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Abstract

We examine the asymptotic behavior of a solution of a differential
equation derived by several independent fractional Brownian motions
with Hurst index H 0(0;1). We show the large deviations first
for the linear combination of several fractional Brownian motions.

Through this first step, the contraction principle allows us to study via

the large deviations the behavior of the considered solution.
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0. Introduction

The theory of large deviations is concerned with the exponential decay
of probabilities of large fluctuations in random systems. These probabilities
are important in many fields including statistics, finance, and engineering,
as they often yield valuable information about the large fluctuations of a
random system around its most probable state or trajectory. In the context
of equilibrium statistical mechanics, the theory of large deviations provides
exponential-order estimates of probabilities that refine and generalize
Einstein’s theory of fluctuations. The behavior of such large fluctuations can
be undertaken by stochastic differential equation modeling. In this paper, we
consider the following SDE modeling any such system of large fluctuations:

Z, =B + a,BH2 + ... 4 ay BV, (1)
a linear combination of several independent fractional Brownian motions
B (fBm):

t t
XE = x, + Iob(r, XE)dr + s'[o o(r, X8)dz, )

defined on a white noise probability space (S'(R), B(S'(R)), P), where
S'(R) is a tempered distribution space called dual of Schwartz space on

which B(S'(R)) is a Borel algebra, and
L xy OS'(R) is a measurable random variable;

Chand 0:[0; T] x S'(R) — S'(R) are measurable functions such that
their integrals, respectively, with respect to dr and dZ, are defined as white

noise integral [4, 13].
These two functions satisfy the following assumptions:
For g and h (0 S'(R), there exist constants M and L such that
* |B(h)| <M and|o(h)|< M,
« [b(h) - b(g)| < Ll h - g | and | o(k) = o{g)| < LI h - g |.
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The existence and uniqueness of the solution of these kinds of equations
have been proved by several authors among which we have [12] for a
stochastic differential equation controlled by a fractional Brownian motion
and an independent Brownian motion. However, our goal in this paper is
to examine the asymptotic behavior of the solution of equation (2) via the

Freidlin-Wentzell’s large deviation [10] when € tends to 0.

Moreover, in the articles [7] and [8], we have established the large
deviations principle (LDP) for a solution of a stochastic differential equation
directed simultaneously by a fractional Brownian motion and a standard
Brownian motion. This paper is therefore a kind of generalization of this last
article, by taking another equation derived by several independent fractional
Brownian motions of different Hurst index. Like our work [7, 8], we will
first treat the case of a combination of several fBm, i.e., when the drift b of
the SDE is zero and then by using the contraction principle show the LDP of
(2). The rest of this paper is organized as follows: Section 2 provides some
preliminaries related to the fractional Brownian motion (fBm) and the LDP.
Section 3 contains our results divided in two phases, the first one is the LDP
for the finite combination of mBf and the second phase is the one for the
solution (2).

1. Preliminaries

In this section, we recall some notions and results related to fractional

Brownian motion [1, 3, 6, 9, 14].

Definition 1.0.1. Let N UN, ay, ay, ..., ay UR and Hy, H,, ..., Hy
00 (0; 1). Then we define

N
z, = a8, 10[0:7T] 3)
k=1

with it covariance

N N fas
R(t, s) = Za,%RHk = Za]%J.OJ‘O o (u, r)dudr,
k=1

k=1
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where BtH ks are independent fractional Brownian motions with hurt

parameters H; and covariances

tes
Ry, :%(’ZH]‘ + 52— = P =J.0J.0(pk(“’ r)dudr
0°R _
and Q@ = atazk = Hk(ZHk —1)|l —S|2Hk 2.

Now, consider BtHk ’s on probability space (S'(R), B(S'(R)), P),
where S'(R) is the distribution tempered space of Schwartz space S(R)

with the linear product norm (., .).

In S'(R), B can be defined as B/* = (o, Ijp,,)) for all

wy, O S'(R) and Igp ;) O S(R) - 1jo ] O S'(R), so

N
Z, = Z‘Uc(wk’ 1[0, 1])-
k=1

Definition 1.0.2. Let BtH k' be a fractional Brownian motion, for w, O
S'(R) and fy :[0,T] — R, a Gaussian process (., fio,/]) = jé fi(r)dBHE

with the covariance:

2 _ _ tes
[ il = Uit oo = [ J 100 Fer) 0w r)duar
We know that S'(R) contains the Hilbert’s space, so we define

Ly, =Ly ®) ={ fi [y, = (fi: fidg, < *o0} “

which is the space of continuous functions f; : [0, T] -» R of integrable

squares.
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In S'(R), Bochner-Minlos establishes the following theorem [3, 9]:

Theorem 1.1. Let PPk pe the probability measure of BIH k on S'(R).
Then for f;, 0 S(R) and wy, O S'(R),

- = il
B(e/(@ /i)y = o 270 %

and it follows that B((0, fi)) = 0 and B, fi)*) =] fi [q, -

Moreover, in view of the fractional Brownian motion B"'¥ irregularities

in other spaces, some authors like Bender [4] present some results in S'(R),

where there are no such irregularities. Among these theorems, we have the

fractional formulas of Girsanov.

