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Abstract 

In this article, the problem of a two-phase unsteady boundary layer 

flow past an inclined stretched surface has been considered. The 

impact of electrification and transverse force has been analyzed in 

presence of Buoyancy force. The fluid is neither electrified externally 

nor is considered in electric medium rather the electrification occurred 

due to the collision of particles between particle-particle, particle-fluid 

and particle-wall. A balanced mathematical model has been 

formulated with account of the two-phase boundary layer flow of fluid 

which consists of systems of highly nonlinear partial differential 

equations. An appropriate similarity transformation has been used for 
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converting the system of equations into ordinary differential equations 

and solved numerically by the use of bvp4c tool of MATLAB. 

Moreover, the influence of electrification parameter, angle of 

inclination, transverse force, fluid particle interaction parameter and 

others on flow and heat transformation characteristics has been 

analyzed graphically and analytically. The results are in agreement 

with the existing results. 

1. Introduction 

The problems of electrification as well as the transverse force and 

unsteady boundary layer flow of fluid over an inclined stretching sheet have 

vast practical application on the field of engineering and sciences. Stretching 

sheet has a vast practical application on the field of engineering and 

sciences. In many manufacturing processes like polymer and plastic 

processing, wire and fiber drawing, hot rolling and metal casting, the role       

of inclined stretching sheet has significant impact on the quality of final 

product. Also, the rate of stretching has been playing a tremendous role in 

manufacturing process like extrusion of fiber, plastic and metal sheet, paper 

and glass fiber production also. Due to a very large expanse practical 

application of fluid flow over stretched sheet, in last three to four decades, 

many researchers have extended their research interest towards the fluid 

flow over a stretchable surface with the effect of electrification, angle of 

inclination and transverse force. 

The first ever explosion about the boundary layer flow behavior over a 

continuous hard surface was studied by Sakiadis [1, 2]. On account of 

various mechanical applications in industry, Crane [3] has investigated the 

uniform flow over the sheet. The idea of Crane is considered by various 

experts for their various applications over the stretching surface. The heat 

transfer characteristics of continuous stretching surface have been analyzed 

by Grubka and Bobba [4]. Chen [5] expanded on this work by investigating 

the impact of heat generation and thermal radiation in power-law fluids, 

highlighting the role of energy exchange in such systems. Further, the study 

of unsteady stretching surfaces has been critical in understanding dynamic 
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systems where the flow and heat transfer change over time. Samantara [6] 

investigated on the velocity profile of the fluid particle suspension over a 

horizontal plate. Makinde and Aziz [7] examined heat and mass transfer in 

an MHD (magnetohydrodynamic) mixed convection flow over a vertical 

plate in a porous medium, addressing the effects of thermal radiation and 

chemical reactions. Furthermore, studies by Ishak et al. [8] focused on the 

heat transfer characteristics over an unsteady stretching permeable surface, 

which has practical relevance in engineering applications. Kanungo and 

Samantara [9, 10] have examined the effect of electrification, radiation and 

other physical parameter with the unsteady flow of fluid over a stretching 

sheet. Dusty fluids, which are mixtures of gases and suspended particles, 

have been another focal point of research. The exploration of nanofluids and 

their thermal properties has gained prominence in recent years due to their 

enhanced heat transfer capabilities. Pati et al. [11] investigated the effects          

of chemical reaction, Brownian motion, thermophoresis and nanoparticle 

electrification on Cu-water nanofluid flow past a plate. Mishra et al. [12] 

have been focused on the study of effect of electrification and transverse 

force on two-phase steady flow which passed over a vertical stretching  

sheet. Mishra et al. [13] investigated the effects of Brownian motion, 

thermophoresis and nanoparticle electrification with slip conditions on      

Cu-water nanofluid flow past a plate. Choi and Eastman [14] introduced       

the concept of enhancing the thermal conductivity of fluids by adding 

nanoparticles, which has since been a major area of research. Buongiorno        

et al. [15] conducted a benchmark study on the thermal conductivity of 

nanofluids, providing foundational data on their performance. Tripathy et al. 

