
 

International Journal of Numerical Methods and Applications 

© 2026 Pushpa Publishing House, Prayagraj, India 

https://pphmjopenaccess.com 

https://doi.org/10.17654/0975045226005 

Volume 26, Number 1, June 2026, Pages 95-113                  P-ISSN: 0975-0452
 

Received: August 11, 2025;  Revised: September 12, 2025;  Accepted: September 25, 2025 

2020 Mathematics Subject Classification: 35B44, 35K55, 65K05, 65B05. 

Keywords and phrases: blow-up time, blow-up problems, nonlinear parabolic equation, 

semidiscrete solution, arc length transformation, Aitken 2  method. 

How to cite this article: ADOU Koffi Achille, ABRO Goh André Pascal and GANON 

Ardjouma, On the numerical approximations of blow-up time in semilinear parabolic 

equations, International Journal of Numerical Methods and Applications 26(1) (2026),          

95-113. https://doi.org/10.17654/0975045226005 

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). 

Published Online: November 17, 2025 

ON THE NUMERICAL APPROXIMATIONS OF 

BLOW-UP TIME IN SEMILINEAR 

PARABOLIC EQUATIONS 

ADOU Koffi Achille
1
, ABRO Goh André Pascal

2
 and  

GANON Ardjouma
3
 

1
Ecole Supérieure Africaine des TIC 

BP 1501 Abidjan 18 

Côte d’Ivoire 

 

2
Université Alassane Ouattara 

BP V 1801 Bouaké 

Côte d’Ivoire 

3
Institut National Polytechnique Félix Houphouët-Boigny 

BP 1093 Yamoussoukro 

Côte d’Ivoire 

Abstract 

This paper investigates the numerical estimation of the blow-up time 

for solutions of semilinear parabolic problems defined on a bounded 
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domain. We study the behavior of semidiscrete approximations 

applied to reaction-diffusion equations and establish both necessary 

and sufficient conditions for blow-up to occur in the discrete setting. 

For the numerical computations, the problem is transformed into a 

more tractable form using the arc-length transformation technique, 

which enables to generate a linearly convergent sequence to the         

blow-up time. This sequence is then accelerated using the Aitken 2  

method. Several numerical experiments are presented to illustrate the 

proposed approach. 

1. Introduction 

In recent years, there is a large number of nonlinear partial differential 

equations of parabolic type whose solution cannot be extended globally in 

time and becomes unbounded in finite time. Such a phenomenon is called 

blow-up, this can occur in nonlinear equations if the heat source is strong 

enough. One of the subareas of applied mathematics that has undergone a 

major expansion in the last century is the study of blow-up phenomenon. 

There has been an explosion of interest in blow-up results. Several papers 

contain numerous references on blow-up results [6, 7, 13-15]. We investigate 

the initial-boundary value problem 

     

     

   














,,0,

,,0,,0,

,,0,,,,,,

0 xxuxu

Ttxtxu

TtxuuuxtFut

 (1) 

where .N
R  This problem belongs to a class of equations that are used 

to describe physical models arising in many fields of sciences. In the study 

of blow-up phenomenon, for instance for equation (1), we encounter some 

basic questions that must be considered, namely: does blow-up occur? where 

does it occur? when does it occur? and how does it occur? Our interest in 

this work is to answer to the first three questions, as well as to present some 

techniques used over the years by the main authors. In particular, we study 

existence of blow-up to a semilinear parabolic equation and also estimate the 

numerical blow-up time. The theoretical study of the blow-up of solutions to 
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nonlinear partial differential equations has been the subject of investigations 

of many authors (see [2, 5, 10, 12]). As for the numerical approach, the 

simulation of blow-up phenomena remains a challenging task. For one thing, 

one has to deal with numerical data that grow indefinitely as the blow-up 

time approaches. This presents significant numerical challenges, particularly 

near the blow-up time. Most of the standard error estimates become useless 

as t approaches the blow-up time. However, there have been some attempts 

to establish numerical methods to capture blow-up phenomena, see for 

instance [1, 3, 4, 9, 11]). 

2. Preliminaries 

In this section, we establish some general and simple sufficient 

conditions under which blow-up occurs, as well as conditions that guarantee 

the convergence of the numerical blow-up time. We also present a numerical 

method to estimate this blow-up time. For convenience, we make the 

following assumptions, which will be used throughout the paper. We assume 

that problem 1 admits a unique local solution  tu ,  in a function space X, 

and that there exists a finite time T such that this solution cannot be extended 

in X beyond T. In other words, we assume: 

 0H  The solution  tu ,  of 1 blows up at T. 

