 6(C)=0.5,
p: X - I isdefinedby p(A) =0.6; p(B)=0.6; p(C)=0.6,
0:X - I isdefinedby o(4) =0.5; o(B)=0.6; o(C)=0.6,
n:X - I isdefined by n(A) =0.5; n(B)=0.5; n(C)=0.5,
¢ : X - I isdefined by ¢(A4) =0.5; &(B)=05; &(C)=0.6.

Then, T ={0, a,B, 5,1} is a fuzzy topology on X. By computation,
cla)=1-0a; cB)=1 cl(d) =1 and int(l-0a)=a; int(l-B)=0;
int(1-8) =0, in (X,7). Now intcl/(l-a)=a; intc/(l-B)=0 and
intcl(1 = 8) = 0. Thus fuzzy nowhere dense sets in (X, 7T) are 1-f and
1 = 3. Further, y=(1-B)0(1-90) and thus Yy is a fuzzy first category set in
(X, T). Also, intcl(y) = int(l = 8) = 0. Thus, the fuzzy first category set y
is a fuzzy nowhere dense set in (X, T), which implies that (X, T) is a

fuzzy D-Baire space.
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By computation, a Cy=06; BCy=p; dCy =0 and thus 6, p and
o are the fuzzy pseudo-open sets in (X, T'). Fuzzy simply* open sets in
(X,T) are n, B, ¢, 6, p and o, where a O(1-B)=n; BON-B)=B;
d30(1-B)=¢ and a O(1-8)=6; BO(1-8)=p; d0(1-3) =o0. It is
observed that fuzzy pseudo-open sets 8, p and ¢ are fuzzy simply* open sets
in (X, T). (It should be mentioned that fuzzy pseudo-open sets 8, p and ¢
are not fuzzy open sets in (X, T') and fuzzy simply* open sets 1 and ¢ are

not fuzzy pseudo-open sets in (X, T).)
Also,
int cl[bd ()] = int cl[cl(B) Ocl(1 - 6)] = intcl[(1 - a) O(1 - a)]
=intcl[(1-a)=int(l-a)=a #0

and O is not a fuzzy simply open set in (X, T'). Thus fuzzy pseudo-open set

0 is not a fuzzy simply open set in fuzzy D-Baire space (X, T).

The following proposition establishes a condition under which fuzzy

pseudo-open sets are fuzzy simply open sets.

Proposition 4.4. If N is a fuzzy pseudo-open set in a fuzzy
hyperconnected fuzzy D-Baire space (X, T), then N is a fuzzy simply open
setin (X, T).

Proof. Let A be a fuzzy pseudo-open set in (X, T). Since (X, T) is a
fuzzy D-Baire space, by Proposition 4.3, A is a fuzzy simply* open set in
(X, T). Also, since (X, T) is a fuzzy hyperconnected space, by Theorem
2.15, A is a fuzzy simply open set in (X, T).

Remark 4.2. It is to be mentioned that fuzzy simply open sets in fuzzy

hyperconnected fuzzy D-Baire spaces need not be fuzzy pseudo-open sets.
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Example 4.3. Let X ={A, B, C}. Consider the following fuzzy sets a, {3,
y and 0 defined on X:

a:X - I isdefinedby a(A) =0.6; a(B)=0.8 a(C)=009;

B: X - I isdefinedby B(A) =0.7; B(B)=0.5; B(C)=0.58;

y: X - I isdefined by y(A) =0.8; y(B) =1, y(C)=0.6,

8: X - I isdefinedby 8(A) =0.4; &(B)=0.3; &(C)=0.4.
Then,
T={0,0,B,v,a0B, a0y, B0y, adp oy B0y BO[a Oy,
a 0[Oyl yO[aOp a0pOy.
is a fuzzy topology on X.

By computation, cl(a)=1; cl(B)=1; cl(y)=1; cl(a OB)=1; cl(a Oy)
=1; (BOY)=1; cl(a OB)=1; cl(a Oy)=1; c/(BOy)=1; c/(B0O[aDy])
=1 c(a O[BOY]) =1 cl(yOla OB])=1 and cl(a OB DY) =1 in (X, T).
Since all the fuzzy open sets in (X, T) are fuzzy dense sets in (X, T),

(X, T) is a fuzzy hyperconnected space.