[16-18] have analyzed the mathematical and numerical modeling of two- 

phase mixed convective heat transfer over an exponential stretching sheet 

and non-uniform grid with effect of radiation. Khan and Pop [19] further 

contributed by studying the boundary-layer flow of a nanofluid past a 

stretching sheet, emphasizing the effect of nanoparticles on heat transfer and 

flow dynamics. Pati et al. [24, 25] have also investigated the heat and       

mass transfer on natural convective boundary layer with effect of electrified 

nanoparticles. 
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Hence, in this article, a numerical and graphical investigation has been 

carried out for a two-phase unsteady boundary layer flow of fluid over an 

inclined stretching sheet with effect of electrification and transverse force. 

Again the consideration of transverse force and electrification in momentum 

equation of the particle phase, when the fluid is passed over an inclined 

stretching sheet, are not available in literature. So we consider these 

combinations for current investigation. 

2. Formulation of the Problem 

Assume that the two-dimensional unsteady flow of fluid flows near a 

boundary layer across the inclined stretching sheet as shown in Figure 1. The 

dusty fluid which is available on the surface began moving by the sudden 

movement of stretching sheet with an angle .  The wall is stretched  

linearly with velocity  
at

cx
txUu w 


1

, , due to the application of two 

interacting opposite forces on the wall. The co-ordinates  yx,  are assumed 

as, x axis is considered along the flow direction and the y axis makes an 

angle   to the wall. With the above conditions and Boussinesq boundary 

layer approximations, the leading governing equations of continuity and 

momentum for both fluid and particle phases [9, 10] are as follows: 

 

Figure 1. Physical model of present research problem. 
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with boundary conditions 
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where 

 
at

cx
txuU w 


1

,  is the velocity in x direction,  
at

v
xVw 


1

0  is 

the wall velocity in y direction,  vu,  and  pp vu ,  are velocity components 

of fluid and particle phase along the x and y axes, respectively,  p,  is 
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the density for fluid and particle phases,   is the density ratio in the 

mainstream,  s,  are coefficients of viscosity,  p  is the velocity and 

thermal equilibrium time of the particle cloud,    is finite volume fraction,  

 s  is the material density of particle, and    is the coefficient of thermal 

expansion. Other symbols have their usual meaning. A set of following 

similarity transformation has been used for both the phase of continuity and 

momentum equation to convert into the system of ordinary differential 

equations in the form of f, F, G, H and the similarity variable :  
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Substituting (7) in equations (2)-(5), we have 
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with boundary condition 

1,0,0  ffG  as ,0  

 HfGFF ,,0,0  as ,  (12) 



Modeling of an Unsteady Two-phase Flow ... 959 

where 



 s  is the material density of the particles, 
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1
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interaction parameter of the fluid particles, and 



 s  is the diffusion 

parameter. 

3. Temperature Equation Analysis 

The continuous stretching of the wall generates heat at the surface and 

the temperature is given by ,
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For most of the gases 
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The heat transfer equations (13) and (14) are converted to 
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with boundary condition 

0,1  p  as 0,0,0  p  as .  (20) 

4. Numerical Computation 

The system of equations (7)-(10) with the boundary conditions (12) and 

equations (13)-(14) with boundary conditions (15) are computed by applying 
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the numerical method “Shooting Technique” followed by Runge-Kutta 4th 

order method which is unconditionally stable. It is computed by using bvp4c 

tool of MATLAB by considering the finite value of   say 15  

with a particular tolerance level of less than  .10 6O  The numerical and 

graphical representation has been made for the impact of different physical 

parameters like unsteady parameter  ,A  electrification parameter  ,M  

Prandtl number  ,Pr  angle of inclination parameter  ,  buoyancy 

parameter    and the transverse force  .Tr  

Table 1. Result validating table 

Prandtl number 

 Pr  
[20] [21] [22] [5] [4] [23] Current study 

0.72 ––––– 1.0885 1.0885 1.0885 1.0885 1.0885 1.0884 

1.0 1.3333 1.3333 1.3333 1.3333 1.3333 1.3333 1.3333 

3.0 2.5097 ------- 2.5097 2.5097 ------- 2.5097 2.5097 

10.0 4.7969 4.7969 4.7969 4.7969 4.7969 ------- 4.7969 

The results are also matched with the results available in previous 

literature as Ishak et al. [20], Abel et al. [21], Gireesha et al. [22], Chen [5], 

