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Abstract

In this article, we develop a two-step Runge-Kutta method of order 5

that depends on a free parameter ag 3 to solve ordinary differential

equation. For ag 3 = 6/7, the two-step and one-step methods of order
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5 of Butcher are found. An estimation of the error of this two-step
method is proposed, and the comparison of the stability region with
that of the one-step method is made.

1. Introduction

The Runge-Kutta method is one of the most widely used methods for
solving ordinary differential equations. Several single-step methods have
been proposed (see literatures [1-9]). However, extending the study of these
methods with one-step by the development of two-step methods is not fully
presented in the literature. Proposing two-step methods as well as an
estimation of the error and their stability pose challenges for scientific
research. Khashin has already explored in his article [7] a two-step method
of order 4 as well as an estimate of the error. To do this, Khashin presented
this two-step method as a one-step method of order 4 with 9 stages.
However, Khashin did not study the stability of this two-step method. The
two-step Runge-Kutta method of order 5 with the study of its absolute
stability is not explained in the literature. We know that the higher the order
of the method, the more accurate it is. Therefore, we will go beyond the
method of order 4 proposed by Khashin to explore a two-step method of
order 5 by including the study of absolute stability. Proposing two-step
methods for methods of order p > 5 is a real complexity problem to solve,
given the number of evaluations to be calculated. Thus the two-step method
of order 5 can be seen as a one-step method of order 5 with 13 stages. In
addition to numerous evaluations to compute, the stability regions of two-
step methods are not completely explored in the literature. In our work, we
deepen the study of the one-step Butcher’s method of order 5 by calculating
a two-step method. To do this, a new one-step method of order 5 is proposed,

depending on the parameter ag 3. For ag 3 = 6/7, we find the one-step

Butcher’s method of order 5. The two-step method is found by performing

the evaluations ki, ..., k3. An estimate of the error is found by taking the

difference of two numerical solutions. We study the regions of stability and
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show that under certain conditions, the stability region of the two-step

method can be better compared to that of the one-step method.

Our work follows the following plan: In Section 2, the new family of
methods of order 5 is proposed. The two-step method of order 5 is
constructed in Section 3. In Section 4, an error estimation is provided.
Afterwards, the stability region and accuracy of the two-step method is
compared to that of the one-step method in Section 5. The conclusion is

finally given in Section 6.
2. A New Fifth Order Runge-Kutta Method

Let us consider the following Cauchy problem:

D sy, A= @

A Runge-Kutta method of order 5 allows us to compute an

approximation y,,; of ¥(¢,,1) from y, = y(z,) with a step 4 such that:

Ynel = Vn + hq)(tnv Yns h), (2.2)

where @ is a linear combination of the evaluations of f at intermediate

points. The local error is then:

Wtws1) = Vi1 = Ch® + O(h7), (2.3)

To find the coefficients of the new method of order 5, we use the 17

equations of Runge-Kutta method of order 5 below (see literatures [2, 4, 5]):

s s B l s 2 l

E ibi =1 E ibici =5 E il bici = 3> (2.4)
s _ 1 . K 3 l s _ l

E i,j:l bl-al-jcj = g, i:lbici = 4 ) E i,j:l bl-cl-al-jcj = 8, (25)

s 2 1 . K _ i
Dy PG = T30 Dy B = g (26)
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Ly 1

Zi:1bicf =33 Zi,j 1bc 4Gicj = 1o (2.7)

ZS ba;ic a;.c - L. ZS b;c;a; cz—i (2.8)
A R A L D T LA b b AV T '

ZS bicia;a jxc L. ZS bagcd = A (2.9
i, j k=1 PRk T30 i, j=1""0" 720 '

ZS biajc;ajic L. ZS bia;a . ct _ L (2.10)
i, j, k=1 Tk = 40> i, j k=1 1HEIRTk =0 '

> b, ! 2.11
i jok1=1 4TGRO = 150 @10

We solve these 17 equations by using Maple 18 and obtain all the
coefficients of the new method of order 5. The identical coefficients to those

of the Butcher’s method not dependent on ag 3 are:

T o pao 0., 2, 16, T
bi=g5s b2=0; by=75 by =135 bs =555 be=g5;  (2.12)
1 1 1 3
C=gs 3= =55 s=55 =1 (2.13)
1 1 1
a1 =75 431 =g 432 =35 (2.14)
3 9
ag,1 =05 a5 =163 as4 =g (2.15)
3 12 8
a6,1=—72 06,4=—7; a6,5=7. (2.16)

The other coefficients identical to those of the Butcher method (see

literature [2]) depending on the coefficients ag 3 are as follows:

