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Abstract 

Consider a linear system of a locust population dynamics model 
structured on age, space with non-local boundary conditions. The 
behavior of the terms of the numerical solutions of this model is 
studied using the finite difference method, as well as the convergence 
(consistency and stability) of the method. Numerical illustrations of 
the schemes are proposed. 

1. Introduction 

Pest insects represent a major threat to agricultural production in many 
regions of the world, particularly in the Sahel, where food self-sufficiency 
and crop protection remain unresolved challenge. During invasion periods, 
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no crop is spared, and losses can reach several tens of thousands of tons per 
day. Among these pests, the desert locust, Schistocerca gregaria (Orthoptera: 
Acrididae), stands out as a notorious migratory insect known for its ability to 
form vast mobile swarms able to travel long distances. These swarms cause 
severe agricultural damage, exacerbate food insecurity, and lead to 
significant economic losses. The species is found in the desert and arid 
regions of Africa, the Arabian Peninsula, and parts of Southwest Asia, see 
Cressman [5], Kimathi et al. [10] and Showler [19]. Each individual 
measures between 7 and 8 cm in length and weighs approximately 2 g. It 
undergoes five molts during the gregarious phase and six during the solitary 
phase. The locust life cycle generally is subdivided into three stages: eggs, 
nymphs (or larvae) and adults, see the work of Guan et al. [8] and Symmons 
and Cressman in [23]. In this article, we examine the impact of growth 
variations within a locust population. To do this, we propose a numerical 
simulation of the population dynamics, modeled using partial differential 
equations structured around the different development stages. Population 
dynamics, often studied by biologists, has long interested mathematicians 
because of the theoretical challenge it poses and the possibilities it offers for 
numerical simulations. The evolution of a population in a given region 
depends on various factors, including egg-laying, birth rates, mortality and 
migration. It has been shown that these biological parameters are essential for 
modelling and satisfy the existence and uniqueness properties in a previous 
study, see [17]. Mathematics commonly uses the notions of infinite and 
continuous. Approximate solutions are ultimately calculated as collections of 
discrete values in the form of components of a solution vector of a matrix 
problem. In order to move from an exact (continuous) problem to an 
approximate (discrete) problem, several techniques are available: finite 
differences, finite elements and finite volumes. In this article, we will use the 
finite difference method for our solution. The finite difference method 
consists in replacing the derivatives appearing in the continuous problem by 
divided differences or combinations of point values of the function at a finite 
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number of discrete points or mesh nodes. The aim of this manuscript is to 
present numerical simulations of (1.1)-(1.2) which is the locust population 
dynamics model, while ensuring that the solution remains non-negative. In 
addition, we study the convergence of the chosen method. For this, we can, 
for example, refer to the work of Traore et al. in [25] where they established 
the existence and uniqueness of the solution of their problem and carried out 
numerical simulations of their model using the finite difference method, but 
unlike our model, their model has no space variable, and they also did not 
study the convergence of their method. Also see in [20], the work of Simporé 
where he worked on the null controllability of an age-structured model with 
spatial diffusion, including numerical applications but unlike our method, he 
did not study the convergence of his method. Similarly, Gilioli et al. [7] 
studied the numerical aspect of their model without studying the convergence 
of the method. Other significant contributions include those by Mechhoud et 
al. [13]; Pasquali et al. [15], which enhanced numerical approaches and 
graphical representations of population models. Fundamental studies, such as 
those by Lax and Richtmyer [12], investigated the numerical resolution of 
initial value problems and convergence using finite difference methods. 
O’Brien et al. [14] highlighted stability in connection to rounding errors. 
More recently, Ren et al. [18] demonstrated the optimal convergence of their 