Theorem 1.2 (Fractional Girsanov formula I [14]). Let & O L? (IP’H")
for p>1and f; O L(Zpk (R). Then for all y;(t) = Iéfk (r)@ (r, s)dr, the
map wy, = &(wy, +Y;) forall g < p and

Hi = 1 2 H
IS'(R)E(wk +y, )dP7k = J.S'(R)E(wk)exp{(wk, fi) —§| fe |(pk}dp k.

Theorem 1.3 (Fractional Girsanov formula II [9, 14]). Let Y;, and g be
continuous functions with suppY;(¢t) O [0, T] and suppg O [0, T] such

that (g, fr) = (Y. l)Lz(]R) forall f 0S'(R), ie.,
Vk(t) = I;g(r)wk(r, s)dr, 0<s<r<T.

Define a probability measure Bk on S'(R) by

dPHk
dptik

= exp{_<(*)k’ fi) = %| ficlg, }

Then the process defined by @y, = Wy, + Y, is a fractional Brownian motion

under Pk
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In addition to these statements, we rely on the following definition and
theorem of large deviations to show, respectively, that the process (3) and
the EDS (2) obey the large deviations principle (LDP).

Definition 1.4 (Large deviations principle (LDP) [6]). The family

(x ts )s>0 of probabilities P® is said to satisfy large deviations principle if

there exist a rate function / defined on ]Lz(R) and a speed € tending to 0

such that:
(i) 0 < I(h) < +oo, for all h O L*(R);
(ii) I is lower semi-continuous that is, for all a < +0, {h : I(h) < a} isa
closed set of L2(R);
(iii) for all a <+, {h:1I(h)<a} is a compact set of L2(R), in
which case [ is a good rate function;

(iv) for a closed set C O L2(R),

lim sup € log P®(Xf O C) < — inf I(h); 5)
€-0 hC

(v) for an open set O [ }LZ(R),

lim inf € log P®(XF 0 0) = - inf I(h). (6)
€0 hJO

Theorem 1.5 (Contraction principle [6]). Let E; and E, O L*(R) and
g : Ey - E, be a continuous function. If the family (Xf)€>0 satisfies the

large deviations principle of a rate function I, then the family g((X f )€>0)
satisfies the LDP on E, of the rate function J defined by

J(z) =inf{I(h): O E|, z = g(h)},

for each z U E,.
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2. Main Results

2.1. Large deviation for a linear combination of factional Brownian

motion
N H
Consider the family Zf =€z, = z €a; B, % of the probability measures
k=1

P, where Z, is defined in (3) and f; :[0,T] - R is a bounded and
continuous function. We denote by Pk the probability measure of BtH k

2 2 2
= X oo X
and ]L(p L(pk L(pN .

Theorem 2.1. The family (Zt‘a )€>0 satisfies the LDP with the good rate

Sfunction I : Lék — [0; +oo] given by

N
1 2 2 . 2
5 ) ail fxlg . i fr UL, .
I(fk) =2 kzz; | |(Pk O 7
+00 otherwise.

In other words:

L 1 is lower semi-continuous on }Lék.

C{f O L%Pk’ all RE, I(f,) < a} is a compact subset of Lék.

C For a closed set C }Lék and an open set O [ }Lék,

lim sup e2logPE(ZE O C) < -I(f,) < lim inf e logP® (Z8 D 0).

Proof. We determine the lower and upper bounds of the large

i i Hl ,E
deviations. Since BtHk ’s are independent, we have ab _dP =
dP g pHti-
dPHN-¢
X—— [11]. By Theorem 1.3, it follows that

dpHin
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dP _ 1 af L
i {;(031 i)+ 72 | filg
an a12v 2
X Xexpy—- Wy, fy) +?| Inloy 1

Lower bound. Let O be an open subset of L(Zpk. Then for € >0 and

£ — 0, we have for £ 0S(R) and wy, O S'(R),
AP _ expl®L 12 ep
ay € a12v €2
X oo X EXp _T<wN’fN>+?|fN|(pN .
Now, wy, = @y ——yi with y; = ak_[ FEE) @ (r, s)dr, and
@ = exp (wlf) 1(\’E fs>+i|f€|2
P 1 pIe s 3 g
aN /=~ (3 12v
X X exp T(wNafN> (ﬁv fN>+2 | 5 |(PN
= ex ﬂ<~ f8>_£|f8|2 +i|f€|2
Py (@ 2 g T U g
X ..o X eX N<00 f> a12v |f£|2 "'ﬁ|f€|2
p N> JN £2 N loy 2g2 N lgy

2
- exp{%@% £ —% | ££ Li}

2
a 2
x"'XeXP{ g(wN’ )= —22/2 | % |¢N}



Large Deviation for Several Fractional Brownian Motions ...