Moreover, we assume the existence of a functional RXJ :  such 

that, for the blow-up solution u of 1, the following holds:  

 1H      .lim 


tuJ
Tt

 

To approximate problem (1), we consider a family of equations 

parameterized by h:  

     

     

   















.,0,

,,0,,0,

,,0,,,,,,

0 hhh
h

h
h

hhh
h

hh
h

h
h

h
h

hh
h
t

xxuxu

Ttxtxu

TtxuuuxtFu

 (2) 



ADOU Koffi Achille et al. 

 

98 

The parameter h represents the accuracy of approximation, which becomes 

better as h tends to zero. The approximations of ,,,,, xF   and 0u  are 

denoted by hhhh xF ,,,   and ,0
hu  respectively. We assume that problem 

(2) admits a unique local solution  tuh ,  in a function space .hX  

Furthermore, there exists a functional Rhh XJ :  which approximates 

the continuous functional J. We introduce additional assumptions on the 

functionals J and .hJ  Suppose:  

 2H  There exists a differentiable functional  tI  satisfying the 

differential inequality:  

    ,tIGtI
dt

d
  

where   R,0:G  is a continuous function such that 

 

 












0

.

,for,0 0

R sG

ds

RssG

 (3) 

Let   Xtu ,  be a given solution of (1) that blows up at ,Tt   and let 

  h
h Xtu ,  be a solution of problem 2 for each h. We assume the 

existence of functionals RXJ :  and Rhh XJ :  such that the 

functions     tuJtJ ,  and     tuJtJ h
hh ,  satisfy: 

 3H  The function  tJ  is continuous and satisfies assumption  ,1H  

while  tJh  is a 1C  function satisfying the differential inequality  2H  for 

some function G. 

 4H  The family hu  approximates u in the following sense: for any 

,0   



On the Numerical Approximations of Blow-up Time …  99 

 
      .0suplim

,00



tuJtuJ h

h
Tth

 

In particular, the following theorem was established in [15]: 

Theorem 1. Assume    30 , HH  and  4H  hold. Then for sufficiently 

small h, the approximate solution hu  of problem (2) blows up in finite time 

hT  and hT  converges to T as h tends to zero.  

From a numerical computation of blow-up, the authors in [11] consider 

the following nonlinear ODE: 

  

 









,0

,0,

0zz

Tttzg
dt

dz

 (4) 

where  

        Tn
T

n zgzgzgzzz ...,,,...,, 11     and     ,...,, 0
1

0
1

0 T
zzz   

we regard the variables t and iz  as functions of the arc length s. Since 

,22
1

22
ndzdzdtds  ⋯  the variables  st  and  szi  satisfy the 

differential equation  

   























































 

.0,00

,0,

1

1

1

0

1

1

2

1

zzt

s

g

g

g
z

z

t

ds

d

n

n

i i
n

⋮⋮  (5) 

This transformation is called the arc length transformation. Observe that in 

the transformed equation (5), the solution z never blows up for finite s. 

Moreover, when t approaches T (s approaches )  and each component of 

the right-hand side of (5) satisfies  
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 



 


  

 otherwise,0

,if0

1

lim

1

2

Bkconst

g

g

n

i i

k

Tt
 

where kyk  {B  blows up with highest order}. Therefore, the original 

equation is transformed into a numerically tractable one.  

Remark 2. The proposed algorithm generates a linearly convergent 

sequence to the blow-up time and accelerates the sequence by the Aitken 2  

method for the case that the component    B tz  blows up in 

polynomial order.  

We make the following assumption:  

 0A  None of the components of  tz  blows up anywhere in  ,,0 T  but 

at ,Tt   at least one component blows up (for brevity, we call the 

components which blow up the blow-up components).  

