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1. Introduction

The application of mathematical concepts in various disciplines
showcases the breadth of its impact and it depends firmly and closely how
we introduce basic ideas that may lead to new theories in different
directions. Through his significant theory on fuzzy sets, in 1965, Zadeh [35]
made the first effective attempt in mathematical modelling to contain non-
probabilistic uncertainty, i.e., uncertainty that is not caused by randomness
of an event. A fuzzy set is one in which each element of the universe belongs
to it, but with a value or degree of belongingness that falls between 0 and 1,
and these values are referred to as the membership value of each element in
that set. The potential of fuzzy notion was realized and has successfully
been applied in variety of scientific domains including Statistics, Applied
Mathematics, Dynamics and Mathematical Biology. In 1968, Chang [5]
introduced the concept of fuzzy topological space and this introduction leads
to subsequent tremendous growth of the numerous fuzzy topological
concepts. In recent years, a considerable amount of research has been done
on identifying new types of fuzzy topological spaces.

At the beginning of twentieth century, the problem of resolvability of
topological spaces became a matter of intense research. Research in this area
stems from the papers of Hewitt [9] and Katetov [11]. EI’Kin [6] introduced
the notion of open hereditarily irresolvablity of topological spaces, in
1969. Inspired by their works on resolvability, the concepts of resolvability,
irresolvability and open hereditarily irresolvability in fuzzy setting were
introduced and studied by Thangaraj and Balasubramanian [18].

The notion of extremally disconnectedness for topological spaces has
widely been studied by many mathematicians and some of the nice
applications of extremally disconnected spaces are found in Herrmann’s [8§]
work. Jankovic [10] has applied the notion of extremally disconnectedness
in his investigations of certain types of mappings. The concept of fuzzy
extremally disconnected spaces was introduced and studied by Ghosh [7].
Sarma [13] studied the inter-relationships between fuzzy weak continuous
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and fuzzy semi-continuous functions between fuzzy topological spaces in the
context of extremal disconnectedness.

While carrying out a study on various types of fuzzy topological
spaces, we can find certain fuzzy topological spaces which are fuzzy
open hereditarily irresolvable spaces but not fuzzy extremally disconnected
spaces. For example, fuzzy Brown spaces are fuzzy open hereditarily
irresolvable spaces but not fuzzy extremally disconnected spaces [26].
Also, we can find fuzzy topological spaces which are fuzzy extremally
disconnected spaces but not open hereditarily irresolvable spaces. For
example, fuzzy hyperconnected spaces in which fuzzy dense sets are having
zero interior are fuzzy extremally disconnected spaces but not open

hereditarily irresolvable spaces.

In classical topology, Nikoli¢ [4] defined O-spaces as those topological
spaces which are both hereditarily irresolvable and fuzzy extremally
disconnected spaces. Motivated on these lines, the concept of fuzzy O-spaces
is defined by combining fuzzy extremally disconnectedness and fuzzy open
hereditarily irresolvablity of fuzzy topological spaces in this paper. It is
aimed to find out those fuzzy topological spaces which are fuzzy second
category but not fuzzy Baire. In this article, a work on identification of those
fuzzy spaces which are fuzzy Q-spaces and those fuzzy spaces which are
not fuzzy (Q-spaces, has been carried out. Conditions under which fuzzy
extremely disconnected spaces become fuzzy O-spaces are explored.

2. Preliminaries

This part explains the concepts and findings that we need to know in

order to comprehend the article. In this work, by (X, T') or simply by X, we
denote a fuzzy topological space due to Chang [5].

Definition 2.1 [5]. Let X be a non-empty set and /, the unit interval
[0, 1]. Then a fuzzy set A in X is a mapping from X into /.

The fuzzy set Oy is defined as 0y (x) =0, for all x € X and the fuzzy

set 1y is defined as 1y (x) =1, forall x € X.
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Definition 2.2 [5]. A fuzzy topology on a set X is a family T of fuzzy
sets in X which satisfies the following conditions:

(a)0y eTand 1y eT.
(b)If 4, B €T, then cl(A) = 1.
(c)If 4, €T foreach i € J, then V;4; € T.

T is called a fuzzy topology for X and the ordered pair (X, T) is a fuzzy

topological space, or fts for short. Every member of T is called a T-open
fuzzy set. A fuzzy set is T-closed if and only if its complement is 7-open. In
the sequel, when no confusion is likely to arise, we call a T-open (7-closed)
fuzzy set simply a fuzzy open (closed) set.

Definition 2.3 [5]. The interior, the closure and the complement of a

fuzzy set A in a fuzzy topological space (X, T') are defined, respectively, as

follows:
(i) int(1) = Viu/n < % w e T;
(i) cl(A) = A{p/A <p, 1—p e T
(iii) A'(x) =1-A(x), forall x € X.
For a family (X;),_, of fuzzy sets in (X, T), the union V;.;\; and
intersection N;c; A; are defined, respectively, as follows: For each x € X,
(iv) (Vier 2)(x) = sup;es 2;(x),
(V) (Ajer 2;)(x) = infiep 2;(x).
Definition 2.4. Let A be a fuzzy subset of X. Then, A is called a
(i) fuzzy regular-open in (X, T) if A = int cl(A) and
fuzzy regular-closed in (X, T) if A = clint(}) [1],
(ii) fuzzy semi-open in (X, T) if A < clint(A) and

fuzzy semi-closed in (X, T) if intcl(A) < A [1],
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(iii) fuzzy pre-open in (X, T) if A <intcl(A) and
fuzzy pre-closed in (X, T) if clint(A) < A [3],
(iv) fuzzy a-open in (X, T) if A < intclint(A) and

fuzzy a-closed in (X, T) if clintcl(A) < A [14],

(v) fuzzy Gg-set in (X, T) if A = Aj2;(A;), where A; € T for i € [;
fuzzy Fy-setin (X, T) if A = VjZ{(A;), where 1 -2, € T for i e [ [2],

(vi) fuzzy regular Gg-set in (X, T) if A= A7Zjint(X;), where
1-A; €T; fuzzy regular Fg-set in (X, T) if A= Vi_cl(n;), where
p; €T [24].

