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Abstract

In this article, we focus on the solution of some nonlinear partial
differential equations of fractional order in Caputo sense using the
SBA plus method.

The SBA plus method is based on the combination of the
Adomian decomposition method, Picard’s principle and the method of
successive approximations. This method uses a process that converges
rapidly to the exact solution, when it exists, in the function space,

where the problem is posed.
1. SBA Plus Method

Following the work of KABORE et al. [13, 14], we attempt to solve
nonlinear partial differential equations of fractional order in the Caputo
sense using the SBA plus method. We begin with the description of SBA
plus method.

In a Banach space E, we consider the following nonlinear fractional
ODE problem:
CDtau = R(u) + N(u),

(1.1)
W™O) =6, m={0;1;2 . j -1,

where R is a linear operator on E, N is a non-linear operator on E, u [l E,
CD? is the fractional derivative of order o in Caputo’s sense, ¢ = 0;

a>0; u=u(t); u0C™[0;T]), mON, j=[a]+1, and u™ s the

derivative of order m of the function u.
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Putting

L - CDG ,
{ S?] a(D] (1.2)
L= 170
where L_1 is the inverse of L in the Adomian sense and 7% is the fractional

integral in the Riemann-Liouville sense, we have

Lu = Ru + Nu. (1.3)
Composing (1.3) with L', we obtain
L'Lu = L'Ru + L' Nu (1.4)

with L'R asa contracting operator.

On the other hand, we have

C'Lu() = u(t) - Z%u(’")(o). (1.5)
m=0

(1.4), (1.5) and the method of successive approximations give

uF =y () + 'R + NG, (1.6)

| E

m
|

3

j-1
with V(1) = > B,,
m=0

Solving (1.6) by the method of approximations consists in determining

k>

the series of approximate solutions #"’s through iterations.

But this requires a judicious choice of the initial condition u® before
hand.

Putting

W =y, (1.7)
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we deduce the following SBA algorithm:

{M(’)c =V O+ I NEET) k2 L

(1.8)
s = L (R(uy)), n 2 0.

Explicitly, the development of the algorithm (1.8) consists in first

calculating the terms of the sequence (u,’i) and in deducing u® if the

n’
+o00

series uk = ZM,If converges.
n=0

So for the first iteration, k¥ =1, we choose uo such that Nuo =0, and
calculate the terms of the sequence (i} ),- We deduce

+o00

I_Zl
u = uy,.

n=0

Next, we evaluate Nu'. If Nu! = 0, then u' is the general solution of
the problem (1.1). Otherwise, if possible, we replace the initial problem by

an equivalent transformation, with new non-linear term N so that by

repeating the algorithm, we can obtain Nu' = 0.

1.1. Convergence of the SBA plus algorithm

For convergence, we refer [6, 13].
2. Examples

Example 2.1. Consider the following model:

c 0 _6_u a_u _ .2
Dtu—ax+uax+u us,
u(x, 0) = €%, 2.1

u'(x, 0) =0,
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where 120; 1<a<2 wu=u(x1); u0C?(0;T]); DY} is the

derivative in Caputo sense; Z%([) is the integral in the Riemann-Liouville

sense.
Putting
L(=“D(I).
=10 o
Ru = g—z + u, ‘
Nu = ug—z - u2,

we obtain the algorithm SBA:
ug = uk(O) + L Nk
n20;k=1. (2.3)

“lfiﬂ = _1["(”111C ),

Using the algorithm (2.3), we obtain the following for the first iteration
k=1

1 X
Uy — €

1 _ X la
u = Qe") Fia 1)

) ( X) t2(]
uy, = (4e’) =———
- . t3a
u3 = (8e )r(3a +1)

1 nox 1"
= Q) Fra

So the approximate solution to the problem (2.1) at the first iteration is

given by

1 _N\N""® 1 _ x a
ul = anoun = e“E(2t%). (2.5)
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For the second iteration k = 2, we have

2 2 =1x7.1
= u?(0) + L' Nu',
{”g ! (—1) o nz0. (2.6)
Up+] = R(un)’
Now,
1
Nu' = u! %ix — (u')? = > B2 (21%) - > E2(2%) = 0.
So,
u(% =¢"
ul = (Zex)—ta
! M(a +1)
) ( x) tZG
usy = (4e’ ) =—=
) . t3a
us = (8e )r(3a +1)
2 n_x "¢
= Qe wra vy

Hence the approximate solution to the problem (2.1) at the second iteration

is given by

| w

u? = B(2

)-

Recursively, for £ = 2,

3
uk(x, 1) = ZZSO uk(x, 1) = 'E(212).