scheme in the 2L  norm, and Lagrée [27] addressed numerical and 
convergence issues in these problems. We can also highlight the work of 
Courant et al. in [4], demonstrated that a sufficiently flexible finite difference 
scheme can provide a numerical solution while also addressing the 
convergence of the numerical procedure. This research is fundamental in 
numerical analysis, particularly for partial differential equations, as it offers 
valuable insights into balancing flexibility, accuracy, and stability in 
numerical solutions. We also note that in [26], Traoré and his collaborators 
enhanced their model with numerical simulations. These contributions are 
particularly significant as they demonstrate the relevance of their approach 
while validating the theoretical results through detailed and illustrative visual 
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representations. In [9], Kim and Park studied the asymptotic behavior of 
numerical solutions for a model describing the dynamics of an age-structured 
population. They also conducted numerical experience to illustrate their 
results and validate their analyses. In reference [11], Lanzarone et al. 
proposed a Bayesian approach to estimate the probability density functions 
of parameters associated with the extrinsic mortality rate, using population 
abundance data. Their study also incorporates simulated data to assess the 
convergence of the proposed algorithm. The work of Traoré et al. [24] 
focusing on the study of null controllability properties of an age-structured 
population dynamics model with nonlocal boundary conditions, concluded 
with numerical illustrations validating the theoretical findings. We can also 
refer to reference [21], where Simporé, in his study on the null controllability 
of a nonlinear population dynamics model, highlights numerical simulations 
provided as illustrative examples. It should be noted that in [1], Angulo et al. 
through their new numerical method for approximating the solutions of a 
non-autonomous form of the classical Gurtin-MacCamy population dynamics 
model, with a mortality rate consisting of an intrinsic age-dependent rate that 
becomes unbounded when age approaches its maximum value, combined 
with a non-local, non-autonomous, bounded rate dependent on the weighted 
population size. They also present the results of several numerical 
simulations. In [16], Picart and Ainseba presented a numerical analysis 
approach to solve a parameter identification problem. We also cite 
Fernandez-Cara et al. in [6], whose main objective is to numerically compute 
a control that leads to a numerical approximation of the state from initial data 
prescribed exactly at zero, and who have also proposed numerical schemes. 
We also refer to Simpore and Tambue [22], who proposed a new numerical 
technique combining spatial discretization by finite differences-finite 
elements and temporal discretization by exponential integrator, illustrated by 
numerical simulations. They established the convergence of their numerical 
method and concluded their study with several numerical applications, 
effectively demonstrating the robustness and efficiency of their approach. It 
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is also worth noting that in the works of Courant et al. ([2] and [3]), it is 
established that the CFL (Courant-Friedrichs-Lewy) condition is a necessary 
requirement to ensure the convergence of a numerical scheme. This 
condition, which we have meticulously adhered to in our study, plays a 
fundamental role in the analysis of stability and consistency of numerical 
methods. 

The specificity of our numerical simulations, compared with other 
similar models, lies in the very structure of our approach. Unlike 
conventional models, which generally consider the first derivative in terms of 
age and time, or in terms of age, time and diffusion in terms of age, or even 
in terms of age, time and diffusion in terms of space for numerical 
simulations, our model simultaneously incorporates diffusion terms in both 
age and space, which makes numerical simulations of our model interesting. 
This particularity allows us to better capture complex phenomena and 
significantly enriches the dynamics represented. In this context, we propose 
various schemes and numerical simulations for our model. The main 
objective of this manuscript is to use the finite difference method to 
discretize the age (b) and space (x) variables, which will make it easier to 
obtain the matrix for the illustrative figures. At the same time, we establish 
the convergence of the method used, showing its consistency and stability. 
Our study is structured into three main sections. In the second section, we 
present the model along with the main results, including the discretization 
schemes and matrices used for graphical representations. Finally, in the last 
section, we provide detailed numerical illustrations to support our 
conclusions. This study builds upon the previous work of Ramdé et al. [17], 
has a particular emphasis on numerical aspects. 

Consider the locust population dynamics model presented in [17]: 
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(1.1)

where 

,,, xtby j   ,41 j  

representing, respectively, the density of eggs, larvae, females and males of 
age b at time t in a geographical position x in the locust domain: 

,,, xtTbj   ,41 j  

representing, respectively, the mortality rate of eggs, larvae, females and 
males of age b at temperature tT  in a geographical position x in the locust 

domain: 
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,,, xtTbj   21 j  

representing the transition function of stage j; it is, in fact, the rate of 

individuals of age b at temperature tT  of stage j which pass to stage 1j  

in a geographical position x of the domain and ,,,3 xtTb  is the egg-

laying rate: 

,,, xtTbv j  ,41 j  

representing the growth rate of individuals of age b at temperature tT  (at 

time t) of stage j in a geographical position x of the domain: 

,jB  ,41 j  

representing, respectively, the maximum age of individuals in stage jj ,,  

and  (sex ratio) which are positive constants and where .0t  The 

diffusion coefficient j  represents the effects of dispersion of individuals or 

the different movements of individuals in space. Note also that  is the 
Laplace operator with respect to x. 