Definition 2.5. Let A be a fuzzy subset of X. Then, A is called an

(i) fuzzy dense set in (X, T) if cl(A)=1, in (X, T). That is, there
exists no fuzzy closed set 8 in (X, T) such that A < & <1 [16],

(ii) fuzzy nowhere dense set in (X, T) if intcl(A) = 0, in (X, T). That
is, there exists no non-zero fuzzy open set y in (X, T') such that y < cl(A)
[16],

(iil) fuzzy first category set in (X, T) if A = Vi—;(%;), where the fuzzy
sets (A;)'s are fuzzy nowhere dense in (X, T'). Any other fuzzy set is said
to be of fuzzy second category in (X, T) [16],

(iv) fuzzy residual set in (X, T') if the complement of a fuzzy set A, that
is, 1 — A is a fuzzy first category set in (X, T') [19],

(V) fuzzy somewhere dense set in (X, T) if there exists a non-zero fuzzy
open set y in (X, T') such that y < cl(X). That is, intcl(A) # 0, in (X, T)
[17] and the fuzzy complement of a fuzzy somewhere dense set in (X, T),

that is, 1 — A is called a fuzzy cs dense set in (X, T) [22],
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(vi) fuzzy Baire set in (X, T) if L =y A 8, where the fuzzy set y is a
fuzzy open set and the fuzzy set § is a fuzzy residual setin (X, T) [31].

Definition 2.6. Let (X, 7) be a fuzzy topological space. Then, the space
Xis called a

(i) fuzzy submaximal space if for each fuzzy set A in (X, T) such that

cd(M)=1, A eT [2],

(i1) fuzzy hyperconnected space if every non-null fuzzy open subset of X
is fuzzy dense in X [12],

(ii1) fuzzy extremally disconnected space if the closure of every fuzzy
open set of X is fuzzy open in X [7],

(iv) fuzzy open hereditarily irresolvable space if intcl(y) # 0, for any

non-zero fuzzy set y in X, then int(y) # 0, in X [18],

(V) fuzzy globally disconnected space if each fuzzy semi-open set in X is

a fuzzy open set in X [23],
(vi) fuzzy P-space if each fuzzy Gjg-set in X is fuzzy open in X [15],

(vii) fuzzy almost P-space if for each non-zero fuzzy Gg-set 6 in X,

int(8) # 0 in X [20],

(viii) weak fuzzy P-space if Aj—j(A;) is a fuzzy regular open set in
(X, T), where (A;)'s are fuzzy regular open sets in (X, T') [20],

(ix) fuzzy EZ-space if for each non-zero fuzzy open set A in X
cl(n) = cl(VjZ;(%;)), where (X;)'s are fuzzy clopen sets in (X, T). That is,
for each fuzzy regular closed set pin (X, T), w = cl(n), where 1 is a fuzzy
open and fuzzy F -setin (X, T') [30],

(X) fuzzy Baire space if int(Vi—;(A;)) = 0, where the fuzzy sets (A;)’s

are fuzzy nowhere dense sets in X [19],



On Fuzzy Q-spaces 97
(xi) fuzzy second category space if int(Vi—;(%;)) # 0, where the fuzzy
sets (A;)’s are fuzzy nowhere dense sets in X [19],
(xii) fuzzy extraresolvable space if A; and A ; (i # j) are fuzzy dense
sets in X, then A; A kj is a fuzzy nowhere dense set in X [34],

(xiii) fuzzy Brown space if A and p are any two non-zero fuzzy open sets
in X, then cl(A) £ 1 — cl(n), in X [26],

(xiv) fuzzy Baire-dominated space if for each collection {A;}
(i=1toow) of fuzzy closed sets with A; =Xy 243 >4y and
Aj=1(A;) = 0, there exists a collection {u;} (i =1 to ) of fuzzy Baire sets
in (X, T) with A; < p; foreachiand AjZ;(n;) =0, in (X, T) [31],

(xv) fuzzy Fs-complemented space if for each fuzzy Fj-set A in X,

there exists a fuzzy Fj-set p in X such that A <1—p and cl(A v p) =1
[29],

(xvi) fuzzy Oz-space if each fuzzy regular closed set is a fuzzy Gg-set in
X[27],

(xvii) fuzzy regular Oz-space if each fuzzy regular closed set in X is a
fuzzy regular Gg-set in X [28],

(xviii) fuzzy regular space iff each fuzzy open set A of X is a union of
fuzzy open sets (L, )'s of X such that clA, <X for each a [1],

(xix) fuzzy maximal space if X is a fuzzy extremally disconnected and

fuzzy submaximal space [25].
Lemma 2.1 [1]. For a fuzzy set d of a fuzzy space X,
(1) 1—int(8) = cl(1 — 8) and (ii) 1 - cl(8) = int(l — ).

Theorem 2.1 [7]. A fuzzy topological space (X, T) is fuzzy extremally
disconnected if and only if FSO(X) < FPO(X).
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Theorem 2.2 [7]. For any fuzzy topological space (X, T), the following

are equivalent:

(a) X is a fuzzy extremally disconnected space.

(b) For each fuzzy closed set win X, int(w) is fuzzy closed in X.

(¢) For each fuzzy open set ) in X, cl(A) + cl[l — cl(L)] = 1.

Theorem 2.3 [32]. If § is a fuzzy Gg-set in a fuzzy almost P-space X,
then there exists a fuzzy regular closed set y in X such that y < cl(3).

Theorem 2.4 [21]. If a fuzzy topological space (X, T) is a fuzzy almost
P-space, then (X, T) is a fuzzy second category space.

Theorem 2.5 [26]. If (X, T) is a fuzzy Brown space, then (X, T) is not
a fuzzy extremally disconnected space.

Theorem 2.6 [18]. If (X, T) is a fuzzy open hereditarily irresolvable
space, then cl(\) =1, for any non-zero fuzzy set ) in X implying that
clint(A) =1, in X.

Theorem 2.7 [34]. If (X, T) is a fuzzy submaximal space, then (X, T)
is a fuzzy open hereditarily irresolvable space.