1 7 7
44,2 =5 =75 %,3> 44,3 = 75 96,3 (2.17)
7 3 7
(15’2 = —3/4+E(l6’3; (15,3 :Z—E(l@:;, (218)

(16’2 = 2—(16’3. (219)
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The numerical solution is given by

7, 16, 2. 16, 7 k6j9 2.20)

V1 =y0+h(90k1+4—5k3 +Ek4 +4—5k5 +%

where
kl = f(XO’ yO)’

ky = f(xo +%h, Yo + haz,lkl),

ky = f(xo +%h, Yo + haz 1k + has,zkzj,

k4 = f(XO + %h, Yo t ha4,1k1 + ha4’2k2 + ha4’ 3k3),

kS = f(xo + %h, Yo t has’ lkl + has’zkz + h61573k3 + hCZS’ 4k4j,

k6 = f(XO + h, Yo t ha6’ lkl + ha6’ 2k2 + ha6’ 3k3 + ha6’ 4k4 + ha6’5k5).

2.21)

Note that for ag 3 :g, we obtain the Butcher method. We can

recapitulate the two methods by Butcher’s tables:

Table 1. Runge-Kutta method of order 5 dependent of a3

0
1/4 1/4

1/4 1/8 1/8

1/2 0 1/2 - Tag3/12 Tags/12

3/4 | 3/16  -3/4+7Tag /16 3/4—Tag3/16  9/16

1 —3/7 2 —ag3 ag3 —12/7 8/7

7/90 0 16/45 2/15  16/45  7/90
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Table 2. Butcher method of order 5 (ag3 = 6/7)

0
1/4 1/4
1/4 1/8 1/8
1/2 0 0 1/2
3/4 3/16 -3/8 3/8 9/16
1 -3/7 8/7 6/7 -12/7 8/7
7/90 0 16/45 2/15 16/45 7/90

3. Construction of Two Steps Fifth Order Method

According to the construction of the two-step method of order 4
proposed by Khashin which is seen as a one-step method with 9 stages given
by the following table [7]:

Table 3. Two-step Runge-Kutta method of order 4

0
9 az]
3 az1  azp
¢4 ag)  ag  as3
1 by by b3 by
l+cy | by by b3 by ay
l+ez | by by b3 by a3 a3y
l+ecq | b by by by aqy  agy  ag3
2 by by by by by by by by
d dy dy dy ds dg dy dg dy

According to Table 3, we built in the same way a two-step method of
order 5 which can be viewed as a one-step method of order 5 with 13 stages
according to the following Butcher’s table with

7 =1 08=1+C‘2; C9=1+C‘3; C10=1+C‘4, (31)

1 =1+C‘5; &)) =1+C6; Cl3 = 2. (32)
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Table 4. Two-step Runge-Kutta method of order 5

0

¢ | az

c3 a3 a3

C4 |ag1 agy ag3

¢s |as) asy as3 asq

C6 | a61 @2 d63 de4 65

c7 | bt by b3 by bs  bg

g | b by b3 by bs bg ay

co | by by by by bs bg a3 a3

cio| bt by by by b5 bg agr ag a4z

cn| b by b3 by b5 bg asy asy as3 as4

cz | by by b3 by b5 bg agl agy ae3 as4  des

caz| b by by by bs b b by by by b5 bg
dy dy d3y d4 ds deg d7 dg d9 djg dyy dip di3

The numerical solution is given by

Yo =)o+ h(dlkl + d2k2 + d3k3 + d4k4 + d5k5 + d6k6 + d7k7 + dgkg

ki, ..., kg are given in (2.21). x; = x5 + h and

+dokg + dyokio + dyky) + dyokyy + di3ki3), (3.3)

k7 = f(XO + C7h, Yo t hblkl + hb2k2 + hb3k3 + hb4k4 + hb5k5 + hb6k6)’

= f(xla yl)a

k8 = f(x() + Cgh, Yo t hblkl + hb2k2 + hb3k3 + hb4k4

= f(x; + cah, y + hay 1k7),

+ hb5k5 + hb6k6 + ha2’1k7),

(3.4)

(3.5)
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k9 = f(xl + C3h, »t ha3’1k7 + ha3’ 2k8)9 (36)

kio = f(x1 + cah, y1 + hag 1k + hay 2kg + hay 3ko), (3.7
kiy = f(x + esh, yi + has 1k + has ykg + has 3kg + has 4kyp),  (3.8)
kip = f(x1 + coh, y1 + hag 1k + hag kg + hag 3ko

+ hag 4kio + hag skiy), (3.9)
kiz = f(x + hy vy + hbky + hbykg + hbsk + hbgkyg

+ hbskyy + hbghs)- (3.10)

To find the coefficients d;, we solve the 17 equations with Maple 18

and find the coefficients d;, some of which depend on ag;3.