Since all the fuzzy open sets are fuzzy dense, their complements 1 — a,
1=, 1=y, 1-(a0p). 1-(aDOy), 1-(BOy), 1-(aOp). 1-(aDy),
1-(B0y), 1-@E0[a0y]), 1-(aD[BOY]), 1-(yO[aOB]) and
1 - (o OB Oy) are fuzzy nowhere dense sets in (X, 7). By computation,
fuzzy first category sets in (X, 7) are 1-(a OBOY), 1-(B0OYy) and
1 —vy. Since each fuzzy first category set is a fuzzy nowhere dense set
in (X,T), (X,T) is a fuzzy D-Baire space. Thus (X, T) is a fuzzy

hyperconnected fuzzy D-Baire space.
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By computation, fuzzy pseudo-open sets in (X, T) are all the fuzzy

open sets and all the fuzzy simply*-open sets are all fuzzy open sets in
(X, T). Now,

int cl[bd (8)] = int cl[cl(3) O cl(1 - 8)] = intcl[{l - (a OB Oy)} O1]
=intc/[l - (a OB OY)] =int[l - (a OB OYy)] =0,

and thus & is a fuzzy simply open set in (X, T), but & is not a fuzzy

pseudo-open set in (X, T).

Proposition 4.5. If A is a fuzzy pseudo-open set in a fuzzy Baire fuzzy
open hereditarily irresolvable space (X, T), then \ is a fuzzy simply* open

setin (X, T).

Proof. Let A be a fuzzy pseudo-open set in (X, 7). Then, A = u Ly,
where | is a fuzzy open set and Y is a fuzzy first category set in (X, T).
Since (X, T) is a fuzzy Baire fuzzy open hereditarily irresolvable space,
by Theorem 2.14, (X, T) is a fuzzy D-Baire space and then the fuzzy first
category set y is a fuzzy nowhere dense set in (X, T). Thus, A =Ly,
where W07 and y is a fuzzy nowhere dense set in (X, T), implying that A

is a fuzzy simply* open set in (X, T).

Proposition 4.6. If A is a fuzzy pseudo-open set in a fuzzy Baire space in
which each fuzzy first category set is a fuzzy closed set, then N is a fuzzy
simply* open setin (X, T).

Proof. Let A be a fuzzy pseudo-open set in (X, 7). Then, A =u Ly,
where | is a fuzzy open set and y is a fuzzy first category set in (X, 7).
Because (X, T) is a fuzzy Baire space, by Theorem 2.9, int(y) =0, in
(X, T). By hypothesis, the fuzzy first category set y is a fuzzy closed set
and thus cl(y) = vy, in (X, T). This implies that int c/(y) = 0. That s, y is a
fuzzy nowhere dense set in (X, T). Thus, A = Ly, where W 07 and y
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is a fuzzy nowhere dense set in (X, 7) implying that A is a fuzzy simply*
open setin (X, T).

Remark 4.3. In Example 4.2, for first nowhere dense sets 1 -3 and

1-3, int([1 = B] O[1 = 3]) = int(y) = 0 and thus (X, T) is a Baire space.

Also, fuzzy first category set Y is a fuzzy closed setin (X, T) and fuzzy

pseudo-open sets 0, p and 0 are fuzzy simply* open sets in (X, 7).

Proposition 4.7. If A = W Ly, where U is a fuzzy open set and Y is a
fuzzy O-nowhere dense set in a fuzzy topological space (X, T), then \ is a

fuzzy pseudo-open setin (X, T).

Proof. Suppose that A = u Ly, where W is a fuzzy open set and Yy
is a fuzzy o-nowhere dense set in (X, T). By Theorem 2.4, for the fuzzy
0 -nowhere dense set Yy, 1 -y is a fuzzy residual set in (X, 7) and thus Y is
a fuzzy first category set in (X, 7). Hence A = u Ly, where [ is a fuzzy
open set and Y is a fuzzy first category set in (X, 7'), implying that A is a

fuzzy pseudo-open setin (X, T).

5. Interrelations between Fuzzy Baire Sets

and Fuzzy Pseudo-open Sets

The purpose of this section is to study the interrelations between fuzzy

Baire sets and fuzzy pseudo-open sets in fuzzy topological spaces.

The following proposition gives a condition under which complements

of fuzzy pseudo-open sets are fuzzy Baire sets.

Proposition 5.1. If A is a fuzzy pseudo-open set in a fuzzy topological

space (X, T) in which each fuzzy closed set is a fuzzy open set, then 1 — A

is a fuzzy Baire setin (X, T).
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Proof. Let A be a fuzzy pseudo-open set in (X, T). Then, A = p Ly,
where W is a fuzzy open set and Y is a fuzzy first category set in (X, T).
This implies that 1-A =1-(uOy)=(1-p)O@0-vy), in (X, T). Let
o0 =1-Mn and N =1-vy. Then, a is a fuzzy closed set and N is a fuzzy
residual set in (X, T). By hypothesis, each fuzzy closed set is a fuzzy open
set in (X, T) and thus o is a fuzzy open set in (X, T). Hence 1—A =
a [ n, where a is a fuzzy open set and 1 is a fuzzy residual set in (X, T),
implying that 1 — A is a fuzzy Baire setin (X, T).

