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A TWO-STEP FIFTH ORDER RUNGE-KUTTA METHOD 

 

 

Abstract 

In this article, we develop a two-step Runge-Kutta method of order 5 

that depends on a free parameter 3,6a  to solve ordinary differential 

equation. For ,763,6 a  the two-step and one-step methods of order 
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5 of Butcher are found. An estimation of the error of this two-step 

method is proposed, and the comparison of the stability region with 

that of the one-step method is made. 

1. Introduction 

The Runge-Kutta method is one of the most widely used methods for 

solving ordinary differential equations. Several single-step methods have 

been proposed (see literatures [1-9]). However, extending the study of these 

methods with one-step by the development of two-step methods is not fully 

presented in the literature. Proposing two-step methods as well as an 

estimation of the error and their stability pose challenges for scientific 

research. Khashin has already explored in his article [7] a two-step method 

of order 4 as well as an estimate of the error. To do this, Khashin presented 

this two-step method as a one-step method of order 4 with 9 stages. 

However, Khashin did not study the stability of this two-step method. The 

two-step Runge-Kutta method of order 5 with the study of its absolute 

stability is not explained in the literature. We know that the higher the order 

of the method, the more accurate it is. Therefore, we will go beyond the 

method of order 4 proposed by Khashin to explore a two-step method of 

order 5 by including the study of absolute stability. Proposing two-step 

methods for methods of order 5p  is a real complexity problem to solve, 

given the number of evaluations to be calculated. Thus the two-step method 

of order 5 can be seen as a one-step method of order 5 with 13 stages. In 

addition to numerous evaluations to compute, the stability regions of two-

step methods are not completely explored in the literature. In our work, we 

deepen the study of the one-step Butcher’s method of order 5 by calculating 

a two-step method. To do this, a new one-step method of order 5 is proposed, 

depending on the parameter .3,6a  For ,763,6 a  we find the one-step 

Butcher’s method of order 5. The two-step method is found by performing 

the evaluations ....,, 131 kk  An estimate of the error is found by taking the 

difference of two numerical solutions. We study the regions of stability and 
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show that under certain conditions, the stability region of the two-step 

method can be better compared to that of the one-step method. 

Our work follows the following plan: In Section 2, the new family of 

methods of order 5 is proposed. The two-step method of order 5 is 

constructed in Section 3. In Section 4, an error estimation is provided. 

Afterwards, the stability region and accuracy of the two-step method is 

compared to that of the one-step method in Section 5. The conclusion is 

finally given in Section 6. 

2. A New Fifth Order Runge-Kutta Method 

Let us consider the following Cauchy problem: 

    .,, 00 ytyytf
dt

dy
  (2.1) 

A Runge-Kutta method of order 5 allows us to compute an 

approximation 1ny  of  1nty  from  nn tyy   with a step h such that: 

 ,,,1 hythyy nnnn   (2.2) 

where   is a linear combination of the evaluations of f at intermediate 

points. The local error is then: 

   .76
11 hChyty nn O   (2.3) 

To find the coefficients of the new method of order 5, we use the 17 

equations of Runge-Kutta method of order 5 below (see literatures [2, 4, 5]): 

 
s

i ib ;1     
s

i iicb ;
2

1
    


s

i iicb1

2 ,
3

1
 (2.4) 

 

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;
6
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1,
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1
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,
24
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 


s

i iicb1

4 ;
5

1
    


s

ji jijii cacb
1,

2 ,
10

1
 (2.7) 

 


s

kji kikjiji cacab
1,,

;
20

1
    


s

ji jijii cacb
1,

2 ,
15

1
 (2.8) 

 


s

kji kjkijii caacb
1,,

;
30

1
    


s

ji jiji cab
1,

3 ,
20

1
 (2.9) 

 


s

kji kjkjiji cacab
1,,

;
40

1
    


s

kji kjkiji caab
1,,

2 ,
60

1
 (2.10) 

