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Abstract

We propose a new method to construct a finite projective plane. Its
incidence matrix is expressed in the special Paige-Wexler normal form

whose lower right part is a circulant block matrix.

1. Introduction

A finite projective plane of order n is a set of n® +n+1 lines and

n?+n+l points satisfying the following conditions (cf. [6]):
(P1) every line contains #n + 1 points;
(P2) every point is on n + 1 lines;

(P3) any two distinct lines intersect at exactly one point;
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(P4) any two distinct points lie on exactly one line.

In particular, a projective plane in which Desargues’ theorem holds is
called a desarguesian projective plane. A finite projective plane can also be

represented by an incidence matrix 4 = (Aij) of order n> +n +1 such that

Ay =

are translated into the following:

=1 if the point 7 is on the line j and A4;; = 0 otherwise. Then (P1)-(P4)

an Y, s Aj=n+lforl<j<n®+n+l;
12 3" ad dj=n+lforl<i<n®+n+l;
(13)2’””+1 Ap=lforl<j<j<n*+n+l

2
(14) X" gy =1 for 1 <i <t < 4 nt 1.

The basic example of a finite projective plane is the 2-dimensional
projective space PG(2, q) over a finite field [, of order g. It is known that
PG(2, q) is the only finite desarguesian projective plane (see [3]). The
incidence matrices of finite desarguesian projective planes were given by
Balbuena [1] via mutually orthogonal Latin squares.

Finite projective planes can be constructed from vector spaces (see [3]),
planar ternary rings [4], and mutually orthogonal Latin squares (see [5]).
Recently Crnkovi¢ et al. [2] constructed PG(2, qz) from the unitary group
PSU(3, q). In this paper, we propose a new construction method of finite

projective planes using special sequences of points.
2. Preliminaries

Let v, and o, be the 1xn matrices whose every entry is 1 and O,

respectively. Let O,, be the zero matrix of order n, [, be the identity matrix
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of order n, and V,(k) = (v;) be the matrix of order n such that v; =1 if
i =k and v; =0 otherwise. We denote by circ(xq, ..., x,,) the circulant

matrix whose first row is (x;---x,) and by M’ the transpose of a matrix M.

Paige and Wexler [7] showed that the incidence matrix of any projective
plane of order n can be expressed in the following form:

1 vy, 0, 0, 0,
vnt On Vn (1) Vn (2) o Vn (n)
Ont Vn(l)t [n In [n
t t = [(C)a
Op Vn(z) ]n Cll Cln—l
o) VulnY I, Cyq1 - Cyyno

where Cji(1<i, j<n-1) are permutation matrices of order n and
C = (Cy).

Now we define

O (k) = circ(8x 4115 O541 25 > Ok41 m)
for 0<k<m-—1 and
Omy,.oomy, (ki s k) = Oy (k1) ® -+ ® O ()

for r > 1, where §;; is the Kronecker delta and ® is the Kronecker product.
Note that Q,, 4 (0,..,0) =1, ., . We denote by (y), the least
integer x satisfying x = y (modm) and x > 0.

Definition 2.1. Let S, ={0, L, ..., m; =1}, my---m, > 2, and

Q(my, ..., m.) = {d; = (dj1, s dip)|dit € Spyy> s dipe € Sy N0, .., 0).
Let {dj, ., dppy...p.—1} be an arrangement of Q(my, ..., m,.). If there

exists exactly one pair (d;, d(; oo 1) such that
R
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(it gy gt ~din(modm), o dijy = dj  (modm,.)) = dj

for any je{l, 2, .., m--m.—2} and any d; € Q(my, ..., m,.), then we

call {dy, ..., d,y...p 1} @ complete sequence of length my ---m, — 1.

For r =1 and m = 2, we define a complete sequence by {d| = (1)}.

For a complete sequence {d|, ..., d,, e, _1}, we write

1
I(dy, ..., dml"'mr_l)
= I(CirC(le,...,mr (dlla o dyy ), et le,...,m,, (dml---mr—l | L) dml---mr—l r)))

We first show the following simple lemma.

Lemma 2.2. Let j be an integer less than my ---m,. Then j is uniquely

expressed as

J=amy-m. +aymy--m, + -+ a,_ym, +a,, 1)
where 0 < a; <m; for 1 < j <r.
Proof. Let m,; = 1. Taking @ = | j/(my---m.m, )] and
a; =[(j = (aymy -mpmpq + o+ @i ymy - mmy 1))/ (myy g - memy ) |
recursively, we obtain (1).
Next, suppose that
amy -+ My + -+ QM + @, = ajmy M, + -+ a._jm, + a,.
Then we have a, = a, (modm,), so that a, = a,. and
aymy My + 0t Ap My + Ay
=amy - M_y 4+ dp_oM,._| + dy_].
Similarly, we have a; = g; for 1 <i < r —1. Hence the uniqueness holds. [

The following result is our main tool.
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Theorem 2.3. Let n = my---m, and let {dy, ..., d,_1} be a complete
sequence. Then I(dy, ..., d,_1) is an incidence matrix of a finite projective

plane of order n.