Consequently, the solution to the problem (2.1) is given by

u =1imy _ 4o u = " B(26%).
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4

For a = %, we have u = e*E(2¢3).
3 3

For a =3, wehave u = e*E(2¢2).

Example 2.2. Consider the following fractional order partial differential

equation:
ema, _ 0 ( 20u), d( ou)_ ou’ 2
D%u _a(u aj+a(uaj W+2u(1 2u — 6u ),
u(x’ 0) - er’ (2.8)
u'(x, 0) =0,

where t20; 1<a<2 u=u(xt); ul CZ([O; T]); “DY(Q is the

derivative in Caputo sense; and Z%(JJ is the integral in the Riemann-

Liouville sense.

Putting

L(p= D),
=1

Ru = 2u,
0 ( 20u), 0( ou) ou’ 2 3
= Ol 2, 2 - -
Nu Ox (u axj Ox (u axj Ox u” = 12u”,
we obtain
ug = uk(0) + L 'Nuk
. L n=0; k=1. (2.9)
Up+ = R(un)’

Using the algorithm, we obtain the following for the first iteration
k=1
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u(l) = ¢
ul = 262X L
! Ma +1)
N P (2.10)
2 2o +1)
na

1 _ n 2x t
i = Q) e Fra Ty

Consequently, the approximate solution of the problem (2.8) at the first
iteration is given by

+
8

u' ub = e E(26%). 2.11)
0

S
1

For the second iteration k = 2, we have

{”3 SO nz0 (2.12)

”z%ﬂ = _1R(“;%)’

Now,
Lo 0 (o), o vau)_aw') _ 1y o1y
Nu™= 0x L(u ) 0x J * 0x Lu axj Ox 4’)” = 120)
= 125 B3 (21%) + 8 B2 (2%) - 4e VB2 (21%)

— 4¢ME2(21%) - 125 B3 (2:%) = 0.

So,
u(% = ¢
ut = 2¢%* a8
1 Mo +1)
2 g2 10 (2.13)
uy =4 Faa ) ‘
1 noox "
= @V T o)
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Hence the approximate solution of the problem (2.8) at the second iteration

is: u? = > E(21%).
Recursively, for £ = 2,
k I A _ 2
u(x, 1) = ano uy (x, ) = e E(2).
Hence the solution to the problem (2.8) is given by

u=lmy | 4o uk = esz(Zta).

Example 2.3. Consider the following system:

3
. 0%u 4 0%u 2 0%u 0%u
cpby = - +u -u -2 ,
! P a2 Py Py (2.14)
u(x, 0) = cos x,

where t20; 0<B<1l; wu=u(xt); ul Cl([O; T)); "DB(D] is the

derivative in Caputo sense; and IB(D] is the integral in the Riemann-

Liouville sense.

Putting
L(="DP(0L
=P
4 2
Ru=-94 0%
Ox Ox
3
_ 4 0%u 2£62uJ
Nu=u S U |
Ox Ox
we obtain
ug = uk(O) + L_lNuk_l,
' . ' n=0k=1. (2.15)
Up+l = R(un )’
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Using the algorithm (2.15), we obtain for the first iteration k& =1,

u(l) =cosx
Ml = COS XL
! r@+1)
ZZB

1 _
175) —COSXW

1 _ P
U, = COSX—F—m—

F(nB+1)’

(2.16)

Therefore, the approximate solution of the problem (2.14) at the first

iteration is given by

+
8

= cos xE(P).
For the second iteration k = 2, we have

{ug =u?(0) + L Nu!,

”z%ﬂ = _1R(“;%)’
Now,

21 2 13
Nu! = (ul)4 9%u_ L; —(ul)ZL—a u2 J
Ox Ox

n=0.

—cos® xE(rP) + cos® xE(P) = 0.

(2.17)



SBA Plus Method to Find Solution of Partial Differential ... 27

So,
M(% = COSXx
: r@+1)
2 1P (2.18)
uy — COSXW
2 _ P
u, = COSXW.

Hence the approximate solution to the problem (2.14) at the second iteration
is given by

u? = cos xE(tB).

Recursively, for k£ = 2,

uF(x, 1) = Z uk(x, 1) = cos xE(P).
So the solution to the problem (2.14) is given by

u =1limg _ 4o uk(x, t), or
u(x, 1) = cos xB(P).
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