 


s

lkji lkljkiji caaab
1,,,

.
120

1
 (2.11) 

We solve these 17 equations by using Maple 18 and obtain all the 

coefficients of the new method of order 5. The identical coefficients to those 

of the Butcher’s method not dependent on 3,6a  are: 

;
90

7
;

45

16
;

15

2
;

45

16
;0;

90

7
654321  bbbbbb  (2.12) 

;1;
4

3
;

2

1
;

4

1
;

4

1
65432  ccccc  (2.13) 

;
8

1
;

8

1
;

4

1
2,31,31,2  aaa  (2.14) 

;
16

9
;

16

3
;0 4,51,51,4  aaa  (2.15) 

.
7

8
;

7

12
;

7

3
5,64,61,6  aaa  (2.16) 

The other coefficients identical to those of the Butcher method (see 

literature [2]) depending on the coefficients 3,6a  are as follows: 

,
12

7
;

12

7

2

1
3,63,43,62,4 aaaa   (2.17) 

,
16

7

4

3
;

16

7
43 3,63,53,62,5 aaaa   (2.18) 

.2 3,62,6 aa   (2.19) 
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The numerical solution is given by 

,
90

7

45

16

15

2

45

16

90

7
6543101 




  kkkkkhyy  (2.20) 

where 

 ,, 001 yxfk   

,,
4

1
11,2002 




  khayhxfk  

,,
4

1
22,311,3003 




  khakhayhxfk  

,,
2

1
33,422,411,4004 




  khakhakhayhxfk  

,,
4

3
44,533,522,511,5005 




  khakhakhakhayhxfk  

 ., 55,644,633,622,611,6006 khakhakhakhakhayhxfk   

 (2.21) 

Note that for ,
7

6
3,6 a  we obtain the Butcher method. We can 

recapitulate the two methods by Butcher’s tables: 

Table 1. Runge-Kutta method of order 5 dependent of 63a  

0       

41  41       

41  81  81      

21  0 12721 63a  127 63a     

43  163  16743 63a  16743 63a  169    

1 73  632 a  63a  712  78   

 907  0 4516  152  4516  907  
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Table 2. Butcher method of order 5  7663 a  

0       

41  41       

41  81  81      

21  0 0 21     

43  163  83  83  169    

1 73  78  76  712  78   

 907  0 4516  152  4516  907  

3. Construction of Two Steps Fifth Order Method 

According to the construction of the two-step method of order 4 

proposed by Khashin which is seen as a one-step method with 9 stages given 

by the following table [7]: 

Table 3. Two-step Runge-Kutta method of order 4 

0          

2c  21a          

3c  31a  32a         

4c  41a  42a  43a        

1 1b  2b  3b  4b       

21 c  1b  2b  3b  4b  21a      

31 c  1b  2b  3b  4b  31a  32a     

41 c  1b  2b  3b  4b  41a  42a  43a    

2 1b  2b  3b  4b  1b  2b  3b  4b   

 1d  2d  3d  4d  5d  6d  7d  8d  9d  

According to Table 3, we built in the same way a two-step method of 

order 5 which can be viewed as a one-step method of order 5 with 13 stages 

according to the following Butcher’s table with 

,1;1;1;1 41039287 ccccccc   (3.1) 

.2;1;1 13612511  ccccc  (3.2) 
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Table 4. Two-step Runge-Kutta method of order 5 

13121110987654321

65432165432113

656463626165432112

5453525165432111

43424165432110

32316543219

216543218

6543217

65646362616

545352515

4342414

32313

212

0

ddddddddddddd

bbbbbbbbbbbbc

aaaaabbbbbbc

aaaabbbbbbc

aaabbbbbbc

aabbbbbbc

abbbbbbc

bbbbbbc

aaaaac

aaaac

aaac

aac

ac

 

The numerical solution is given by 

 887766554433221102 kdkdkdkdkdkdkdkdhyy   

,131312121111101099 kdkdkdkdkd   (3.3) 