The diffusion coefficient  represents the effects of dispersion or the 

various modifications in the organism of individuals during their 
development, 

,,0,0 jj B   ,41 j  

 is a non-empty bounded subset of nR  with .nR  

The boundary conditions and initial conditions are then expressed as 
follows: 
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(1.2)

with 0t  and ,.,,,, xtbyxtby jj  in which  represents the 

external normal. Here the following expression: 

jB
jjj dbxtbyxtTb

0
,,,,,  

where ,31 j  designates respectively the distribution of larvae, females 

and eggs newborn at time t in a geographical position x, with  

.1,,1,, 321  

We also have the following expression: 

2

0 22 ,,,,,1
B

dbxtbyxtTb  

which designates the distribution of male newborns, where  is the sex ratio. 
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Thus, for the mathematical analysis of our model, we make the following 
assumptions about the functions of the locust model: 

:1H  Growth functions xtTbv j ,,  are strictly positive and bounded, 

,41,,,,max,,min0 jxtbvxtTbvv jjjj  

and there are positive constants jA  such that 

.41,,,,,, jxtbAxtTbv jjjb  

:2H  The transition functions ,,, xtTbj  41 j  are also positive 

and bounded with respect to the age variable. 

:3H  The functions of mortality ,,, xtTbj  ,41 j  xtTbj ,,  

TBL j ,0,0  and are positive as well. 

:4H  The initial conditions jj BLxby ,0,0, 20  and are 

positive.  

:5H  The temperature function tT  is measurable. 

We recall that under these assumptions, we were able to prove the 
existence, uniqueness, positivity and regularity of the solution of (1.1) in 
[17]. 

2. Discretization of (1.1) and (1.2) 

In this section, we first reduce the partial differential equation (PDE) to a 
finite-dimensional system of the form: ,GYBYY  where B and G are 
matrix and Y is the finite-dimensional state vector. So, to solve (1.1)-(1.2), 
we use the finite-difference method on ,,0 jB  for .41 j  The 

discretization of (1.1), in space (dimension 1) and in age, is performed using 
the finite difference method on a rectangular grid ,,0,0 LB  where 

.,0 L  Thus, for a given rectangular grid Z with vertex ,, pl xb  with 
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nl1  and mp1  and a uniform step size (without loss of 

generality) ,b  the discretization step with respect to the age variable in the 
direction of b and x  the discretization step with respect to the space 
variable in the direction of x, we denote them by the grid diameter. We 
remind that the finite-difference method is the one that allows to pass from 
the continuous model to the discrete model by numerically performing the 
derivative operations involved in the continuous model. The finite-difference 
approximation of the aging term is given by 

,
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2
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2
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b

xtbyxtbyxtby

b

xtby plkplkplkplk  

with ,41 k  nl1  and .1 mp  
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k

pl
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with ,41 k  nl1  and .1 mp  

Similarly, we have 

,
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with ,41 k  nl1  and .1 mp  

Also,  

,
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b
yy

b
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with ,41 k  nl1  and .1 mp  

The finite-difference approximation of the diffusion term is given by 



Nestor RAMDE et al.  12 

,
,,,,2,,,,

2
11

2

2

x

xtbyxtbyxtby

x

xtby plkplkplkplk  

with ,41 k  nl1  and .1 mp  

Therefore 

,
2,,

2

1,,1,

2

2

x

yyy

x

xtby pl
k

pl
k

pl
kplk  

with ,41 k  nl1  and .1 mp  

We also have 

,
,,,,,, 1

x
xtbyxtby

x
xtby plkplkplk  

with ,41 k  nl1  and .1 mp  

Thereafter 

,
,, 1,,

x
yy

x
xtby pl

k
pl

kplk  

with ,41 k  nl1  and .1 mp  

Thus, with the discretization of age and space, we obtain 
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First, we reason with the age in (2.1), which gives the following (2.2): 
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Hence, (2.2) becomes the following (2.3): 
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Reasoning with space, we obtain from (2.1) the equation below:  
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(2.3) and (2.5) give the following matrix :1B  
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Now for the construction of the different birth matrix we note either ty pl,  

or ty pl
k
,  the approximation of plk xtby ,,  and 

,1,1
,,

mpnl
pl

k
pl

j tytY  

where pl
ky ,  is the position 1npl  or 1mlp , ,41 k  kB  

is the matrix of the mortality approximation, the diffusion approximation and 
the aging approximation. Therefore, the integral  