Theorem 2.8 [27]. If (X, T) is a fuzzy Oz and fuzzy P-space, then
(X, T) is a fuzzy extremally disconnected space.

Theorem 2.9 [19]. Let (X, T) be a fuzzy topological space. Then, the
following are equivalent:

(1) (X, T) is a fuzzy Baire space.

(2) int(X) = 0, for each fuzzy first category set A in (X, T).

(3) cl(n) =1, for each fuzzy residual set win (X, T).

Theorem 2.10 [33]. If w is a fuzzy Gg-set in a fuzzy topological space
(X, T) such that cl(n) =1, then wis a fuzzy residual set in (X, T).
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Theorem 2.11 [31]. If (X, T) is a fuzzy Baire-dominated and fuzzy

extraresolvable space, then (X, T) is a fuzzy extremally disconnected space.

Theorem 2.12 [30]. If (X, T) is a fuzzy regular space, then each fuzzy
open set is a fuzzy Fg-setin (X, T).

Theorem 2.13 [30]. If (X, T) is a fuzzy extremally disconnected space,
then (X, T) is a fuzzy EZ-space.

Theorem 2.14 [30]. If' 3 is a fuzzy set defined on X in a fuzzy EZ-space
(X, T) with int(8) # 0, then (X, T) is a fuzzy open hereditarily irresolvable
space.

Theorem 2.15 [28]. If (X, T) is a fuzzy regular Oz and weak fuzzy

P-space, then (X, T) is a fuzzy extremally disconnected space.

Theorem 2.16 [19]. If A is a fuzzy first category set in a fuzzy
topological space (X, T), then there is a fuzzy Fg-set v in (X, T) such
that A < .

3. Fuzzy QO-spaces
Nikoli¢ [4] introduced the notion of Q-spaces in classical topology.

Analogously, we introduce and study the notion of Q-spaces in fuzzy setting.

Definition 3.1. A fuzzy topological space X is called a fuzzy QO-space if
the space X is a fuzzy open hereditarily irresolvable space which is also a
fuzzy extremally disconnected space.

Example 3.1. Let X = {4, B, C}. Then the fuzzy sets a, B, y, 8 and n

are defined on X as follows:
a: X — I isdefined by a(A4) = 0.5; a(B) = 0.6; a(C) = 0.4,
B: X — [ isdefined by B(4) = 0.4; B(B) = 0.5; B(C) = 0.6,

y: X — I is defined by y(4) = 0.6; y(B) = 0.4; y(C) = 0.5,
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8: X — I is defined by 8(a) = 0.5; 8(h) = 0.5; 8(c) = 0.5,
n: X — [ isdefined by n(a) = 0.6; n(b) = 0.5; n(c) = 0.4.
Then,
T={0,0B7v,0avBavy,Bvy,aarB oary,BAary,av[BAy]
BvlonylyviaaBlanBvylBalovylyafevp],
avBvy,anBay,l}

is a fuzzy topology on X. On computing, we find that closure of each fuzzy

open set is fuzzy open in (X, T) and thus (X, T) is a fuzzy extremally

disconnected space. On computing, we find that
intcl(8) = int(l - [BAfavy])=yv]aAB]=0

and int(8)=aA[Bvy]#0. Also, intcl(n)=int(1-B)=aA[Bvy]=0
and int(n) = a A[BVv y]# 0 and thus (X, T) is a fuzzy open hereditarily

irresolvable space. Hence (X, T) is a fuzzy Q-space.

Example 3.2. Let X = {a, b, ¢}. Define fuzzy sets o, B, y and & as

follows:
o : X — I is defined by a(a) = 0.5; a(b) = 0.5; a(c) = 0.6,
B: X — I isdefined by B(a) = 0.5; B(b) = 0.6; B(c) = 0.5,
y: X — [ is defined by y(a) = 0.6; y(b) = 0.4; y(c) = 0.5,
8: X — I is defined by 8(a) = 0.6; 8(b) = 0.5; 8(c) = 0.4.
Then,
T={0,0,B v, avBavy,Bvy,anB, any,

yviaaBloavpyy 1
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is a fuzzy topology on Y. On computing, we can find that

cla)=1; int(l-a)=0;

cdB)=1-(ary)=p; int(l-P)=anry;

cl(y) =1 int(l-y)=0;

cl(av ) =1 int(l—[ov B]) = O;

clavy) =1 int(l—[ovy]) =0

cdBvy) =1 int(1-[Bvy])=0;

dlanB)=1-(anB)=anB; int(l-[anB])=anB;

cdlaony)=1-B=anry; int(l-[onry])=8;

clavpvy) =1 int(l-[avpvy)=0;

cl(3) =1 int(8) = 0.

On computation, we find that closure of each fuzzy open set in X is

fuzzy open in X and thus (X, T) is a fuzzy extremally disconnected space.
For a fuzzy set 8, intcl(8) =int(1)=1= 0 and int(8) = 0, showing that
(X, T) is not a fuzzy open hereditarily irresolvable space. Hence (X, T) is
not a fuzzy Q-space.

Example 3.3. Let X = {4, B, C}. Now o, B and y are the fuzzy sets

defined on X as below:
a: X — [ isdefined by a(4) = 0.6; a(B) = 0.4; a(C) = 0.5,
B: X — I isdefined by B(A4) = 0.5; B(B) = 0.7, B(C) = 0.6,
y: X — I isdefined by y(4) = 0.4; y(B) = 0.5; y(C) = 0.7.
Clearly,
T={0,0B v,avB avy,Bvy,anB, any,Bary, av[BAay],

vVvIeaBlBafavyl avpvy, 1}
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is a fuzzy topology on X. By computation, we can find that B, y, a v p,
avy, Bvy, Bav, av[Bayl, yviaaBl, Bafavy], and avBvy
are fuzzy dense sets in (X,7) and clla)=1-(aAy), cllaAnp)=
l-(aAB), cllany)=1-o0.
Now
intcl(a) = o # 0 and int(a) = o # 0;
intclla AB)=aAB#0 and int(a AB)=a AP =0

intclla Ay)=aAy#0 and int(aAny)=aAy=D0.