The following proposition gives a condition under which complements
of fuzzy Baire sets are fuzzy pseudo-open sets.

Proposition 5.2. If A is a fuzzy Baire set in (X, T) in which each fuzzy
closed set is a fuzzy open set, then 1— N is a fuzzy pseudo-open set in
(x, 7).

Proof. Let A be a fuzzy Baire set in (X, T). Then, A =y C 1, where [
is a fuzzy open set and 1 is a fuzzy residual set in (X, 7). This implies
that 1-A=1-(u0On)=(1-p)O(=-n), in (X, 7). Let o =1- and
y =1-n. Then, a is a fuzzy closed set and Yy is a fuzzy first category set
in (X, T). By hypothesis, each fuzzy closed set is a fuzzy open set in
(X, T) and thus a is a fuzzy open set in (X, 7). Hence 1-A =a Ly,
where O is a fuzzy open set and Y is a fuzzy first category set in (X, T),

implying that 1 — A is a fuzzy pseudo-open set in (X, T).
Proposition 5.3. If (\;)’s (i =1to ») are fuzzy Baire sets in a fuzzy
hyperconnected fuzzy second category (but not fuzzy Baire) space (X, T),

then for a non-zero fuzzy open set & in (X, T), d0[Vie|(A;)] is a fuzzy
pseudo-open set in (X, T).
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Proof. Let (A\;)’s (i =1to «) be fuzzy Baire sets in (X, T). Since
(X, T) is a fuzzy hyperconnected fuzzy second category (but not fuzzy
Baire) space, by Proposition 3.15, Vi=;(\;) is a fuzzy first category set in

(X, T). Then, for a non-zero fuzzy open set & in (X, T), 8 O[Viz;(A;)] is
a fuzzy pseudo-open setin (X, T).

Proposition 5.4. If A\ is a fuzzy Baire set in a fuzzy second category (but
not fuzzy Baire) space (X, T), then there exists a fuzzy pseudo-open set &

in (X, T) such that & < int(1 — A).

Proof. Let A be a fuzzy Baire setin (X, 7). Then, A =y L1, where [
is a fuzzy open set and n is a fuzzy residual set in (X, T). Since n is
a fuzzy residual set in (X, T), cl(n) #1, in (X, T). (For otherwise, if
cl(n)=1 in (X, T), by Theorem 2.9, (X, T) would be a fuzzy Baire
space.) Then, 1-cI(n)# 0, in (X,7). By Lemma 2.1, int(l-n)=
1-cl(n) # 0. Since n < cl(n), by Theorem 2.11, cI(n) is a fuzzy residual
set in (X, T) and then 1-cI(n) is a fuzzy first category set in (X, T).
Thus int(1 —n) is a fuzzy first category set in (X, 7). Now A =puLn
implies that 1-A =1-(u0On)=(-p)O(1-n), in (X, T) and int(l - A)
=int[(1-u) O(1-n)] = int(1 - ) Dint(1 -n). Let & =int(l - ) Oint(l - n).
Since int(l — ) is a fuzzy open set and int(l — n) is a fuzzy first category

setin (X, T), O is a fuzzy pseudo-open set and int(1 =A) = &, in (X, T).

Corollary 5.1. If A is a fuzzy Baire set in a fuzzy second category (but
not fuzzy Baire) space (X, T), then there exists a fuzzy pseudo-open set &

in (X, T) suchthat N <1-28.

Proof. Let A be a fuzzy Baire set in (X, T). Since (X, T) is a fuzzy

second category (but not fuzzy Baire) space, by Proposition 5.4, there

exists a fuzzy pseudo-open set & in (X, T) such that & < int(1-A). By
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Lemma 2.1, int(1 —A) =1—cI(\) and thus & <1—cI(A). This implies that

cl(A\) £1-03 Now A < cl(N), which implies that A <1-38, in (X, T).
Proposition 5.5. If A is a fuzzy Baire set in a fuzzy second category (but

not fuzzy Baire) space (X, T), then there exist a fuzzy pseudo-open set &

and a fuzzy Fg-set B in (X, T) suchthat 8<1-\ <.

Proof. Let A be a fuzzy Baire set in (X, 7). Since (X, T) is a fuzzy

second category (but not fuzzy Baire) space, by Corollary 5.1, there exists a

fuzzy pseudo-open set & in (X, T) such that A <1 - 8. Then, 8 <1-A. By
Corollary 3.1, for the fuzzy Baire set A, there exists a fuzzy Fg-set B in

(X, T) such that 1 =\ < B. This implies that < 1-A < B, in (X, T).