3

0 33
B

dby  

is approximated by 

1

1
33

3
0 33 ,,,,3

n

l
plpl

B
xtbyxtb

n
Bdby  
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2

,,,,00 333333 pp xtByBxty
 (2.6) 

Thus, reasoning in the same way as (1.1), we obtain, respectively, for the 
second, the third and the fourth equation: 
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We know previously that ,GYBYY  where B and G are block matrix 

constructed from the matrix of each equation in (1.1). Note also that Y is the 
vector. With this in mind, let us construct our birth matrix for equation 1 of 
(1.1). From (1.2) and (2.6), we have 
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Taking into account the births, we obtain the matrix 1G  of the equality 

resulting from equation (1) of (2.1) which will be given later. And by the 
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same reasoning as for equation (1) of (1.1) we obtain the matrix ,iB  with 

,42 i  which represents respectively the matrices of equations (2), (3) 

and (4). 

Now, we provide the representation of the birth matrices 321 ,, GGG  and 

.4G  

 

Figure 1. Matrix representing the renewal of the population of each stage. 

Finally, the global matrix of (1.1) is given by 
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3. Convergence 

To address the issue of convergence, we begin by returning to the 
discretization and approximation problem in order to determine the 
consistency error. To do this, let us assume that our solution jy  is of class 

4C  for all .41 j  

3.1. Consistency of the numerical scheme 

The notion of consistency is directly linked to the truncation error of a 
numerical scheme, that is the error made when discretizing derivative terms. 
This error is generated when we choose the order of precision of the 
discretization, that is to say that the term from which we neglect the rest of 
the limited development we have found. The error made by truncating terms 
from a certain rank (2, 3, 4, 5, 6, 7 and so on) is called the truncation error. 
A scheme is said to be consistent if this error decreases with the 
approximation step (b, x or t). Consistency characterizes the way in which 
the finite difference equation (FDE) approaches the partial differential 
equation (PDE). A numerical scheme of the exact FDE equation tends 
towards the PDE when the age, time and space discretization steps 
independently tend towards zero. The study of consistency then becomes a 
step in the study of the convergence of the numerical solution of the finite-
difference scheme to the exact solution of the equation. To do this, let us take 
a look at the order of consistency of our digital diagram. We can now state 
the following theorem. 

Theorem 3.1. Under the assumption that our solution jy  is of class 4C  

with ,41 j  our numerical scheme is consistent of order two in space 

and age and consistent of order one in time. 

Proof of Theorem 3.1. We reason with the first equation of (1.1). Using 
the formula of Taylor, it follows, respectively, for time, age and space that 

,,,,,,, 111 t
t

xtbyxttby
t

xtby
 (3.1) 
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with 
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this scheme is then both explicit and of order 1, 
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Subsequently, this scheme is also both explicit and of order 1, 
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in the following, this scheme is also both explicit and of order 1. In the same 
way as for the first derivative, we obtain using the formula of Taylor, for the 
second derivative respectively for time, space and age as follows: 
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with 

.;,;,; bbbbxxxxtttt  

Let us replace (3.1), (3.2), (3.3), (3.4), (3.5) and (3.6) obtained above in 
the first equation of (1.1) in order to obtain the consistency error. Recall that 
the first equation is 
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Therefore, we have 
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with xtbPE ,,  being the consistency error. 

Now with (3.7) we have the consistency error linked to space, which we 

denote by 2xPEx  which allows us to say that the numerical scheme is 

consistent of order 2 in space, here .,,
12
1

4
1

4
1

x
tby  The 

consistency error linked to age denoted by ,2bbPEb  which allows 

us to say that the numerical scheme is consistent of order 2 in age with 

4
1

4 ,,
12
1

b
xty  and .,,

2
1

2
1

2
1

b
xtybv  Also the time-related 

consistency error tPEt  allows us to say that the numerical scheme is 

consistent of order 1 in time with .,,
2
1

2
1

2

t
xby  After a number of 

computations that have enabled us to obtain the order of consistency of our 
numerical scheme, the final conclusion is that the numerical scheme is 
consistent of order 2 in space and age and consistent of order 1 in time. 

