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Abstract 

In this article, we presented a complete mathematical model based on 

Jeffery, Folgar-Tucker model and kinematics of fiber-orientation. 

Such a model helps to determine the orientation of the short fibers in 

the molding process, as well as the different physical parameters 

which influence the studied phenomenon. We are interested in                

the analysis of the orientation of short fibers in a thermoplastic  

matrix, through numerical simulation during injection molding of              

the composite polymer. The orientation of the fibers is usually 

determined by the coupling flow (fibers-thermoplastic matrix), the 

flow temperature, and the free movement region of the equation’s 

kinematic fibers for flow direction. The second-order orientation 

tensor defines the cinematic of a group of fibers. This analysis is 

supported by experiential findings. 

0. Introduction 

The manufacture of a polymer (polypropylene) is extruded and then 

cooled in a desired form, reinforced with short fiber. During this fabrication 

process, the orientation of the fibers changes and the final pattern is 

maintained in the part after the solidification phase of the matrix. 

The two-dimensional research on a given group of fibers makes it 

possible to understand the history of the orientation of the latter one during 

mold filling. We are especially interested in the fibers that are subjected to 

the flow of the fountain before the material. Thermal conditions and shear 

thinning behavior affect the fiber paths, and hence the final orientations of 

the fibers. 

Considering the interaction of the fibers results in a slight disorientation 

from the part’s plane, making the shear flows effective in orienting the fibers 

towards the flow direction. The precise kinematic calculation allows testing 

for the orientation of the fibers and the constitutive equations of other 

physical models. Tracking of individual fibers should be replaced by a 

continuous orientation description to obtain an image across the filled 

domain that can be compared to experiments conducted in the transverse 
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direction of flow and flow thickness, respectively. Recently, various studies 

have been done to obtain relationships between fiber orientation and 

processing state. Jeffery [1] was the first to work on fiber suspension flow 

and discover the distribution function of the orientation angle of the particle. 

Jeffery assumes, in his model, that the particle is rigid, neutral, progressive, 

and broad enough for the motion to be Brownian. 

Lipscomb [2] and Bay [7] suggested a constitutive equation with a high 

aspect ratio for dilute suspensions of ellipsoidal particles. 

The Folgar and Tucker model [8] takes into account Jeffery’s 

implemented fiber-fiber interaction coefficient. 

The originality of this work lies in that it enables the average orientation 

of short fibers to be calculated in polypropylene, strengthened by natural 

fibers. The movement of the fiber-fluid assembly has been studied by the 

classical fluid mechanics equations (conservation of mass, momentum, and 

energy) coupled with the Jeffery, Folgar, and Tucker model equations. By 

using the second-order Runge-Kutta method coupled with finite difference 

method, the above equations are solved. Using a program on Matlab, we 

determined the various orientations of the short fibers using image 

processing. 

1. Mathematical Formulation 

1.1. Study hypotheses 

The following hypotheses are considered in relation to this study: 

• The pipe wall is considered to be rigid and impermeable, and the 

gravity effect is neglected. 

• The composite material is a dilute or semi-concentrated suspension in 

the molten state. 

• The matrix of polymers is Newtonian. 

• The fiber dimensions are negligible when compared with the flow 

dimensions. 
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• Brownian diffusion due to the interaction of fibers is neglected. 

1.2. Equation of fluid motion  

The motion of a fluid such as a polymer can be defined by a              

series of partial differential equations derived from the fundamental laws           

of mechanics and thermodynamics, i.e., the laws of mass conservation 

(equation continuity), momentum (momentum equations), and energy 

(energy equation).  

- Conservation of mass: 
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- Energy conservation: 
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Taking into account the hypothesis of incompressibility of the polymer 

and projection on the Cartesian axes, these equations become 
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Since of symmetry and the source term is negligible, the energy equation 

is written as: 
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For our case, the fluid is incompressible. Therefore the internal energy is 

connected to the temperature by the relation: 

,dTcde v=  

where vc  is the specific heat at constant volume. 

Equation (7) becomes 
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The fluid is modeled by the following Arrhenius law: 
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where réfA  represents the ratio of activation energy, λ the assumed constant 

thermal conductivity, 0η  the reference viscosity and réfT  the reference 

temperature. 

1.3. Boundary conditions 

In view of equations (5), (6) and (8), we add the following boundary 

conditions: 
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where PT  is the temperature at the wall of the pipe. 