 1A  There may be many blow-up components, and they may tend to 

  or   with various orders. But the blow-up component with highest 

order tends necessarily to   and is an increasing function on  .,0 Tt   

That is, for all ,B  

  Tttz  ,    and       .,0,0 Tttzg   

Theorem 3. Suppose that the solution of (4) satisfies assumptions  0A  

and  .1A  Then   .lim Tsts   

 3A  For ,B  the blow-up component z  satisfies 

 
 

,,
1

~ Tt
tT

tz
p




    .0p  

From this and former assumptions, we have the following theorem: 

Theorem 4. Assume that the solution of (4) satisfies assumption 

   10 , AA  and  3A  and  ls  be the geometric sequence given by  
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....,2,1,0,1,0, 00  ℓ
ℓ sssl  

Using the sequence, if we define the sequence  ℓt  by  

  ,...,2,1,0,

1
0

1

2




 
 

ℓ
ℓ

ℓℓ

s

n

i i

def

g

ds
stt  

then ℓt  converges to T linearly and the rate of convergence is .1 p  

Proof. For a proof, we refer the reader to [11]. □ 

Algorithm  

(1) Let 00 s  and ,1  and define the geometric sequence  ℓs  by  

....,2,1,0,0  ℓ
ℓ

ℓ ss  

(2) Integrate (5) from 0s  to ℓs  and put  .ℓℓ stt    

(3) Let 
   ...,2,1,0
0  ℓℓℓ

tt  and apply the Aitken 2  method to the 

sequence recursively:  

         
      ,2,

2 12

2
12

2
1

2 k
ttt

tt
tt

kkk

kk
kk 












 ℓ

ℓℓℓ

ℓℓ
ℓℓ

   ....,2,1,0k  

Using this algorithm, we can also estimate the blow-up rate p, 

   

    ,log1
0

1

0

K
L

K
L

def

tt

tt
p








ℓ

ℓ
ℓ    .2,...,,2,...,,0 KLLklKk   

3. Semilinear Parabolic PDEs 

In this section, we first consider a semilinear partial differential equation 

whose solution blows up in finite time. Then, we investigate a semi-discrete 
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numerical scheme and, by applying Theorem 1, we prove that the semi-

discrete solution also blows up in finite time and that its blow-up time 

converges to the exact one. Finally, we provide an estimate of the blow-up 

time. We consider asymptotic behaviours of difference solutions for a 

semilinear parabolic equation  

     

     

   














,,0,

,,0,,0,

,,0,,

0 xxuxu

Ttxtxu

Ttxufuut

 (6) 

where     ,1,  puuf
p

   is a non-negative constant, 0  and   

is a bounded domain in .N
R  We assume that initial data  xu0  is a 

nonnegative smooth function and  

       ,011,1,1 00
1

0  uuu C   

    ,0,0 000  ufuxu  if .11  x  (7) 

This problem can be regarded as a heat conduction problem where u stands 

for the temperature, and the heat sources are prescribed on the boundaries. It 

is well established that problem (6) has a unique classical solution that blows 

up in finite time T (see [8, 16]). T is called the blow-up time of the solution 

u. The theoretical study of blow-up of solutions for this problem in particular 

case where 1  and 0  has been the subject of investigations of many 

authors (see [16] and the references cited therein). The authors proved that 

the blow-up occurs in a single point. Recently, Adou et al. [3] considered the 

numerical study of problem (6) where 1  and estimated the numerical 

blow-up time by applying an efficient numerical algorithm to the 

semidiscrete problem. They also analyzed the convergence of the 

semidiscrete blow-up time. Our aim in this work is to use the semi-

discretized equations of problem (6), instead of the fully discretized ones, to 

prove the convergence of the blow-up time and to compute an approximate 

value of it. Our result includes and extends those presented in [3, 11, 15]. 
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4. Semidiscrete Problem 

Let I be a positive integer. Set 
I

h
2

  and define the grid ,1 ihxi  

for ....,,0 Ii   Let 2  denote the standard second order difference 

operator. We approximate the solution u of the problem (6) by the solution 

 tUh  of the semidiscrete equations, where       TIh tUtUtU ...,,0  of 

the semidiscrete equations: 

        

   

 

















,...,,0,0

,0,0

,,0,1...,,1,

0

0

2

IiUU

ttUtU

TtIitUtUtU
dt

d

ii

I

p
iii

 (8) 

where 

       
.1...,,1,

2

2
112 


  Ii

h

tUtUtU
tU iii

i  

Definition 5. Let be a function   .,,0 11  I
h TV RC  Then hV  is an 

upper solution of (8) if  

        ,,0,1...,,1,2 TtIitVftVtV
dt

d
iii   

     ,,0,0,00 TttVtV I   

  ....,,0,0 0 IiUV ii   

On the other hand, we say that   11 ,,0  I
h TV RC  is a lower solution 

of (8) if these inequalities above are reversed.  