4. Error Estimation in the Two-step Butcher Method

Consider a Runge-Kutta method of order p. The local error is defined by
E(h) = y(ty + h) — y,, where y, is the approximate value after a step A.

Theoretically,
E(h) = ChPH + O(hP*2) ~ ChP . (4.1)
So
Wt + h) = yy = CRP £ O(WP*2). (4.2)
Let us consider a second numerical approximation Y, of y(#; + h). Then
Wty + h) =Yy = CohPH + O(hP*2). (4.3)
(4.2) and (4.3) give

Yy - yy = (C) = C)hP* = (Cy - o) E(h)/Cy = KE(h). (4.4)
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The error is proportional to the difference of the numerical

solutions Y, — y, which can be used to estimate the error. Empirically,
E(h) = Y = ys.

To find an estimation of the error of this method with a two-step order 5,

let us find using the software Maple 18 the coefficients dy, ..., dj3 of the
form d; = b; + B; with i =1, ..., 13 and

b= (bz) = (bla bZ’ b3’ b4’ bS’ b6a 0,0,0,0,0,0, 0)’

7 9 16 2 3
dl 90 32 dll’ d2 0 d3 = 45 + dll’ d4 = E—gdll; (45)
16 7 35 205
dS 45 3dll’ d6 90 32 dll’ d7 32 dll’ d8 0; (46)
3 21 15
dg = =3dy13 dyg = —gdi; dig = 35d1s diy = —{cdir- 4.7)
The coefficients B; are
Bl = ——dii: By = 0:By =dyy: Ba=—d: (4.8)
1 32 11> 2 — Y, W3 11> 4 ] 11> .
35 205
Bs ==3d11; Bg =-35dis By =35 dis By =0; (4.9)
3
By ==3dy; By =-gdiis Bip = 32 dn, Bz = 16 dn (4.10)

An estimate of the error & of two-step Runge-Kutta method of order 5

forall dy; # 0 is given by

13
S=h Zizlﬁ,-k,- (4.11)
d=nh 'dll(_9k1/32+ k3 —3k4/8 —3k5 —35k6/32 + 205k7/32 —3k9

—3k10/8+k11 +21k12/32—15k13/16) (412)
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By taking ag 3 = 6/7, we find an estimate of the error of Butcher’s method

of order 5.

5. Comparison of the Stability Regions and Accuracy
of One-step and Two-step Methods

Let R; be the one-step stability function and R, be the two-step stability
function. To find the stability functions R; and R,, we use the following

Dahlquist equation:
u'(¢) = Au(r). (5.1
Let us use (2.13), (3.4)-(3.10) and (5.1) to obtain

k, —K(leth ag, ; Jj (5.2)

Here s =2,6 for the one-step method and s = 2,13 for the two-step

method. This gives us the method for one-step

Vis1 = Ri(hh)y; (5.3)
and for the two-step method, we obtain
Yie1 = Rp(h) y;. (5.4)

Let z = h\. Then we find R; and R, by using the software Maple 18:

_ 12 13 1 4 1 s 7 6.
Rl(z)—1+z+2z T Yo7 Y107 T egg 96,37 (5.5)
Ry(z) = Ry(z) + 1(2), (5.6)

where

_(_105 b g T
v(z) = ( 2006 1196,3 + Tog dllj oz 411z

7 5 1 9
+( 8192 963 * 3072)‘1“ * 15360 117
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7 _ 1 10
+(491520 .3 15360)01“2

+(L2

- S AR S e §
2621440 “6:3 T 122880 “6:3 ~ 15360 )1
147 7 >

+( 20971520 %63 ~ 291520 %,3jduz

4 2 13
62914560 “6.3%117 -

(5.7)
We can notify that if dj; =0, then Ry(z) = Ry(2). For ag 3 = 6/7, we

find the stability functions of the Butcher’s method of order 5 with one-step

and two steps. The absolute stability regions for one-step and two-step
methods are, respectively, the following regions:

{zeC |R(2)| <1},

(5.8)
{zeC,

Ry(z)| < 1} (5.9)
We now compare using GNU Octave (GUI), the stability regions of the
two-step Butcher method to those of the one-step method. We obtain some

representations of the stability regions given by Figures 1 to 10 below:
Contours of Stability Regions |[R(z)| < 1 with d[11] = 1/300