2. Modeling the Orientation of Flowing Fibers 

2.1. Description of orientation 

Each fiber can be represented by a unit vector P
�

 ported by its main axis. 

We can thus define the orientation of a fiber by the projection of the 

vector P
�

 in a fixed frame. The components of this vector are related to the 

angles θ  and φ  by: 
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Figure 1. Angles and the vector characterizing the orientation of a fiber. 

Figure 1 defines the angles and the vector characterizing the orientation 

of a fiber. In the literature, these angles are defined in a conventional way  

[7-9] such as: 

- the angle θ, called the angle of inclination, is the angle formed from the 

z axis to the direction of the fiber; 
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- the angle ϕ or an azimuthal angle is defined in the XY plane with 

respect to the x axis. 

The fiber reinforcement in the case of short-fiber composites usually 

consists of a very large number of fibers. Therefore, by means of an 

orientation probability density function, it is useful to define the overall 

orientation of a suspension, then the distribution function provides a general 

and precise definition of the orientation condition of a suspension at a given 

material point. 

2.2. Evolution model of a single fiber 

Jeffery [1] measured a single ellipsoidal particle immersed in a 

Newtonian fluid flow. The key assumption is that the particle dimensions  

are small enough that the area of strain rate is homogeneous over a large 

distance, and that the inertia forces are ignored. 

Reference [10] updated Jeffery’s equation to take account of the 

interactions between fibers. The evolution of a single fiber’s orientation is 

then: 
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where ( ):  denotes the contracted product doubly. 

ψ  represents the orientation distribution function defined above and rD  

is the Brownian coefficient of diffusion, v is the local velocity field, Ω  and 

ε  are, respectively, the tensors of rotation and strain rates defined by 
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The parameter λ  is a function of the aspect ratio of the fibers β  (ratio 

between the average length L and the average diameter D of the fibers) and 

is given by 
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Brownian diffusion due to the interaction of fibers is neglected. Equation 

(10) becomes 
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Projecting along the x and y axes, the equations take the following form: 
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2.3. Evolution models of a fiber population 

Several authors [11-13] measured the movement of fiber in reinforced 

thermoplastics directly for the orientation measurement of a population of 

fibers. This is why it was more valid to use a compact notation of fiber 

orientation (orientation tensors) and to build macroscopic models that 

allowed the evolution of these tensors to be followed. 

Reference [14] used the equation of Jeffery to model the orientation  

state of a fiber population. This equation was homogenized in volume and 

combined with the Fokker-Plank equation to give a second-order orientation 

tensor evolution equation: 
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Equation (13) is only valid for dilute suspensions (interactions between 

fibers are neglected). 

Projecting along the x and y axes, the equations take the following form: 
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3. Resolution Method 

The basic equations that govern the issue are not linear, and are  

coupled. They do not usually accept empirical solutions, except in extremely 

simplified situations. The use of numerical methods is therefore important. 

We have chosen to use the implicit second-order Runge-Kutta method 

coupled with the finite differential method in the present simulation. 

These procedures include two phases: mesh and discretization. 

3.1. Mesh 

In two dimensions, the domain is subdivided into a finite number of 

control volumes which are made up of regular surface elements. 

A mesh has the following form: 

 

Figure 2 

where P is the main node, i is the discretization index along the “x” axis, and 

j is the discretization index along the “z” axis. 

Subsequently, we adopt the following meshes: 

( ) ( ) ,1 xiix ∆−=  

( ) ( ) .1 zjiz ∆−=  
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3.2. Discretizations 

3.2.1. Momentum balance equation 

Equation (5) becomes 
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According to the second-order Runge-Kutta method, this equation is 

written as: 
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3.2.2. Energy balance equation 

Equation (8) becomes 
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According to the second-order Runge-Kutta method, this equation is 

written as: 
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3.2.3. Fiber domain 

• Description of orientation 

Equation (11) becomes 
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According to the second-order Runge-Kutta method, this equation is 
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Equation (12) becomes 
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3.2.4. Orientation tensors 

Equation (14) becomes 
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According to the second-order Runge-Kutta method, this equation is 

written as: 
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According to the second-order Runge-Kutta method, this equation is 
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Equation (16) becomes 
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All the terms of the non-principal partial variables are discretized or 

centered by the finite difference method. 