61 ...,, kk  are given in (2.21). hxx  01  and 

 ,, 6655443322110707 khbkhbkhbkhbkhbkhbyhcxfk   

 ,, 11 yxf  (3.4) 

 443322110808 , khbkhbkhbkhbyhcxfk   

     ,71,26655 khakhbkhb   

 ,, 71,2121 khayhcxf   (3.5) 



Séka Hippolyte et al. 46 

 ,, 82,371,31319 khakhayhcxfk   (3.6) 

 ,, 93,482,471,414110 khakhakhayhcxfk   (3.7) 

 ,, 104,593,582,571,515111 khakhakhakhayhcxfk   (3.8) 

 93,682,671,616112 , khakhakhayhcxfk   

      ,115,6104,6 khakha   (3.9) 

 1049382711113 , khbkhbkhbkhbyhxfk   

      .126115 khbkhb   (3.10) 

To find the coefficients ,id  we solve the 17 equations with Maple 18 

and find the coefficients ,id  some of which depend on .63a  

4. Error Estimation in the Two-step Butcher Method 

Consider a Runge-Kutta method of order p. The local error is defined by 

    ,21 yhtyhE   where 2y  is the approximate value after a step h. 

Theoretically,  

    .1
1

21
1

  ppp hChOhChE  (4.1) 

So 

   .21
121

  pp hOhCyhty  (4.2) 

Let us consider a second numerical approximation 2Y  of  .1 hty   Then 

   .21
221

  pp hOhCYhty  (4.3) 

(4.2) and (4.3) give 

       .121
1

2122 hKEChECChCCyY p    (4.4) 
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The error is proportional to the difference of the numerical           

solutions 22 yY   which can be used to estimate the error. Empirically, 

  .22 yYhE   

To find an estimation of the error of this method with a two-step order 5, 

let us find using the software Maple 18 the coefficients 131 ...,, dd  of the 

form iii bd ß  with 13...,,1i  and 

   ,0,0,0,0,0,0,0,,,,,, 654321 bbbbbbbb i   

;
8

3

15

2
;

45

16
;0;

32

9

90

7
1141132111 ddddddd   (4.5) 

;0;
32

205
;

32

35

90

7
;3

45

16
8117116115  ddddddd  (4.6) 

.
16

15
;

32

21
;

8

3
;3 111311121110119 dddddddd   (4.7) 

The coefficients iß  are 

;
8

3
;;0;

32

9
1141132111 ddd  ßßßß  (4.8) 

;0;
32

205
;

32

35
;3 8117116115  ßßßß ddd  (4.9) 

.
16

15
;

32

21
;

8

3
;3 111311121110119 dddd  ßßßß  (4.10) 

An estimate of the error   of two-step Runge-Kutta method of order 5 

for all 011 d  is given by 

 


13

1i iikh ß  (4.11) 

 976543111 3322053235383329 kkkkkkkdh   

                         .1615322183 13121110 kkkk   (4.12) 
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By taking ,763,6 a  we find an estimate of the error of Butcher’s method 

of order 5. 

5. Comparison of the Stability Regions and Accuracy 

of One-step and Two-step Methods 

Let 1R  be the one-step stability function and 2R  be the two-step stability 

function. To find the stability functions 1R  and ,2R  we use the following 

Dahlquist equation: 

   .tutu   (5.1) 

Let us use (2.13), (3.4)-(3.10) and (5.1) to obtain 

.
1

1 , 




   



s

j jjsis kahyk  (5.2) 

Here 6,2s  for the one-step method and 13,2s  for the two-step 

method. This gives us the method for one-step 

  ii yhRy  11  (5.3) 

and for the two-step method, we obtain 

  .21 ii yhRy   (5.4) 

Let . hz  Then we find 1R  and 2R  by using the software Maple 18: 

  ;
7680

7

120

1

24

1

6

1

2

1
1 6

3,6
5432

1 zazzzzzzR   (5.5) 