Proof. (I1) and (I2) can be easily verified. Write
(Cab) = CirC(le,...,m,, (dll, ) dlr)’ ) le,...,mr (dn—ll= ) dn—lr))=
(Q(dk),'j) = le,...,m,, (dr1s s i ).

In order to prove (I3), it suffices to show that

nZ=n 0 if [b/n]=[b/n]or b=>b" (modn),
Z CabCab’ = .
=l 1 otherwise.

Case 1. [b/n| =[b'/n]. Since Z?:lq(dk)ijQ(dk)ij' =0 for j = j, we

have

nz—n n-2 n
Z CabCab’ = qu(d(Fb/ﬂ—l)n,l )ij q(d(|—b/n—|—1)}171 ),’j' =0,
a=1 =0 i=1

where j =b—n([b/n]—1) and ;' = b —n(b/n]-1).

Case 2. [b/n] #[b'/n]| and b = b’ (mod n). Since

n
Zi:l q(dk )U q(dk’ )l] =0

for k # k', we have

’12—" n-2 n
X cankarr = 2, 2 aldepnin, )y s,y = O
a=l1 1=0 i=1

where j =b—n(b/n]—1)=b"—n(b'/n]-1).
Case 3. [b/n'] # [b'/n| and b # b'(mod n). Write
k=[b/n]=[b/n], j=b=n(b/n]=1), j =b —n(b/n]-1).
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Without loss of generality, we may assume that ;' > j. By Lemma 2.2, we

can express
J —Jj=amy-m. +aymy--m. + -+ a._jm, + a,,
where 0 < a; <m; for 1 < j <r. By Definition 2.1, there exists only one
pair (dg, d(s+k)n_1) such that
(d(s+k), 1 = ds1 (modmy), ..., d(s1p) |, = dgr (modm,.))
= (@ (mod my), ..., a, (mod m,.)).

Here we denote by [y],, the least integer x satisfying x = y(modm) and

x > 0. Writing
d = [d(s+k)n_11 —dyg ]ml my---my + -+ [d(s+k)n_1r—1 —dg, 1 ]m,,_l m,
+ [d(s+k)n_1r - dsr]m,’

we have

ZQ(ds)ij‘I(d(ch)n_l )ij’ = ZCI(ds)U'Q(ds)jj+(j'_j)_d
i=l1 i=l1

= Z‘I(ds)l‘J'CI(ds)jj = 1. 2
i=1

Next, let £ # s and let / be the least integer satisfying
dr+k), 1 —dy # a (modm).
Write
Jo =Lif(myyy - mome 1)1 jo = L'/ (mpyy - memy, )],
to = Lt/(myyy - -memyiq) ), to = [(¢+k),_y /(mpyg--mpmyiq) ],

dO = [dt(')l — df()l]ml My ---my +--+ [dl‘bl—l - dfol—l]mH my + [dl‘bl - dtol]ml ,



A Construction of Finite Projective Planes

where m,..; = 1. Since

my---mj
Zle,,..,ml (dtola e dfol)ijo le,..., my (dt(')lﬂ s dt()l)ij(’)

i=1

my-my

= szl""’ml (dt()l’ R dl‘ol)ijo

i=1
< Omy,comy (dtol’ " dfol)i(j0+(jf)—j0)—do)ml.,,m,_l
= 0’

we have
n
ZQ(dt ),'j Q(d(t-rk)n_1 ),‘j’ = 0.
i=1

From (2) and (3), it follows that
}’l2 —n

a:l ZZO l:1

(I4) can be proved in the same way as (13).

3. Construction

n-=2 n
2. Cancar = 2, D 4 oja1-n), )y A upTenn, Dy =1

153

3)

Throughout this section, p denotes a prime number. It has been

conjectured that any finite projective plane has prime power order. If the

conjecture is true, then the length of any complete sequence must be of the

form p” —1. Here we give an example of a complete sequence of length

p —1forr>1.

r—1
Lemma 3.1. Let {B, B?, ..., B¥ } be a normal basis of IFpr and 1 be

a generator of Fp, \0. Let p' = Zr_l bl-,_ij] and b; = (b, ..., b;.) for

J=0
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1<i<p" —1. Regard by as an integer. Then b, ..., bp’—l} is a complete
sequence.

Proof. It is obvious for p =2 and r = 1. Suppose that (p, ) = (2, 1).

From

W —fi<i<p —1={u . p?
for 1 < j < p" -2, the lemma follows. g

Theorem 2.3 and Lemma 3.1 immediately imply the following result.

Theorem 3.2. (b, .., b

, 1) is an incidence matrix of a finite
-

projective plane of order p" —1.

We conjecture that the above finite projective plane is desarguesian.
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