Calculations are started using an initial profile that fulfills the limit 

conditions. Use of these values enables the determination of temperature 

profiles, fluid velocity, definition of orientation and tensor orientation of 

short fibers. Both algebraic equations are solved by means of a numerical 

code in FORTRAN and the results and their interpretations are given in the 

following part. 

3.2.5. Image processing methodology 

Analysis by Matlab 

We analyze three samples of polypropylene. 

 

Figure 3. Rectangular sample containing polypropylene mixed with short 

fibers. 

Image processing and image analysis were carried out using an internal 

software built with Matlab and an image processing toolkit (IPT). A 

detection system was designed to measure the very elliptical footprint, based 

on manual or semi-manual selection. 

The implemented algorithm included the following general steps: 

collection, discretization and imprint characterization, correction flat angles, 

and average fiber orientation calculation. 
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Figure 4. Organigram. 

3.2.6. Results  

In Figures 5 and 6, we show the evolution of the tensor orientation as a 

function of the x axis and time, with the measurements, the results are again 

well accepted. Compared to the previous isothermic case, the direction 

upstream of the flow front is not changed with a non-isothermal Newtonian 

behaviour. The temperature effect in the fiber flow becomes important 

during the travel, and in isothermal conditions, the final z position is lower. 

Particles migrate towards the wall with the non-isothermal shear thinning 

behaviour, as soon as they reach the cavity. The displacement in the flow 

front region in the direction of the gap towards the wall requires a longer 

distance than in the Newtonian case but the final position in the thickness          

is the same. Figure 3 shows the path evolution of a fiber entering the       

cavity, with an interaction coefficient 20=ci  under Newtonian isothermal 
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conditions. The first 22a  increases, and 12a  and 11a  decrease: the fibers 

orient in the direction of flow z because of the shear flow. At the beginning 

of the fountain surge, the 22a  reduces and the fibers are mainly directed 

towards the x direction. As the fibers hit the wall, they reorient themselves 

towards motion. 
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  Figure 5. The variation of the orientation tensor as a function of the x axis. 
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Figure 6. The variation of the orientation tensor as a function of time. 
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Figure 7. Profile of the orientation angle as a function of the x axis. 

Figure 7 provides a description of the axis x orientation progression 

between the experimental and theoretical results for the four positions P1, 

P2, P3 and P4. Review of results from numerical simulation and experience 

indicates a small difference between the two curves. 



I. Modhaffar et al. 80 

This difference can be explained by the fact that in experimental 

experiments, a lot of factor can play a role in affecting such as fiber-fiber 

communication, as well as by a narrower mesh as opposed to theoretical one. 
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Figure 8. Profile of the temperature as a function of the x, y and time axes. 

In this figure, we see that the temperature in time decreases at times 

( ,4Tt =  2Tt =  and )43Tt =  as a function of sample width (l) and 

length (L). It is noted that as the polymer passes forward through the 

container, the temperature amplitudes decrease. It can be explained by 

assuming that the polymer is more liquid and thus the ions are untangled and 

can roll over one another easily inducing temperature changes. 
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Figure 9. Profile of the axial speed as a function of the variable x. 
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This chart displays the variation in the axial velocity as a result of 

measured plate width x. The axial velocity is seen to diminish as time passes. 

This finding can be explained by the fact that the particles are slightly 

pushed from their equilibrium position near the wall and complicated 

molecular motions, which results in a decrease in the volume of axial 

velocity. 

4. Conclusion 

In this paper, we present the difference in the fiber orientation 

distribution during flow molding of a composite polypropylene reinforced by 

short fiber. Jeffery’s equation has been adopted to explain the rotational 

motion of a single fiber, in which the interaction between the fibers is 

ignored. The distribution of the fiber orientation along the flow distance is 

determined by assuming a two-random dimensional distribution at start-up of 

flow. If the flow is a fully formed shear flow in a steady state between 

parallel sheets, then the prediction of variance of the fiber orientation 

distribution is implemented in the shear flow. The analytical results showed 

that as the flow distance increases, the fibers tend to be arranged in such a 

way that they become steadily parallel to the flow path. The prediction of 

variance of the distribution of orientation of the fibers in the radial flow is 

also carried out. The study has shown that the fibers tend to be formed in 

such a way as to become progressively more perpendicular to wind direction. 

The pattern is verified compared to an experimental sample. 
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