For the fuzzy dense sets n(=B, v, avp, avy, Bvy, Bavy,
av[Bayl, yvieaBl, Balavy]l, avBvy), intcl(n)=1=0 and
int(n) = n # 0. Thus (X, T) is a fuzzy open hereditarily irresolvable space.
Now, for a fuzzy open set o, cl(ca) is not a fuzzy open set in (X, T),
showing that (X, T) is not a fuzzy extremally disconnected space. Hence

(X, T) is not a fuzzy Q-space.

Proposition 3.1. If A is a fuzzy somewhere dense set in a fuzzy Q-space
X, then clint(}) < intcl(X), in X.

Proof. Suppose that A is a fuzzy somewhere dense set in (X, 7). Then,
intcl(A) # 0, in X. Since (X, T) is a fuzzy Q-space, (X, T) is a fuzzy open
hereditarily irresolvable space and intcl(L) # 0, implying that int(A) = 0,
in X. Now (X, T) being a fuzzy Q-space, (X, T) is a fuzzy extremally
disconnected space and thus, for a non-zero fuzzy open set int(X), clint(})
is a fuzzy open set in X. Then, clint(}) = int[clint(A)] < intcl(X) and thus it

follows that clint(X) < intcl(A), in X.

Corollary 3.1. If A < intcl()), for a fuzzy set L in a fuzzy Q-space X,
then clint()) < intcl(A), in X.
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Proof. Suppose that A < intcl(A), for a fuzzy set A in X. This implies

that intcl(A) # 0, in X and then A is a fuzzy somewhere dense set in the

fuzzy Q-space X. By Proposition 3.1, clint(1) < intcl(A), in X.

Corollary 3.2. If A is a fuzzy open set in a fuzzy Q-space X, then
clint(}) < intcl(}), in X.

Proof. For a fuzzy open set A in X, A < intcl(X) and by Corollary 3.1,
clint(}) < intcl(A), in X.

Corollary 3.3. If A is a fuzzy pre-open set in a fuzzy Q-space X, then
clint(}) < intcl(}), in X.

Proof. Suppose that A is a fuzzy pre-open set in X. Then, A < intcl(}),
in X. This implies that intcl(A) # 0 and thus A is a fuzzy somewhere dense
set in the fuzzy Q-space X. Then, by Proposition 3.1, clint(A) < intcl(X), in
X.

Corollary 3.4. If L is a fuzzy semi-open set in a fuzzy Q-space X, then
clint(A) < intcl(}), in X.

Proof. Let A be a fuzzy semi-open set in X. Now X being a fuzzy Q-
space, X is a fuzzy extremally disconnected space and thus, by Theorem 2.1,
the fuzzy semi-open open set A is a fuzzy pre-open open set in X. By
Corollary 3.1, it follows that clint(A) < intcl(X), in X.

Proposition 3.2. If A is a fuzzy semi-open set in a fuzzy Q-space X, then
intclint(X) = intcl(A) = clint(X) = clintcl(X), in X.

Proof. Let A be a fuzzy semi-open set in X. Then, A < clint(A), in X.
This implies that cl(A) < cl(clint(X)) and then cl(}) < clint(X), in (X, T).
Now intcl(X) < cl(X) < clint(A) gives that intcl(A) < clint(A). Since (X, T)
is a fuzzy Q-space, for the fuzzy semi-open set A, by Corollary 3.4,
clint(A) < intcl(A) and thus intcl(A) < clint(A) < intcl(X), in X and hence,
clint(A) = intcl(A), in X.
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Now clint(A) = intcl(A) implies that
int[clint())] = int[intcl(A)] = intcl(}),

and intcl(A) = clint(A) implies that cl[intcl(A)] = cl[clint(A)] = clint(}).

Hence, it follows that intclint(X) = intcl(A) = clint(A) = clintcl(X), in X.
Singal and Rajvansi [14] established by an example that fuzzy semi-open

sets need not be fuzzy o -open sets in fuzzy topological spaces. The

following proposition establishes that in fuzzy Q-spaces, fuzzy semi-open
sets become fuzzy o -open sets.

Proposition 3.3. If A is a fuzzy semi-open set in a fuzzy Q-space X, then
A is a fuzzy o -open setin X.

Proof. Let A be a fuzzy semi-open set in X. Then, A < clint(X), in X.
Since (X, T) is a fuzzy Q-space, by Proposition 3.2, clint(A) = intclint(}),
in X. This implies that A < clint(}) = intclint(X) and thus A < intclint(}).
Hence A is a fuzzy o -open set in X.

The following proposition establishes that fuzzy regular open sets
become fuzzy pre-closed sets in fuzzy O-spaces.

Proposition 3.4. If A is a fuzzy regular open set in a fuzzy Q-space X,
then \ is a fuzzy pre-closed set in X.

Proof. Let A be a fuzzy regular open set in X. Then, A = intcl(X), in X
and this implies that intcl(A) # 0. Thus A is a fuzzy somewhere dense set in
X. Then, by Proposition 3.1, clint(X) < intcl(A) and clint(A) <A, in X.

Hence A is a fuzzy pre-closed set in X.

Corollary 3.5. If W is a fuzzy regular closed set in a fuzzy Q-space X,
then W is a fuzzy pre-open set in X.

Proof. Let pu be a fuzzy regular closed set in X. Then, 1 — pu is a fuzzy
regular open set in X and by Proposition 3.4, 1 — n is a fuzzy pre-closed set

in X. Hence p is a fuzzy pre-open set in X.
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The following proposition provides a condition for a fuzzy extremally
disconnected space to become a fuzzy O-space.
Proposition 3.5. [f int(X) # 0, for a fuzzy set N in a fuzzy extremally
disconnected space X, then X is a fuzzy Q-space.

Proof. Let A be a non-zero fuzzy set in X. Now cl(X) is a fuzzy closed

set in X. Since X is a fuzzy extremally disconnected space, by Theorem
2.2, int[cl(L)] is a fuzzy closed set in X and then intcl(A) # 0, in X. By

hypothesis, for a non-zero fuzzy set A, int(L) # 0, in X. Thus, for a non-zero
fuzzy set A with intcl(A) # 0 in X, int(L) # 0 shows that X is a fuzzy open
hereditarily irresolvable space and hence X is a fuzzy Q-space.