Finally, if we make 2,, bbt  and 2x  tend towards 0 in (3.8), then we 

deduce that the scheme is consistent for equation 1 of (1.1). In the same way 
as the reasoning for the first equation of (1.1), we show that equations 2, 3 
and 4 of (1.1) have their numerical schemes consistent of the same order. 

3.2. Stability of the numerical scheme 

Generally speaking, the stability of a numerical scheme is closely linked 
to the numerical error. The study of stability therefore makes it possible to 
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determine the amplification of errors committed by the numerical scheme. A 
numerical scheme is stable if the errors made at one computation time step do 
not increase the errors as the computation continues. On the other hand, if the 
errors increase with each iteration, then the scheme is said to be unstable. It 
should also be noted that the stability of a numerical method is a key aspect 
to consider when ensuring that the solutions produced are reliable and 
accurate. There are various criteria and methods for analyzing and ensuring 
stability, depending on the type of problem to be solved. Now let us talk 
about the domain stability condition. 

In the case of our numerical scheme, we choose as a stability condition, 
to impose that the vector of approximate solutions be preserved or decreased 
in norm over time. In clearer terms, this means that by choosing this 
condition, we ensure that the numerical errors introduced by the scheme will 
not cause the solution to explode, which is crucial to ensure that the scheme 
remains faithful to the real solution of the problem. 

Now let us give the following theorem. 

Theorem 3.2. Let us assume the following restriction: 

,
max

1

2241
jj

jj

j xbb
v

t  (3.9) 

where jj ,  and jv  representing respectively the mortality rate, the 

transition function, and the growth rate of individuals. Here 
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jj QQ R  Thus, under the 
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CFL (Courant-Friedrichs-Lewy) stability condition, our numerical scheme is 
stable. 

Proof of Theorem 3.2. The discretization of a complete equation in (1.1) 
generally gives us the following numerical scheme: 
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with ni1  and .41 j  

From (3.10) we obtain 
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We remark that, the stability of our numerical scheme depends on the values 

of the parameters i
j

i
jj

i
jv ,,,,  as well as the discretization steps 

.,, xbt  This means that to ensure the stability of our numerical 

scheme, the time step t  as well as i
j

i
jj

i
jv ,,,,  must be sufficiently 

small compared to the space and age steps. Therefore, starting from (3.11) 
we have 

  .122 11
1 i

j
i
j

i
j

i
j yhgyhgrydhgry  (3.12) 

Recall that 1i
jy  is written as a convex combination of the three values 

i
j

i
j yy ,1  and .1

i
jy  Using the assumptions 
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1122 hghgrdhgr  (3.13) 

and  
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hgr
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 (3.14) 

with the various calculations, we obtain 

10,10,10 hgr   and  .1d  

Thus, taking into account the previous calculations, we get 

1;1;1 22 x
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i
j  and .1i
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jtd  

Moreover, the assumption (3.9) leads to 

.1

22 jj
jj

xbb
vt  

In conclusion, our CFL stability condition is verified, which guarantees 
the stability of our numerical scheme. 

Proposition 3.1. Let us assume that the conditions of Theorem 3.1 and 
Theorem 3.2 are satisfied. Then according to Lax’s theorem, we have 
convergence of our numerical schemes. 

Proof of Proposition 3.1. According to Lax’s theorem, convergence is 
achieved since our numerical scheme satisfies the conditions of consistency 
and stability, in accordance with the assumptions of Theorems 3.1 and 3.2, 
thereby ensuring convergence. 

4. Numerical Illustrations 

For the simulation, we first present the initial conditions for eggs, larvae, 
females and males: 
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Figure 2. Initial conditions for eggs, larvae, females and males. 

Figure 2 illustrates the variation of the densities of eggs, larvae, females, 
and males with respect to age and space, highlighting zones of optimal 
density. These visualizations provide valuable insights into population trends 
and behaviors, thereby supporting informed decision-making for species 
management. In particular, we observe that the densities of eggs 1y  and 

larvae 2y  are zero at the initial state indicating that neither eggs nor larvae 

are present. 