N N
=oxp (D ad fE) -5 >t IR}

k=1

P(zE 0 0) = exp{ Z | FE (pk}

k=

N
el G )

By Markov’s inequality, we obtain
P(zf 00) >exp{ ZZ | FEP } (zEDO0).
and hence

lim inf €2 logP(zf 0 0)
-0

Mz

at | fe |ik= -1(f).

k:

39

(®)

Upper bound. Let C be a closed subset of L%pk. According to the

fractional Girsanov formula 7, for w, 0 S'(R) and ff O S(R),

ar (o, flf>H

ar (W + Y, f/f)}]’

1M

1
P(zfOC)< E[X{Zf nc} exp{g

I 1
= E[X{Zfljc} exp{g

M=

k=1
according to [14].

Using Theorems 1.2 and 1.3, we obtain

N 2N
wwsafofifn -3 e
k=1

mIN
)
=
§
;'s
I
(3]
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N
1 20 €2
xexpy—— ) aic | fi |

N
1 20 ,ER2
=1xexpy——= D ailfi ly,

SO

N
: 2 1 2 2 _
lim supe~ log P*(zf O C) < _Ekg_l ai | fr |‘Pk =-1(fy)

-0

It remains to show that / is a good rate function. We see that / is the
. 1 . 1 , .
combination of a; and §| fr |<Pk' Since E' fx |<Pk s are good rate functions,

the result follows.

2.2. Large deviations for a solution of stochastic differential equation
derived by several fractional Brownian motions

In this subsection, we study the diffusion process XF(2) when the
drift is not 0 and € tends to 0. We denote the probability law of X f by
né = Pfo F_l, where

[ P% is the probability law of ZF(1);

N
C F(fx) = DM with the solution 7 of ordinary differential equation:
k=1

m(0) = 0 + [ b)) ar + [ ol () 5 ()@ )

for which f; O L(zpk induced by LDP of the process BtH k,

Theorem 2.2. The family (X tg )€>0 satisfies a large deviation principle

with the good rate function J : 1.2 o - [0, +o0] given by
P
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N
_ 2
J(hy) = ZakJHk (7).
k=1
where
L, -1 2 2
Slo™ ()l b, for R, OL” |,
Tu, () =142 @ % )
+00, otherwise.

In other words:

L Jis a good rate function,

L for a closed set C U Lék and an open set O [ Lék,

lim supe? logpu®(X¥ 0 C) < -J (k) < lim inf €2 log u&(X£ 0 0).

€-0 -0

Proof. Since J Hy ’s are good rate functions, J is a good rate function.
Therefore, A, is continuous, and consequently F is continuous.

Since F is a continuous function and the process Zts of probability law

P% has a LDP with the good rate function / (7), according to Theorem 1.5,
the family (X f )€>O satisfies a large deviation principle. Indeed, for an open

set O and a closed set C,

m(0) = 30+ [ b (Dar + [ 03y () 7)o, )

:fuo=g@3%a;3wua—mwom.
Thus

lim inf €2 log pé[XE 0 0] = lim inf €2 log P® o F~[XE O 0]
£e-0 €-0

lim inf €2 log PE[F~H(x&) O F'[0]]
€0
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lim inf €2 log PE[ZE O F~1[0]]
€0

N
- it {z<fk)=lza,%|fk|;k,F:hk}

2 2
0L, (R)

\Y,

k=1

N
1 _ .

5 E ag o™ () _b(hk)]|2—1

k=1 P

=J (I )

\

lim sup €2 log PE[Zf O F~Y(C)]
€-0

lim sup &2 log IP’S[F_I(Xf) 0 F_l(C)]
£-0

lim sup &2 log P o F7[XE O C]
e-0

lim sup g2 log ue[Xf acl.
£-0

3. Conclusion

In this paper, we have studied the asymptotic behavior of the solution (2)
by using Freidlin-Wentzell’s [10] method. This construction is carried out in
the tempered distribution space S'(R), where certain mathematical notions
are applicable, for example, the Bochner-Minlos Theorem 1.1 and fractional
white noise. It would be interesting to extend it in a space larger than that

considered here.
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