Grubka and Bobba [4] and Mukhopadhyay and Andersson [23] as shown         

in Table 1. Here the values of rate of heat transfer are matched with the 

previous authors. So, it proves the validation of our programme. 

5. Results and Discussion 

Figures 2 and 3 represent the effects of angle of inclinations on velocity 

profile of fluid phase and particle phase. From the figures, it is observed that 

the angle of inclinations has very negligible effects on velocity profile of 

fluid as well as particle phase. Raising the value of angle of inclinations 

decreases the velocity of fluid phase as well as particle phase. Moreover, it is 

observed that the velocity falls rapidly in particle phase as compared to fluid 

phase which is of natural phenomena. Figures 4 and 5 represent the effects 

of angle of inclinations on temperature profile of fluid phase and particle 
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phase. The effects on fluid phase are almost negligible and have very little 

effects at the boundary layer away from surface. But in the case of particle 

phase, the effects of angle of inclinations are prominent towards away      

from the surface. The temperature of particle phase falls as the angle of 

inclinations increases. This happens due to slow down of the particles by 

raising the inclined stretching sheet. 

 

Figure 2. Effect of angle of inclination    on fluid velocity. 

 

Figure 3. Effect of angle of inclination    on particle velocity. 
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Figure 4. Effect of angle of inclination    on fluid temperature. 

 

Figure 5. Effect of angle of inclination    on particle temperature. 
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Figure 6. Effect of fluid-particle interaction parameter    on fluid velocity. 

 

Figure 7. Effect of fluid-particle interaction parameter    on particle 

velocity. 
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Figure 8. Effect of fluid-particle interaction parameter    on fluid 

temperature. 

 

Figure 9. Effect of fluid-particle interaction parameter    on particle 

temperature. 

From Figures 6 and 7, it is concluded that the velocity of fluid phase is 

inversely proportional with the particle-particle interaction parameter              

in the region of boundary layer. The particle interaction parameter has 
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negligible effect on the free stream, however, it accelerates the motion of 

fluid at near the sheet. But in the case of particle phase, the situation is just 

opposite and has very negligible effects. The effects start visible little away 

from sheet as compared to the case of fluid phase. Figures 8 and 9 represent 

the variation of temperature profile of fluid phase and particle phase. It is 

observed that the temperature of fluid rises with rise of the value of the 

interaction parameter    at the middle region of the boundary layer but it is 

very less significant. Again, the sudden fall of curve indicates the fall of 

fluid temperature, due to absorption of heat by particles from the fluid. But 

in case of particle phase, the temperature of particles rises with increasing 

the value of interaction parameter    as fluid phase but it is more 

prominent in case of particle phase. 

 

Figure 10. Effect of electrification parameter  M  on fluid velocity. 



Modeling of an Unsteady Two-phase Flow ... 967 

 

Figure 11. Effect of electrification parameter  M  on particle velocity. 

Figures 10 and 11 represent the effect of electrification on velocity 

profile of fluid phase and particle phase. From the figures, it is concluded 

that the velocity of fluid phase increases with increasing of electrification. 

However, the effect is quite opposite in case of particle phase. As the 

electrification parameter increases, the particle velocity decreases, although 

the distinguishing is very small. 

Figures 12 and 13 represent the effect of electrification on temperature 

profile of fluid phase and particle phase. From the figure, it is observed that 

the temperature profile of fluid phase falls suddenly due to absorption of 

heat by the particles from the fluid. The electric current produced here is due 

to collision of particles and not supplied from outside. It is also observed that 

the temperature of fluid increases with increase of electrification parameter 

 M  in the boundary layer. But in case of particle phase, the effect is 

prominent. The temperature profile of particle phase rises with increasing of 

the electricity parameter. 
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Figure 12. Effect of electrification parameter  M  on fluid temperature. 