Remark 3.1. Proposition 3.5 can also be proved by using Theorems 2.13
and 2.14.

Proof. Let (X, T') be a fuzzy extremally disconnected space in which
for each fuzzy set A, int(A) # 0, in X. By Theorem 2.13, (X, T) is a fuzzy
EZ-space. Thus (X, T) is a fuzzy EZ-space in which int(X) # 0, for each
fuzzy set A in X and by Theorem 2.14, (X, T) is a fuzzy open hereditarily
irresolvable space. Thus, (X, T) is a fuzzy Q-space.

Proposition 3.6. If L is a non-zero fuzzy Gg-set in a fuzzy Q-space X,
then int(A) # 0, in X.

Proof. Let A be a non-zero fuzzy Gs-set in (X, 7). Now c/(L) is a
fuzzy closed set in (X, T). Since (X, T) is a fuzzy Q-space, (X, T) is a
fuzzy extremally disconnected space and by Theorem 2.2, int[cl(})]
is a fuzzy closed set in (X, 7) and then intcl(A) = 0. Since (X, T) is
a fuzzy Q-space, (X, T) is a fuzzy open hereditarily irresolvable space and

intcl(A) # 0, implying that int(A) # 0, in (X, T).

The following proposition establishes that fuzzy Fg-sets are not fuzzy

dense sets in fuzzy O-spaces.
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Proposition 3.7. If L is a non-zero fuzzy Fg-set in a fuzzy Q-space X,
then cl(A) # 1, in X.

Proof. Let A be a fuzzy Fj-setin X. Then, 1 -A is a fuzzy Gg-set in
X. Since X is a fuzzy Q-space, by Proposition 3.6, int(I — 1) # 0. Then, by
Lemma 2.1, 1 —cl(A) # 0 and hence cl(}) # 1, in X.

Proposition 3.8. If A is a fuzzy Gg-set in a fuzzy Q-space X, then there
exists a fuzzy Gg-set W in X such that cl(L) < .

Proof. Let A be a fuzzy Gg-setin (X, T). Then, A = A;~(%;), where
L € T. Now cl(A)=cl(A2;(A;)) < AjZ[cl(r;)]. Since X is a fuzzy Q-
space, X is a fuzzy extremally disconnected space and the fuzzy sets (A;) s
are fuzzy open in X, [cl(A;)] s are fuzzy open sets in X. Thus, Aj=icl(A;) is
a fuzzy Gg-setin X. Let p = Aj2[cl(X;)]. Hence, for a fuzzy Gs-set A ina
fuzzy O-space X, there exists a fuzzy Gg-set p in X such that cl(A) < p.

Corollary 3.6. If p is a fuzzy Fj-set in a fuzzy Q-space X, then there
exists a fuzzy Fg-set m in X such that n < int(p).

Proof. Let p be a fuzzy F-setin X. Then 1 —p is a fuzzy Gg-setin X.
Since X is a fuzzy Q-space, by Proposition 3.8, there exists a fuzzy Gg-set &
in X such that cl(1 - u) < 8. By Lemma 2.1, cl(1 — pn) =1— int(n) < 8. This
gives that 1 — 8 <int(n). Let m =1- 8. Hence it follows that, for a fuzzy
F5-set p, there exists a fuzzy Fg-set 1 in X such that n < int(p).

Proposition 3.9. If A is a fuzzy Gg-set in a fuzzy Q-space X, then there
exist fuzzy Gg-sets W, M, o, B, ... inXsuchthat A< p<n<a< <

Proof. Let A be a fuzzy Gjy-set in a fuzzy Q-space X. By Proposition
3.8, there exists a fuzzy Gg-set p in X such that cl(A) < p. Then,
A <cl(}) < p. Again, for a fuzzy Gs-set p in X, there exists a fuzzy Gg-
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set M in X such that cl(u) <m. Then, A <u<cl(u)<n and A <p<n.

By continuing in this way, we can find fuzzy Gg-sets a., f3, ... in X such that

AspuE<nLaspL.,

Corollary 3.7. If p is a fuzzy Fj-set in a fuzzy Q-space X, then there

exist fuzzy Fs-sets m, o, B, ... in Xsuchthat p>2n>2o 2 > ---.

Proposition 3.10. If A is a fuzzy Gg-set in a fuzzy Q-space X, then
clint(}) < intcl(A), in X.

Proof. Let A be a fuzzy Gg-set in X. Since X is a fuzzy Q-space,
by Proposition 3.6, int(A) = 0, in X. Now int(A) < intcl(A) implies that
intcl(A) # 0 and thus A is a fuzzy somewhere dense set in X and then by

Proposition 3.1, clint(A) < intcl(X), in X.

Proposition 3.11. If A is a fuzzy Gg-set in a fuzzy Q-space X, then
either \ is a fuzzy residual set with int(L) # 0 or A is a fuzzy cs dense set
inX.

Proof. Let L be a fuzzy Gj-set in X. Then, either cl(A) =1 or cl(}) # 1,
in X.

If cl(X) =1, in X, then A is a fuzzy dense and fuzzy Gj-set in X. By

Theorem 2.10, A is a fuzzy residual set in X. Since X is a fuzzy O-space,
int(X) # 0, in X. Thus, A is a fuzzy residual set with int(A) = 0, in X.

If cl(A) # 1, in X, then clint(A) < cl(X) gives that clint(A) < 1 and then
1 —clint(}) > 0. By Lemma 2.1, intcl(I1 — 1) > 0. That is, intcl(1—2) = 0,

in X. Thus 1 - A is a fuzzy somewhere dense set and then A is a fuzzy cs
dense set in X.

Proposition 3.12. If A is a fuzzy first category set in a fuzzy Q-space X,

then A is not a fuzzy dense set in X.

Proof. Let A be a fuzzy first category set in X. Then by Theorem 2.16,
there exists a fuzzy Fj-set n in X such that A <. Then, cl(}) < cl(n), in
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X. Since X is a fuzzy Q-space, by Proposition 3.6, for a fuzzy F-set n,
cl(n) # 1, in X. This shows that cl(A) # 1 and thus A is not a fuzzy dense

set in X.