We now present various diagrams showing the evolution of the number 
of eggs, larvae, and egg-laying events over time. These diagrams help 
illustrate the different numerical schemes. To do this, we consider ,j  

.31 j  

For egg-laying 

,1
2

0
3 w

bbkb  with ,1k  3w  and .30b  
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Figure 3. Curve representing the egg-laying rate b3  of locusts as a 

function of age b. 

The graph shows that the locusts’ egg-laying rate is low at a young age, 
peaks at 3 month, and then decreases with age, reflecting their optimal 
reproduction period. 

For the eggs 
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for representation, we take 02.3,1,1 dsk  and .11n  
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Figure 4. Curve representing the age distribution b of the eggs density 
.1 b  

This figure illustrates the evolution of the stock of eggs already present 
in the soil. During the first 1 month, they remain in incubation with no 
significant hatching. Between 1 and 2 month, hatching begins and reaches a 
peak around month 2, before gradually slowing down. After 4 month, most 
of the eggs have hatched, and by 6 month, they have almost completely 
disappeared. The curve thus highlights a stable incubation phase, followed by 
progressive hatching, until the complete depletion of the egg stock. 

For larvae 
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for representation of larvae: 03.4,2.1,1.0 dsk  and .5.02n  
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Figure 5. Curve representing the age distribution b of the larvae density 
.2 b  

This figure illustrates the development of locust larvae. From 3 to 4 
month, their population gradually increases, reaching a peak at 4 month, 
when most of the eggs have hatched. It then declines sharply due to natural 
mortality and the transition to the nymph stage. By 6 month, the larvae have 
almost disappeared, marking the completion of the transition to the next 
stage. The initial conditions are set as follows: 

,2,
22 7.225.05.315.00 xb

j exby  with ,41 j  

which will be used in the calculations. The mortality functions ,j  

,41 j  are expressed as follows: 

41,08,01
1

1, 2810
jx

e
xb

bj  

and the growth functions ,jv  41 j  are expressed by ;5.11v  ;5.12v  

;223v  .224v  

Example 4.1. So for the simulation of the states 321 ,, yyy  and 4y  of 

our system we consider 
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We now present a series of figures showing the evolution of system at 
various time steps.  

 

Figure 6. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,1t  highlighting the behavior in terms of the 

convergence of the numerical scheme. 

These figures show that at time ,1t  a coherent dynamic of the desert 

locust life cycle is observed: a recent deposition of eggs 1y  in a specific 

area indicates the beginning of oviposition by adult females ,3y  attracted 
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by favorable environmental conditions. The first hatchings give rise to larvae 
,2y  still localized, reflecting an ongoing egg-to-larva transition. The 

females, either from a previous generation or having quickly reached 
adulthood, are present in the same areas as the eggs, confirming their 
reproductive role. Finally, the males ,4y  also concentrated in these 

regions, ensure a gender balance conducive to effective reproduction, 
illustrating the species typical gregarious behavior. 

 

Figure 7. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,4t  highlighting the behavior in terms of the 

convergence of the numerical scheme. 

These figures reveal a progressive transition toward hatching: the slight 
decrease in egg density 1y  in certain areas indicates their progression to the 

larval stage. This phenomenon is accompanied by a spatio-temporal shift for 
the larvae ,2y  which emerge precisely in the regions where eggs were 

initially concentrated. At the same time, a gradual decrease in the density of 
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adult females 3y  and males 4y  can be observed, spreading in the 

direction of increasing age, which reflects the natural progression of the 
population dynamics. 

 

Figure 8. Evolution of the eggs ,1y  larvae ,2y  adult females ,3y  and 

adult males 4y  for ,6t  highlighting the behavior in terms of the 

convergence of the numerical scheme. 

At ,6t  the figures show a logical and gradual transition from eggs to 

larval stages and then to adulthood. A progressive decline in egg density is 
observed, due to either hatching or mortality. Simultaneously, the larvae 
reach a peak in density before decreasing as they mature into adults or die. 
Finally, the density of adult locusts (both females and males) gradually 
decreases as a result of aging and natural mortality. 
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Figure 9. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,9t  highlighting the behavior in terms of the 
convergence of the numerical scheme. 