 

Figure 13. Effect of electrification parameter  M  on particle temperature. 
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Figure 14. Effect of Prandtl number  Pr  on fluid temperature. 

 

Figure 15. Effect of Prandtl number  Pr  on particle temperature. 

Figures 14 and 15 represent the effect of Prandtl number on temperature 

profile of fluid phase and particle phase. From the figure, it is concluded that 

as the Prandtl number increases, the temperature of fluid phase as well as 

particle phase decreases. The increasing value of Prandtl number happens 

whenever the thermal diffusivity decreases which causes decreasing in fluid 

as well as particle temperature. 
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Figure 16. Effect of transverse force  Tr  on fluid velocity. 

 

Figure 17. Effect of transverse force  Tr  on fluid velocity. 
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Figure 18. Effect of transverse force  Tr  on fluid temperature. 

 

Figure 19. Effect of transverse force  Tr  on particle temperature. 

A transverse force is a force that acts perpendicular to direction of flow. 

Figures 16 and 17 represent the effect of transverse force on velocity profile 

of fluid phase and particle phase. From the figure, it is found that it has very 

negligible effects in the velocity profile of fluid phase and particle phase. 

However, in particle phase, the velocity profile has little distinctions for 

different value of  Tr  during lower and upper parts of boundary layer. In 
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general, velocity of fluid was influenced by transverse force. This increases 

with increase in  .Tr  Opposite effects happen towards free stream. Figures 

18 and 19 represent the effect of transverse force on temperature profile of 

fluid phase and particle phase, respectively. From the figure, it is observed 

that it has very negligible effects in the temperature profile of fluid phase 

and particle phase. It is found in both the phases that the temperature of fluid 

and particle falls with rise of transverse force parameter. It is little 

remarkable in particle phase. 

Table 2. Skin friction   0f   and Nusselt number   0  with different 

parameters 

Pr   M Tr   
 0f   

Skin friction 

 0  

Nusselt number 

0.71 
4


 0.4 1.0 0.5 1.36855 1.61403 

1.0     1.36855 1.84261 

7.0     1.36855 5.12535 

0.71 0 0.4 1.0 0.5 1.36724 1.61398 

 
6


    1.36784 1.61400 

 
4


    1.36855 1.61403 

 
3


    1.36947 1.61406 

0.71 
4


 0.1 1.0 0.5 1.38968 1.61359 

  0.2   1.38028 1.61456 

  0.3   1.37360 1.61451 

  0.4   1.36855 1.61403 

0.71 
4


 0.4 1 0.5 1.36855 1.61403 

   1.5  1.36926 1.61392 

   2.0  1.40338 1.61380 

0.71 
4


 0.4 0.5 0.2 1.36636 1.61296 

    0.3 1.36707 1.61331 

    0.4 1.36780 1.61366 

    0.5 1.36855 1.61403 
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6. Conclusion 

The above table considered the effects of various parameters like Prandtl 

number  ,Pr  angle of inclination  ,  electrification parameter  ,M  

transverse force  tr  and fluid particle interaction parameter    on skin 

friction   0f   and Nusselt number   .0  It is observed that the rate of 

heat transfer increases with increase in Prandtl number  Pr  whereas no 

change occurs in skin friction rate. On the other hand, angle of inclination 

shows an impact on both the skin friction and heat transfer rate. With the 

increase in angle, both the skin friction and heat transfer rate increase 

gradually. With increase in electrification parameter  ,M  the skin friction 

and heat transfer rate behave in contrast to each other as the skin friction 

decreases and rate of heat transfer increases gradually. As transverse force 

 tr  increases, the skin friction increases but the rate of heat transfer 

decreases slightly. The impact of fluid particle interaction parameter    

shows a significant behavior on both the skin friction and heat transfer. Both 

increase with increase in  .  
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