4. Fuzzy QO-spaces and Other Fuzzy Topological Spaces

In this section, we relate fuzzy Q-spaces to some other well known fuzzy

topological spaces.

The following proposition shows that fuzzy Q-spaces are fuzzy almost

P-spaces.

Proposition 4.1. If a fuzzy topological space X is a fuzzy Q-space, then

X is a fuzzy almost P-space.

Proof. Let A be a non-zero fuzzy Gg-set in X. Since X is a fuzzy
O-space, by Proposition 3.6, int(A) # 0, in X. Hence, for a fuzzy Gg-set A,

int(A) # 0 in X, showing that X is a fuzzy almost P-space.

Example 4.1. Let X = {4, B, C}. Define fuzzy sets o, B, y and n as

follows:
a: X — [ isdefined by a(4) = 0.6; a(B) = 0.4; a(C) = 0.5,
B: X — [ isdefined by B(A4) = 0.5; B(B) = 0.7, B(C) = 0.6,
y: X — I isdefined by y(4) = 0.4; y(B) = 0.5; y(C) = 0.7,
n: X — [ isdefined by n(4) = 0.5; n(B) = 0.5; n(C) = 0.6.
Clearly,
T={0,a,B,v,avpB avy,Bvy,anB, any,BAy,

avBaylyvieaplpafavyloavpyy 1}
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is a fuzzy topology on X. On computation, we find that B, y, a v 3, a vy,
Bvy, BAry, av[payl, vyv[eaB], Balavy] and avBvy
are fuzzy dense sets in (X,7) and cl(a)=1-(axAy), cllanp)=
l-=(aAB), cllany)=1-a.

On computation, we find that n = (e v B) A (o v y)A(B Vv y) and n is

a Gs-set in (X, T) and int(n) =B Afavy]#0 and hence (X, T) is a
fuzzy almost P-space.

Now,

intcl(a) = o0 # 0 and int(a) = o # 0;
intcllw AB)=aAB#0 and int(a AB)=a AP =0;
intcllw Ay)=aAy#0 and intlaAny)=a Ay 0.

For the fuzzy dense sets n(=B,y,avpB, avy, Bvy, BAv,
av[Bayl yv[eaBl, Balavyl, avBvy), intcl(n)=1=#0 and
int(n) =n # 0. Thus (X, T) is a fuzzy open hereditarily irresolvable space.
For a fuzzy open set a, cl(a) is not a fuzzy open set in (X, T'), implying
that (X, 7) is not a fuzzy extremally disconnected space. Hence (X, T) is
not a fuzzy QO-space.

Example 4.2. Let X = {4, B, C}. Define fuzzy sets o, B, y and & as
follows:

o : X — I isdefined by a(A4) = 0.5; a(B) = 0.6; a(C) = 0.4,
B: X — I isdefined by B(4) = 0.4; B(B) = 0.7; B(C) = 0.5,
y: X — I is defined by y(4) = 0.5; y(B) = 0.8; y(C) = 0.6,

8: X — I is defined by 8(4) = 0.4; 8(B) = 0.5; 8(C) = 0.4.
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Thus 7 ={0, o, B, v, & v B, & A B, 1} is clearly a fuzzy topology on X. By
computation, we find that for the fuzzy Ggs-sets B and a A B, int(B) =0
and int(ow A B) # 0, in (X, T) and thus (X, T) is a fuzzy almost P-space.

By computation, we find that a, B, v, oo v B, a A B are fuzzy dense sets
in (X, T) and hence for each fuzzy open set n(= a, B, v, a v B, o A B),
cl(n) =1e T andthus (X, T) is a fuzzy extremally disconnected space.

Now, for a fuzzy set § in X, intcl(8) = int(1) # 0 and int(§) = 0 in X
and thus (X, 7) is not a fuzzy open hereditarily irresolvable space. Hence

(X, T) is not a fuzzy Q-space.

Proposition 4.2. If A is a fuzzy Gg-set in a fuzzy Q-space X, then there
exists a fuzzy regular closed set y in X such that y < cl(}).

Proof. Let A be a fuzzy Gg-set in a fuzzy Q-space X. Then by
Proposition 4.1, the fuzzy O-space X is a fuzzy almost P-space. Thus, A is a
fuzzy Gy -set in the fuzzy almost P-space X and by Theorem 2.3, there exists

a fuzzy regular closed set y in X such that y < cl(}).

Corollary 4.1. If A is a fuzzy Gg-set in a fuzzy Q-space X, then there

exists a fuzzy pre-open set y in X such that y < cl()).

Proof. Let A be a fuzzy Gjy-set in a fuzzy Q-space X. By Proposition
4.2, there exists a fuzzy regular closed set y in X such that y < cl(A). By
Corollary 3.5, the fuzzy regular closed set y is a fuzzy pre-open set in X.
Hence, for a fuzzy Gg-set A, there exists a fuzzy pre-open set y in X such

that y < cl(0).

In [19], it has been established that fuzzy Baire spaces are fuzzy second
category spaces, and fuzzy second category spaces need not be fuzzy Baire
spaces. In this regard, it is aimed to identify those fuzzy topological spaces

which are fuzzy second category but not fuzzy Baire.
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Proposition 4.3. If a fuzzy topological space X is a fuzzy Q-space, then
X is a fuzzy second category space.

Proof. Let the fuzzy space X be a fuzzy (O-space. Then, by Proposition
4.1, X is a fuzzy almost P-space and by Theorem 2.4, X is a fuzzy second

category space.

Proposition 4.4. If a fuzzy topological space X is a fuzzy Q-space, then

X is not a fuzzy Baire space.

Proof. Let A be a fuzzy first category set in X. Now, for a fuzzy set A
in X, cl(X) is a fuzzy closed set in X. Since X is a fuzzy Q-space, X is a fuzzy

extremally disconnected space and by Theorem 2.2, for a fuzzy closed set
cl(r), int[cl(A)] is a fuzzy closed set in X and then intcl(A) # 0, in X. Now

X being a fuzzy QO-space, X is a fuzzy open hereditarily irresolvable space

and intcl(L) # 0 gives that int(A) # 0 in X. Thus, for a fuzzy first category
set A, int(A) # 0 in X shows, by Theorem 2.9, that X is not a fuzzy Baire

space.