Corollary 5.2. If A is a fuzzy Baire set in a fuzzy second category (but

not fuzzy Baire) space (X, T), then there exist a fuzzy pseudo-open set &

and a fuzzy Gg-set o in (X, T) suchthat 0 <\ <1-38.

Proof. Let A be a fuzzy Baire set in (X, T). Since (X, T) is a fuzzy

second category (but not fuzzy Baire) space, by Proposition 5.5, there exist

a fuzzy pseudo-open set & and a fuzzy Fg-set B in (X, T) such that
8<1-A<PB Then, 1-821-[1-A]=1-P. Let a =1—-P. Thus a isa
fuzzy Gg-setand a0 <A <1-39, in (X, T).

Proposition 5.6. If \ is a fuzzy Baire set in a fuzzy submaximal (fuzzy

globally disconnected) fuzzy P-space (X, T), then for a fuzzy first category
set U, N C W is a fuzzy pseudo-open setin (X, T).

Proof. Let A be a fuzzy Baire set in (X, 7). Since (X,7T) is a

fuzzy submaximal (fuzzy globally disconnected) space, by Proposition 3.9
(Proposition 3.10), A is a fuzzy Gg-set in (X, T). Also, since (X, T) is a

fuzzy P-space, the fuzzy Gg-set A is a fuzzy open set in (X, T). Thus, for a



On Fuzzy Baire Sets and Fuzzy Pseudo-open Sets 61
fuzzy first category set W in (X, T), A L is a fuzzy pseudo-open set in
(X, 7).

Remark 5.1. In view of Proposition 5.6, wel have the following result:
“If A =(u0On) O3, where W is a fuzzy open set, N is a fuzzy residual set
and O is a fuzzy first category set in a fuzzy submaximal (fuzzy globally

disconnected) fuzzy P-space (X, T), then A is a fuzzy pseudo-open set in

(x, 7).

Proposition 5.7. If A is a fuzzy Baire set in a fuzzy strongly
hyperconnected space (X, T), then for a fuzzy first category set | in

(X, T), AC W is afuzzy pseudo-open set in (X, T).

Proof. Let A be a fuzzy Baire set in (X, T). Since (X, T) is a fuzzy
strongly hyperconnected space, by Proposition 3.3, A is a fuzzy open set in
(X, T). Thus, for a fuzzy first category set W in (X, T), A C W is a fuzzy
pseudo-open set in (X, T).

Remark 5.2. In view of Proposition 5.7, we have the following result:
“If A =(u0n)Od, where W is a fuzzy open set, N is a fuzzy residual set
and & is a fuzzy first category set in a fuzzy strongly hyperconnected space

(X, T), then A is a fuzzy pseudo-open setin (X, 7).

6. Conclusion

In this paper, several characterizations of fuzzy Baire sets and fuzzy
pseudo-open sets in fuzzy topological spaces are established. The conditions
under which fuzzy Baire sets become fuzzy pseudo-open sets are established.
It is obtained that fuzzy Baire sets in fuzzy submaximal spaces and fuzzy
globally disconnected spaces are fuzzy Gg-sets and fuzzy Baire sets in fuzzy
hyperconnected and fuzzy second category (but not fuzzy Baire) spaces are
fuzzy nowhere dense sets. It is found that fuzzy Baire sets in fuzzy strongly

hyperconnected spaces are fuzzy open sets and fuzzy Baire sets are obtained
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from fuzzy regular closed sets and fuzzy residual sets in fuzzy perfectly
disconnected spaces and from fuzzy open sets and complements of fuzzy
o-nowhere dense sets in fuzzy topological spaces. It is established that
fuzzy Baire sets in fuzzy D-Baire spaces possess fuzzy regular closed sets as
their supersets and closures of fuzzy Baire sets in fuzzy hyperconnected and

fuzzy second category (but not fuzzy Baire) spaces are fuzzy resolvable sets.

It is established that fuzzy pseudo-open sets in fuzzy D-Baire spaces are
fuzzy simply* open sets and fuzzy pseudo-open sets in fuzzy hyperconnected
fuzzy D-Baire spaces are fuzzy simply open sets. The conditions under
which fuzzy simply* open sets become fuzzy pseudo-open sets in fuzzy
topological spaces and fuzzy pseudo-open sets become fuzzy simply* open
sets in fuzzy Baire spaces are established. It is obtained that fuzzy pseudo-
open sets in a fuzzy Baire fuzzy open hereditarily irresolvable space are
fuzzy simply* open sets. Conditions under which complements of fuzzy
Baire sets become fuzzy pseudo-open sets and complements of fuzzy

pseudo-open sets become fuzzy Baire sets are also obtained.
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