Theorem 6. Let  RRR ,0  Cf  and .0  If   

  11 ,,0,  I
hh TWV RC  
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are such that, for each  ,,0 Tt   

    ,11,22  IiWfWW
dt

d
VfVV

dt

d
iiiiii  (9) 

        ,,00 tWtVtWtV II   (10) 

    ,0,00 IiWV ii   (11) 

then 

      .,0, TttWtV ii   (12) 

Proof. We define the vector      .tVtWtZ hhh   Let 0t  be the first 

 Tt ,0  such that   0tZi  for  ,,0 0tt   ,0 Ii   but   000
tZi  

for a certain  ....,,00 Ii   We can see that  

if ,00 i  respectively  ,if 0 Ii   then   ,000 tZ  respectively 

  ;00 tZ I  it is a contradiction because of (10).  

If  ,1...,,10  Ii  then  

     
,0lim

00

0

0 000 



 k

ktZtZ

dt

tdZ ii

k

i
 

 
     

,0
2

2

01001
0

2 000

0







h

tZtZtZ
tZ

iii
i  

which implies that  

 
        .0000

20

000

0  tVftWftZ
dt

tdZ
iii

i
 

But this inequality contradicts (9), and the proof is complete.  □ 

Theorem 7. Let  ,,0
RRR  Cf  1...,,1  Ii  be locally Lipschitz 

continuous functions second argument and .0  If  
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  11 ,,0,  I
hh TWV RC  

are such that, for each  ,,0 Tt   

    ,11,22  IiWfWW
dt

d
VfVV

dt

d
iiiiii  

       ,,00 tWtVtWtV II   

    ,0,00 IiWV ii   

then 

     .,0, TttWtV ii   

Lemma 8. Let hU  be the solution of (8). Then   ,0tUi  .1 Ii   

Proof. Let .min 0
11 iIi U  We introduce the vector hV  defined by 

,
2

sin 





 

 
iheV

t
i

h  ,0 Ii   where .
2

cos22

2
h

h

h







 


  It is not 

hard to see that 

,022  i
i

i
i V

dt

dV
U

dt

dU
  ,,0,11 TtIi   

         ,,0,0,000 TttVtUtVtU II   

    .0,00 IiVU ii   

We deduce from Theorem 7 that  

    ,1
2

cos 





 


 
ihetU

t
i

h   .0 Ii   

This implies that   .1,0 IitUi   This completes the proof.  □ 

The next theorem establishes that, for each fixed time interval  ,,0 T  

where u is defined, the solution of semidiscrete problem (8) approximates u, 

as .0h  
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Theorem 9. Assume  

 (i) The reaction function   ,,01  Cf  and the problem (6) has a 

solution     .,01,11,4 Tu  C  

(ii) The initial condition 0
hU  satisfies: 

    ,0,100   houU hh  (13) 

where         .,0,...,,, 10 Ttxutxutu
T

Ih    Then, for h sufficiently 

small, problem (8) has a unique solution  

  11 ,,0  I
h TU RC  

such that  

 
        .0,0max

20

,0
 


hhuUOtutU hhhh

Tt
 (14) 

Proof. Since the proof is a standard one, we omit it. We refer the readers 

to [1, 3, 6]. □ 

5. Convergence of the Semidiscrete Blow-up Time 

In this section, we prove the convergence of the semidiscrete blow-up 

time to that of the original problem as the mesh size goes to zero. This proof 

will be done in three steps.  

Step 1 (Blow-up of u). For sufficiently large initial data, the solution of 

problem (6) blows up in finite time. See, for instance [8, 16], which satisfies 

condition .0H   

Step 2 (Blow-up of hU  and convergence of blow-up time). Define the 

energy I as follows: 

      





1

1

1

1

12 .
1

1

2

1
dxu

p
dxutuI

p
x  (15) 



On the Numerical Approximations of Blow-up Time …  107 

We can easily check that  

  


1

1

2 .0dxuuI
dt

d
t  (16) 

Therefore, I is a monotone non-increasing function of t.  

We define a functional J by  

     


1

1

2
., dxtxutuJ  (17) 

For this J, we obtain  

 


1

1
2 dxuuJ

dt

d
t  

       






    

1

1

1

1

12112 dxudxuuu
p

xxx  

          






1

1

1

1

12
4112 dxu

p

p
uIuu

p
xx  

          






1

1

1
0 .