Remark 4.1. From Propositions 4.3 and 4.4, we can infer that fuzzy

O-spaces are fuzzy second category spaces but not fuzzy Baire spaces.

Proposition 4.5. If a fuzzy topological space X is a fuzzy Brown space,
then X is not a fuzzy Q-space.

Proof. Let X be a fuzzy Brown space. Then by Theorem 2.5, X is not a

fuzzy extremally disconnected space and hence X is not a fuzzy Q-space.

The following proposition provides a condition for a fuzzy Q-space to
become a fuzzy Baire space.

Proposition 4.6. If cl[A7~;(X;)] =1, where (A;)s are fuzzy dense sets
in a fuzzy Q-space X, then X is a fuzzy Baire space.

Proof. Suppose that (A;)'s (i =1 to o) are fuzzy dense sets in a fuzzy

O-space X such that cl(AjZ;(A;)) = 1. Now X being a fuzzy Q-space, X is a
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fuzzy open hereditarily irresolvable space and by Theorem 2.6, for each
cl(r;) =1, in X, clint(A;) =1, in X. This implies that 1 — clint(X;) = 0 and
by Lemma 2.1, intcl(l1 = %;) = 1—clint(X;) = 0. Then (1 -A;)s are fuzzy

nowhere dense sets in .X. Now
int[ViZy (1= 2;)] = int[l - AZ (M) = 1= cl[AZ (A)] =1-1=0

and thus int[ViZ;(1-2;)] =0, where (1-A;)s are fuzzy nowhere dense

sets in X establishing that X is a fuzzy Baire space.

Remark 4.2. If cl[A;2;(2;)] =1, where (;)'s are fuzzy dense sets in a
fuzzy Q-space X, then X'is a fuzzy Baire and fuzzy second category space.

Proposition 4.7. If a fuzzy topological space X is a fuzzy Q-space, then
Xis a fuzzy Oz-space.

Proof. Suppose that A is a fuzzy regular closed set in X. Then,

clint(r) = A. (A)

Now int() is a fuzzy open set in X. Since X is a fuzzy Q-space, X is a fuzzy
extremally disconnected space and then, cl(int(A)) is a fuzzy open set in X.

Now, from (A), it follows that A is a fuzzy open set in X. Also X being

a fuzzy extremally disconnected space, cl(L) is a fuzzy open set in X and
A <cl(r) gives that A =A Acl(X) and A, cl(A) € T implies that A is a
fuzzy Gg-set in X. Hence, fuzzy regular closed set A is a fuzzy Gg-set in X
showing that X is a fuzzy Oz-space.

The following propositions give conditions under which fuzzy Oz-spaces
become fuzzy Q-spaces.

Proposition 4.8. If a fuzzy topological space X is a fuzzy open
hereditarily irresolvable, fuzzy Oz and fuzzy P-space, then X is a fuzzy
O-space.

Proof. Suppose that the fuzzy topological space X is a fuzzy open
hereditarily irresolvable, fuzzy Oz and fuzzy P-space. By Theorem 2.8, the
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fuzzy Oz and fuzzy P-space X is a fuzzy extremally disconnected space.
Thus, X is a fuzzy open hereditarily irresolvable and fuzzy extremally
disconnected space. Hence X is a fuzzy O-space.

Proposition 4.9. If a fuzzy topological space X is a fuzzy open
hereditarily irresolvable, fuzzy Baire-dominated and fuzzy extraresolvable

space, then X is a fuzzy Q-space.

Proof. Suppose that the fuzzy topological space X is a fuzzy open
hereditarily irresolvable, fuzzy Baire-dominated and fuzzy extraresolvable
space. By Theorem 2.11, the fuzzy Baire-dominated and fuzzy
extraresolvable space X is a fuzzy extremally disconnected space. Thus, X is
a fuzzy open hereditarily irresolvable space which is also a fuzzy extremally
disconnected space and hence the space X is a fuzzy O-space.

Proposition 4.10. If a fuzzy topological space X is a fuzzy
hyperconnected and fuzzy irresolvable space, then (X, T) is a fuzzy
O-space.

Proof. Suppose that A is a fuzzy open set in X. Since X is a fuzzy
hyperconnected space, A is a fuzzy dense set in (X, 7T) and cl(A) =1y
e T. This implies that cl(A) is a fuzzy open set in X. Hence X is a fuzzy

extremally disconnected space.

Let A be a non-zero fuzzy set in the space X such that intcl()) # 0.
Now intcl(X) is a non-zero fuzzy open set in X. Since X is a fuzzy
hyperconnected space, c/[intc/(L)] =1, in X. Then, cl[intcl(r)] < cl[cl()]
=cl(A) and thus 1<cl(A). That is, cl(A) =1, in X. Since X is a fuzzy
irresolvable space, for the fuzzy dense set A, cl(l1—14) # I, in X. By Lemma
2.1, 1 —int(X) # 1 and thus int(X) # 0 in X. That is, for a non-zero fuzzy set
A in X with intcl(X) # 0, we have int(A) # 0, in X and this shows that X is

a fuzzy open hereditarily irresolvable space. Thus, X is a fuzzy open
hereditarily irresolvable space which is also a fuzzy extremally disconnected
space. Hence the space X is a fuzzy QO-space.
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Remark 4.3. If int(A) =0 and cl(}) =1, for a fuzzy set A in a fuzzy
hyperconnected space X, then X is not a fuzzy Q-space. intcl(L) =
int(1) =1+ 0 and int(X) = 0 prove that X is not a fuzzy open hereditarily

irresolvable space and hence the space X is not a fuzzy O-space.

Proposition 4.11. [f a fuzzy topological space X is a fuzzy regular and
fuzzy O-space, then X is not a fuzzy hyperconnected space.

Proof. Suppose that A is a fuzzy open set in X. Since X is a fuzzy
regular space, by Theorem 2.12, the fuzzy open set A is a fuzzy Fg-set in X.