Contours of Stability Regions |R(z)| < 1 with d[11] = 1/700
[==] sutcHer Two sTEP
[==] surcHer oNE STEP

[==] sutcHer TWO sTEP
sk

[==] sutcHER ONE STEP

Im(z)

5
Re(z)
Figure 1

Figure 2

49
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Contours of Stability Regions |R(z)| < 1 with d[11] = 1/100

[==] sutcHer Two sTEP

[==] sutcHER ONE STEP

0
Re(2)

Figure 3

Contours of Stability Regions |R(z)| <1 with d[11] =1

[==] eutcHer Two sTEP

[==] sutcHer ONE sTEP

Figure 5

Im(2)

Im(z)

Contours of Stability Regions [R(z)] < 1 with d[11] = 1/50

BUTCHER TWO STEP
BUTCHER ONE STEP

Figure 4

Contours of Stability Regions |R(z)| < 1 with d[11] =-1

[=] sutcHerwo sTEP

[==] surcHer one sTep

Re(z)

Figure 6
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Contours of Stabllity Regions [R(z) <1 with d[t1] =-1/100 Contours of Stability Regions R(z)| < 1 with d[11] = -1/50
[=2] autcHerTwo sTe? [=2] BuTCHERTWO STEP

[=2] aurcHeronesTeP (=] BUTCHER ONE STEP
5 _— 5H !

¢

N N
E 0= E 0
[
.
il
5.~ = =
\ \ | | |
5 0 5 -5 0 5
Re(z) Re(z)
Figure 7 Figure 8
Contours of Stability Regions |R(z)| < 1 with d[11] =-10 Contours of Stability Regions |R(z)| < 1 with d[11] =10
[==] sutcHER TWO STEP [=2] sutcHer wo sTep
[==] sutcHeroNE STEP [==] surcrer one sTep
5 5 ——————
o
°
T,k 5 B ol
E° E0
°
o]
5 - 5 -
1 L ! \ L !
5 0 5 5 0 5
Re(z) Re(2)
Figure 9 Figure 10

51

k
Ri(z) = 22:0% corresponds exactly to the development of the

exponential up to order 6. R,(z) takes up exactly all the terms from R;(z),
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plus correction terms depending on dj;. These corrective terms appear in

high powers (from 2% to 213) and are proportional to d;;. Some of these

corrective terms dampen the amplification in large negative values of z. For
large negative values of z, the series Rj(z) diverges very rapidly. On the

other hand, in Ry(z), the terms from z’ to z'>

, with alternating signs and a
factor dy, help to mitigate this divergence. In other words, the modulus
| R(z)| remains closer to 1 or less than 1 over a larger region of the complex

plane, particularly on the negative real axis, which enhances stability. By

choosing for example dj; € ]0; 1], the stabilizing terms are not too strong

(which would prevent an overreach or artificial instability), but they are
sufficient to widen the stability area on the negative axis. The stability

region for R, is larger and encompasses more of the negative real axis than

that of R;.

Let us take a simple example to compare the errors of the one-step and
two-step methods. For this, let us take the differential equation as an

example ' = —y, )'(0) = 1. The exact solution of this differential equation

is y(x) = e *. Using the software Maple 18, let us evaluate the local error

of the one-step and two-step methods by taking an example dj; = €1

50
Local error
Value of x; Exact value 1
One-step Two-step: di| = ==
50
0.2 0.8187307531 | 1.07798185867-10™° | 4.7798185867 -10~°
0.4 0.6703200460 | 1.73563930074-107° | 8.3563930074 -10°
0.6 0.5488116361 | 2.19402643263-1070 | 9.9402643263-10~°
0.8 0.4493289641 | 2.31722159143-107° | 101722159143 -107°
1 03678794412 | 2.37144232160-10™° | 1.07144232160-107°
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For this example, the two-step method provides a better local error than

the one-step method.

6. Conclusion

A new Runge-Kutta method of order 5 for solving ordinary differential
equations has been proposed. This method depends on the coefficient ag 3.
For ag 3 = g, we find one-step Butcher’s method of order 5. The two-step
method from this family of methods of order 5 is given. An estimate of the
error is provided. The stability function of this two-step method depends on
the free parameter dj;. It is shown that for different values of d;, the
stability region of the two-step method is better compared to that of the one-
step method. However, if we take dj; <0 and dq; > 1, then the stability
region of the one-step method is better compared to that of the two-step
method. By taking d;; = 0, the method is reduced to a one-step method of
order 5 with 6 stages. With the help of a very simple example, we verify that
the two-step method provides a better local error than the one-step method.
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