Figure 9 shows that at time ,9t  a large portion of the eggs have 
already hatched, resulting in a relatively high larval density. These larvae 
continue to develop while moving through space. However, a gradual 
decrease in their density is observed, suggesting that mature larvae either 
transform into adult individuals (females or males) or die. As for the females 
and males, their population decreases with age, indicating a progressive 
disappearance due either to natural death or to migration out of the observed 
area. 

 
Figure 10. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,19t  highlighting the behavior in terms of the 
convergence of the numerical scheme. 
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Figure 10 shows that at time ,19t  the density of eggs is extremely low 

or nearly zero, indicating the end of the incubation phase. A similar pattern is 
observed in the larvae, reflecting their transition to adult stages. Females and 
males, whose densities were nearly null just before this point, begin to 
reappear, signaling the resumption of their life cycle. This temporary 
disappearance may be due to natural mortality of the first adults or their 
movement outside the modeled area. Their reappearance marks the 
emergence of new adults from maturing larvae. This behavior is typical of 
age-structured populations, where different cohorts evolve at different rates, 
illustrating a generational succession in a dynamic environment. 

The numerical schemes proposed above, evaluated at different given 
times, satisfy the convergence criteria by simultaneously ensuring 
consistency (through high-order discretizations) and stability (guaranteed by 
the CFL condition). The 3D simulations performed validate the proposed 
model by reproducing dynamics consistent with the initial biological 
assumptions and confirming the reliability of the theoretical and numerical 
approaches employed. Furthermore, let us recall that (3.9), which represents 
our CFL condition, implies that a CFL value greater than 1 leads to a loss of 
stability in our simulations. In some cases, this can even result in divergence 
or explosive instability in the figures, thereby compromising their accuracy 
and preventing convergence. 

In what follows, we present a few illustrative examples of situations 
where the CFL condition is not satisfied, leading to divergence in our 
numerical schemes. 

Example 4.2. In order to simulate the states 321 ,, yyy  and 4y  of our 

system, we take into account: 



Numerical Analysis of a Four-stage Age-structured Population …  33 

.500;500;100;100

,10or,2

,
10
7,

10
7,200,10

,7,6,5

,10

,20,10

4321

4321

5
4321

5

vvvv

CFLCFL

xbnTT

BBBB

n

 

 

Figure 11. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,1t  highlighting the divergence behavior of the 

numerical scheme. 
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Figure 12. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,5t  highlighting the divergence behavior of the 

numerical scheme. 

 

Figure 13. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,9t  highlighting the divergence behavior of the 

numerical scheme. 
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Figure 14. Evolution of the eggs ,1y  larvae ,2y  adult females 3y  and 

adult males 4y  for ,10t  highlighting the divergence behavior of the 

numerical scheme. 

The figures clearly show that, if the Courant-Friedrichs-Lewy (CFL) 
condition is not satisfied in our case, numerical errors grow instead of 
dissipating. More precisely, if t  is too large compared to b  or ,x  then 
the terms g and h, or r, exceed their critical threshold. This leads to an 
exponential growth of errors, thereby compromising the stability of the 
scheme. Moreover, if the initial and boundary conditions are not properly 
implemented, then the scheme becomes unstable. Consequently, convergence 
cannot be guaranteed, thus rendering the numerical results unreliable. 

Now let us make a global interpretation of the states: 

Our codes model the population dynamics of locusts through different 
stages of their life cycle. Each sub-figure presents a key stage (egg, larva, 
adult female and adult male) with population density as a function of age and 
space. This allows us to observe how the population disperses or 
concentrates geographically, and how biological interactions (growth, 
diffusion, mortality) influence these populations. Our figures can be used to 
understand overall locust population behavior, which is important in the 
study of locust ecology and invasion control. 
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5. Conclusion 

Starting from a population dynamics model of insect pests (locusts) 
structured in age, time and space, we were able to show the existence and 
uniqueness, the positivity of the solution in one of our papers [17] and now 
we continue the study by highlighting the numerical aspect using the finite 
difference method in this paper. We also note that in this manuscript 
convergence has been studied highlighting consistency and stability and 
various illustrations of schemes are given. 
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