Also, since X is a fuzzy Q-space, by Proposition 3.7, for a fuzzy F-set A,
cl(A) #1, in X. Thus, a fuzzy open set A is not a fuzzy dense set in X.

Hence the space X is not a fuzzy hyperconnected space.

Proposition 4.12. If a fuzzy topological space X is a fuzzy open
hereditarily irresolvable, fuzzy regular Oz and weak fuzzy P-space, then X is
a fuzzy Q-space.

Proof. Suppose that X is a fuzzy open hereditarily irresolvable, fuzzy
regular Oz and weak fuzzy P-space. Then the fuzzy regular Oz and weak
fuzzy P-space X is, by Theorem 2.15, a fuzzy extremally disconnected space.
Thus X is a fuzzy open hereditarily irresolvable space which is also a fuzzy
extremally disconnected space and hence the space X is a fuzzy O-space.

Proposition 4.13. If a fuzzy topological space X is a fuzzy maximal
space, then the space X is a fuzzy Q-space.

Proof. Suppose that X is a fuzzy maximal space. Then, X is a
fuzzy extremally disconnected and fuzzy submaximal space. The fuzzy
submaximal space X is, by Theorem 2.7, a fuzzy open hereditarily
irresolvable space. Thus, X is a fuzzy open hereditarily irresolvable and
fuzzy extremally disconnected space. Hence the space X is a fuzzy O-space.

Remark 4.4. It should be noted that the converse of Proposition 4.13
need not be true. That is, a fuzzy Q-space need not be a fuzzy maximal
space. The following example shows that the space X is a fuzzy O-space but
not a fuzzy maximal space.
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Example 4.3. Let X = {4, B, C}. Then the fuzzy sets o, B, v, 8, n

and 6 are defined on X as follows:
a: X — [ isdefined by a(4) = 0.5; a(B) = 0.6; a(C) = 0.4,
B: X — [ isdefined by B(4) = 0.4; B(B) = 0.5; B(C) = 0.6,
y: X — I is defined by y(4) = 0.6; y(B) = 0.4; y(C) = 0.5,
8: X — I is defined by 8(4) = 0.5; 8(B) = 0.5; 5(C) = 0.5,
n: X — [ isdefined by n(4) = 0.6; n(B) = 0.5; n(C) = 0.4,
0: X — I is defined by 6(4) = 0.7; 6(B) = 0.6; 6(C) = 0.5.
Thus,
T={0,a,Bv,avBavy,Bvy,anB any,BAy,
av[BaylBvioeaylyvioapl,anBvyl,
Balavyl,yalavBl,avBvy,aABAay,l}

is a fuzzy topology on X. On computation, we find that closure of each fuzzy
open set is fuzzy open in X and thus X is a fuzzy extremally disconnected

space. Also, on computation, we find that
intcl(8) = int(l = [BAav y]])) =y Vv [aAB]= 0 and
int(§) =a A[Bvy]=0;
intcl(n) =int(l1-B)=a A[Bv y] # 0 and int(n) = A [B Vv 7] = 0;
intcl(0) = int(1) =1 # 0 and int(6) = o vy # 0.

Thus, X is a fuzzy open hereditarily irresolvable space. Hence X is a fuzzy
O-space. Now, for the fuzzy dense 0 in X, int(0) = o v y # 0 and thus 0 is

not a fuzzy open set in X. This means that X is not a fuzzy submaximal space

and hence X is not a fuzzy maximal space.
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The following proposition establishes that fuzzy Q-spaces are not fuzzy

F-complemented spaces.

Proposition 4.14. If a fuzzy topological space X is a fuzzy Q-space, then

the space X is not a fuzzy F;-complemented space.

Proof. Suppose that X is a fuzzy F;-complemented space. Then,
for each fuzzy Fj-set A in X, there exists a fuzzy Fg-set p in X such
that A <1-p and cl(A v u)=1. Now A and p are fuzzy Fj-sets in X
implying that A v p is a fuzzy Fg-set in X and cl(A v p) = 1. Thus, the
fuzzy Fs-set A v p is a fuzzy dense set in the fuzzy Q-space X. But this
is a contradiction, by Proposition 3.7, which states that fuzzy £ -sets are

not fuzzy dense sets in fuzzy Q-spaces. Hence the space X is not a fuzzy

F -complemented space.

Proposition 4.15. If a fuzzy topological space X is a fuzzy globally

disconnected and fuzzy open hereditarily irresolvable space, then X is a
fuzzy O-space.

Proof. Suppose that A is a fuzzy open set in X. Then, A < intcl(X), in
X. This implies that cl(A) < cl(intcl(})) and then, cl(}) is a fuzzy semi-open
set in X. Since X is a fuzzy globally disconnected space, cl(}) is a fuzzy

opeln set in X. Hence X is a fuzzy extremally disconnected space. Thus, X is
a fuzzy open hereditarily irresolvable space which is also a fuzzy extremally

disconnected space and hence the space X is a fuzzy O-space.
5. Conclusion

In this paper, the notion of fuzzy Q-spaces is introduced in terms of
fuzzy extremally disconnectedness and fuzzy open hereditarily irresolvablity
of fuzzy topological spaces. In fuzzy (Q-spaces, fuzzy semi-open sets are
found to be fuzzy o -open sets and fuzzy regular open sets as fuzzy pre-
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closed sets. It is also obtained that fuzzy Gg-sets are having non-zero
interior and fuzzy Fg-sets are not fuzzy dense sets in fuzzy Q-spaces. It
is established that fuzzy first category sets are not fuzzy dense sets in fuzzy
O-spaces.

A condition for a fuzzy extremely disconnected space to become a fuzzy
O-space is established in this paper. It is obtained that fuzzy QO-spaces are
fuzzy second category but not fuzzy Baire spaces and fuzzy Q-spaces are
not fuzzy F-complemented spaces. It is found that fuzzy Q-spaces are
fuzzy almost P-spaces, and fuzzy maximal spaces are fuzzy Q-spaces. It is
established that fuzzy globally disconnected and fuzzy open hereditarily

irresolvable spaces are fuzzy (-spaces, and fuzzy Brown spaces are not
fuzzy O-spaces.
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