1

12
4112 dxu

p

p
uIuu

p
xx  

By Jensen’s inequality, we have  

     ,4 2

1

0




p

uJcuIJ
dt

d
 

where     112  xx uu  and .0c  

It is clear that  

    


tuJ
Tt

lim  

since 

  
 2.,lim tu

Tt
 

(see Weissler [16] and Friedman and Giga [7]).  
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We introduce functionals hI  and hJ  as follows: 

        













 




I

i

iihh tUtU
h

tUI

0

2
1

1

2

1   
















 




I

i

p
i tUh

p
0

1

1

1
 

and  

      



I

i

ihh tUhtUJ

0

2
.  

It is not hard to see that  

       ,4 2

1

1
0




p

hhhhhh UJcUIUJ
dt

d
 

where  

,2 1

h

UU I 
  ,01 c  

since  

       



I

i

tihh tUhtUI
dt

d

1

2
.0  

Setting   ,2

1

1





p

hh JcJG  with  ,4 0
hh UI  we obtain  

   .hhh JGUJ
dt

d
  

Lemma 10. Let   R,0:G  be a functional such that 

  2

1


p

cssG  with  04 hh UI  and .0c  Then G satisfies  

 

 












0

.

,0 0

R sG

ds

RsforsG
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Proof. For any ,R  there exists a number 0R  such that for any 

,0Rs     .0sG  

Using the criterion for improper integrals, we obtain  

 



0

,
R sG

ds
 for ,1p  

which satisfies  1H  and  .2H  □ 

Step 3 (Convergence of .)hJ  From Theorem 9 and continuity of J and 

,hJ  we deduce that for any ,0  

 
      .0suplim

,00



tUJtuJ hh

Tth
 

This completes the three conditions of Theorem 1. Hence, we conclude that 

the approximate solution hU  of problem (8) blows up in finite time hT  for 

sufficiently small h and hT  converges to T as h tends to zero.  

6. Numerical Experiments 

We now present numerical approximations of the blow-up time for 

problem (6) using the initial condition   





 

 ii xx
2

cos20  for ....,,0 Ii   

These approximations are obtained by applying the standard central 

difference method to problem (6), which leads to the following system 

ODEs:  

 
 

 
 

,

2100

121

00

121

0012

1

2

2

1

1

2

2

1

2

1

2

2

1

























































































































p

n

p
n

p

p

n

n

n

n

U

U

U

U

U

U

U

U

h

U

U

U

U

dt

d
⋮⋮

⋯

⋱⋮

⋱⋱⋱

⋮⋱

⋯

⋮  

  ....,,0,0 IixU ii   
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We apply our algorithm by setting  .12...,,0215  
ℓ

ℓ
ℓs  To be more 

confident in our algorithm, we perform the experiment while progressively 

refining the mesh size.  

The following tables present the numerical blow-up times for different 

values of ,  and p when .0h  

Table 1. Numerical blow-up times obtained for 0  and 2p  

 1  2  3  

I hT  hT  hT  

32 0.056153585726042 0.063039830254959 0.071396287717730 

64 0.056184237790581 0.063074177577534 0.071420088854879 

128 0.056192225348881 0.063082524783378 0.071423146565352 

254 0.056194274559320 0.063084394296039 0.071422317477852 

512 0.056194812452228 0.063084753014666 0.07142126851443 

1024 0.056194945631782 0.063084777235026 0.071420592315325 

Table 2. Numerical blow-up times obtained for 2  and 3p  

 0  1  2  

I hT  hT  hT  

32 0.001265044707703 0.001145576673927 0.001042403386883 

64 0.001265311727703 0.001145781382974 0.001042562066021 

128 0.001265398202745 0.001145847919998 0.001042613785775 

254 0.001265424400689 0.001145868041527 0.001042629569605 

512 0.001265432009786 0.001145874060747 0.001042634187341 

1024 0.001265434157714 0.001145875732904 0.001042635499912 
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Figure 1. The behaviour of the blow-up solution in  utx ,, -space for 

,2  0  and 2p  when .512I  

 

Figure 2. The behaviour of the blow-up solution in  utx ,, -space for 

,2  0  and 3p  when .64I    

7. Conclusion 

In this work, we proposed a numerical method to estimate the blow-up 

time of semilinear parabolic equations using an arc-length transformation 

and the Aitken 2  method. We established sufficient conditions ensuring the 
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convergence of the numerical blow-up time to the theoretical one. Numerical 

experiments confirmed the efficiency and robustness of the proposed 

method. Future work will consider the extension of this approach to systems 

of equations, higher-dimensional domains, and more complex boundary 

conditions. 
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