     ,12 zzRzR   (5.6) 

where 

  7
11

6
113,611 192

1

128

5

4096

105
zdzdadz 





   

9
11

8
113,6 15360

1

3072

5

8192

7
zdzda 





   



A Two-step Fifth Order Runge-Kutta Method 49 

10
113,6 15360

1

491520

7
zda 





   

11
113,6

2
3,6 15360

1

122880

7

2621440

49
zdaa 





   

12
113,6

2
3,6 491520

7

20971520

147
zdaa 





   

.
62914560

49 13
11

2
3,6 zda  (5.7) 

We can notify that if ,011 d  then    .12 zRzR   For ,763,6 a  we 

find the stability functions of the Butcher’s method of order 5 with one-step 

and two steps. The absolute stability regions for one-step and two-step 

methods are, respectively, the following regions: 

  ,1, 1  zRCz  (5.8) 

  .1, 2  zRCz  (5.9) 

We now compare using GNU Octave (GUI), the stability regions of the 

two-step Butcher method to those of the one-step method. We obtain some 

representations of the stability regions given by Figures 1 to 10 below: 

   

                        Figure 1                                                Figure 2 
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                       Figure 3                                              Figure 4 

    

                       Figure 5                                              Figure 6 
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                    Figure 7                                                  Figure 8 

    

                         Figure 9                                                Figure 10 

    6

01 !k

k

k

z
zR  corresponds exactly to the development of the 

exponential up to order 6.  zR2  takes up exactly all the terms from  ,1 zR  
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plus correction terms depending on .11d  These corrective terms appear in 

high powers  136 tofrom zz  and are proportional to .11d  Some of these 

corrective terms dampen the amplification in large negative values of z. For 

large negative values of z, the series  zR1  diverges very rapidly. On the 

other hand, in  ,2 zR  the terms from 7z  to ,13z  with alternating signs and a 

factor ,11d  help to mitigate this divergence. In other words, the modulus 

 zR1  remains closer to 1 or less than 1 over a larger region of the complex 

plane, particularly on the negative real axis, which enhances stability. By 

choosing for example  ,1;011 d  the stabilizing terms are not too strong 

(which would prevent an overreach or artificial instability), but they are 

sufficient to widen the stability area on the negative axis. The stability 

region for 2R  is larger and encompasses more of the negative real axis than 

that of .1R  

Let us take a simple example to compare the errors of the one-step and 

two-step methods. For this, let us take the differential equation as an 

example ,yy     .10 y  The exact solution of this differential equation 

is   .xexy   Using the software Maple 18, let us evaluate the local error 

of the one-step and two-step methods by taking an example 
50

1
11 d  

Local error 

Value of ix  Exact value 
One-step Two-step: 

50

1
11 d  

0.2 0.8187307531 91070779818586.1   9107798185867.4   

0.4 0.6703200460 91047356393007.1   9103563930074.8   

0.6 0.5488116361 91031940264326.2   9109402643263.9   

0.8 0.4493289641 91033172215914.2   91030172215914.1   

1 0.3678794412 91003714423216.2   91000714423216.1   
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For this example, the two-step method provides a better local error than 

the one-step method. 

6. Conclusion 

A new Runge-Kutta method of order 5 for solving ordinary differential 

equations has been proposed. This method depends on the coefficient .3,6a  

For ,
7

6
3,6 a  we find one-step Butcher’s method of order 5. The two-step 

method from this family of methods of order 5 is given. An estimate of the 

error is provided. The stability function of this two-step method depends on 

the free parameter .11d  It is shown that for different values of ,11d  the 

stability region of the two-step method is better compared to that of the one-

step method. However, if we take 011 d  and ,111 d  then the stability 

region of the one-step method is better compared to that of the two-step 

method. By taking ,011 d  the method is reduced to a one-step method of 

order 5 with 6 stages. With the help of a very simple example, we verify that 

the two-step method provides a better local error than the one-step method. 
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